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FUNDAMENTAL  TABLE  FOR  LAGRANGEAN 
COEFFICIENTS* 

By  Geobge  Rutledge 

1.  Introduction.  The  I^grange  polynomial,* 

yo  +  { ^  (3^1  -  y-i)  +  — 1-  (y-  -  y— ) }  | 

+  ^(y-  +  y--  2yo)}p 

+ . (1) 

I  2D  ~  +  •  •  •  +  "2^  -  .V-)  I 

+  { ^  y-^  ~  ^y^^  +  *  ’  • 

+  ^  (yn  +  y-,  -  2yo)  }  ^ . 

which  takes  the  values, 

y-„,  •  •  • ,  y-j,  y-i,  yo,  y i,  yi,  •  •  • ,  yi.,  (2) 

respectively,  when  we  give  to  x'h  the  values, 

-  n,  •••,  -  2,  -  1,  0,  1,  2,  •••,  n,  (3) 

yields  Lagrangean  coefficients  in  the  following  manner.  If  in  (1) 
we  place  x  /t  =  X,  we  obtain  an  expression  linear  in  the  y’s, 

C-ny-n  +  •  •  •  +  C_iy_i  +  Coyo  +  Ciyi  +  •  •  •  +  C,y,,  (4) 

in  which  the  C’s  are  functions  of  X,  as  follows: 

*  Presented  to  the  .4m.*rican  Matktmalical  Society,  Detrember  27,  1928. 

*  For  this  form  of  the  Lagrange  pDlynomial  and  for  evaluation  of  the  coef¬ 
ficients  see  the  following  papers:  This  Journal,  vol.  2  (1922),  p.  47,  and  vol.  6 
(1927),  p.  240;  Trans.  ,4m'r.  .Math.  So'.,  vol.  26  fl924),  p.  113. 
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C_y- 

^  U  \  1  4.  \  4 

2D  ^  2D 

+ 

..  -|-di/x**l 
^2r>  r 

Cy- 

X*  +  ^^*  + 

... 

J.  dii  x*»  ] 

^2D  r 

(5) 

-  Co  - 

"  A  ,■ 

i-L^x» 

y-i  Lf 

_  y  ^  y  _ 

jti  D  ^ 

...  . 

•  A  • 

The  number  An  is  the 

cofactor  of  the  element  in  the  *th 

row 

and  jth  column  of  the  determinant, 

12*  •• • 

n* 

12*  •  •  • 

n« 

D  »= 

. 

• 

f 

(6) 

1  2*"  •  •  • 

n*" 

and  we  have  * 


(  .) 

diJ  s  (_  n<+/A.5 _ LL  V  r.*r^  . . .  r' 

2D  ^  ^  (2n)!  ^  ‘  • 


(7) 


V/ 

where  ri*ri*  •  •  •  r2_i  represents  the  sum  of  the  squares  of  the 

^  ^  products  of  the  first  n  integers,  excepting  j,  taken  n  —  * 

(/) 

at  a  time,  i  ^  n.  For  t  =  n,  21  n*rf*  •  •  •  rl^t  is  unity. 


The  expressions  (5)  for  the  Lagrangean  coefficients  are  abso¬ 
lutely  convergent  for  all  values  of  as  n  is  increased  indefinitely. 
In  fact,  it  follows  from  the  known  limit*  of  the  sum  of  the 
absolute  values  of  the  numbers  (7),  that  the  absolute  values  of 
C_y  and  of  Cy  are  less  than 


ir»X*  ,  ,  3ir‘X*  , 

»  el  ft  I 


5!  '  7! 

and  that  the  absolute  value  of  Co  is  less  than 


}• 


(8) 


1  +  2 


T*X*  2ir^X*  3t‘X‘ 

3!  5!  7! 


*Thif  Journal,  vol.  6  (1927),  p.  240,  (3);  p.  241,  (6),  (7). 
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In  another  paper  *  in  the  current  volume  of  this  journal  it  is 
shown  that  the  limits  of  the  coefficients,  C*.  C-i,  Cf  are  the 
coefficients  respectively  of  /{O),  /{  —  j),  f(j)  in  the  cardinal  series 
of  interpolation, 


»  I  A  >_i 


fi-J)  I 


(10) 


from  which  it  follows  that  the  cardinal  series  (10)  is  the  limiting 
form  of  (4),  though  not  always  convergent  when  (4)  has  a  limiting 
value. 

The  purpose  of  this  paper  is  to  present,  both  in  rational  and  in 
decimal  form,  the  numbers  (7)  for  values  of  n  from  1  to  8, 
inclusive.  This  tabulation  forms  a  basis  from  which  values  of  the 
Lagrangcan  coefficients  (5)  may  be  readily  computed  for  poly¬ 
nomials  of  any  even  degree  from  two  to  sixteen  and  for  any 
desired  range  of  X.  The  most  useful  range  is,  of  course, 
-  1  <  X  <  1. 

The  table  presented  in  the  next  section  is  computed  by  means 

0) 

of  recursion  formulas  for  the  sums,  •  •  •  fj_i_  involved  in 

(7),  as  will  be  explained  in  a  subsequent  section.  Other  formulas 
provide  an  exact  check,  as  will  also  be  explained. 

2.  Table.  Since  the  signs  of  the  numbers  (7)  are  given  by  the 
factor  (—  l)‘■’■^  it  will  be  sufficient  to  tabulate  absolute  values. 
For  the  sake  of  economy  in  printing,  numerators  and  denominators 
are  printed  in  sefiarate  columns. 

♦This  Journal,  current  volume,  p.  13. 
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Table  or  Absolute  V.alues  of  Ai.i/ID. 


i.j,  n 

Numerator 

Den. 

Decimal  Form 
(fifteenth  decimal  retained) 

1,  1.  1 

1 

2! 

.50000  00000  00000 

1.  1.  2 

16 

41 

.66666  66666  66666 

2,  1,  2 

4 

4! 

.16666  66666  66666 

1.  2,  2 

1 

4! 

.04166  66666  66666 

2,  2,  2 

1 

4! 

.04166  66666  66666 

1,  i.  3 

540 

6! 

.75000  00000  00000 

2.  1.  3 

195 

6! 

.27083  33333  33333 

3,  1,  3 

15 

6! 

.02083  33333  33333 

1.  2.  3 

54 

6! 

.07500  00000  00000 

2.  2,  3 

60 

6! 

.08333  33333  33333 

3,  2,  3 

6 

6! 

.00833  33333  33333 

1.  3,  3 

4 

6! 

.00555  55555  55555 

2,  3,  3 

5 

6! 

.00694  44444  44444 

3.  3,  3 

1 

6! 

.00138  88888  88888 

1,  1,  4 

32,  256 

8! 

.80000  00000  00000 

2,  1,  4 

13,  664 

8!. 

.33888  88888  88888 

3,  1,  4 

1,  624 

8! 

.04027  77777  77777 

4,  1,  4 

56 

8! 

.00138  88888  88888 

1.  2,  4 

4,  032 

8! 

.10000  00000  00000 

2.  2.  4 

4,  732 

8! 

.11736  mil  mil 

3,  2.  4 

728 

8! 

.01805  55555  55555 

4,  2,  4 

28 

8! 

.00069  44444  44444 

1.  3,  4  i 

512 

8! 

.01269  84126  98412 

2.  3.  4 

672 

8! 

.01666  66666  66666 

3.  3,  4 

168 

8! 

.00416  66666  66666 

4,  3,  4 

8 

8! 

.00019  84126  98412 

1,  4,  4 

36 

8! 

.00089  28571  42857 

2.  4,  4 

49 

8! 

.00121  52777  77777 

3,  4.  4 

14 

8! 

.00034  72222  22222 

4,  4,  4 

8! 

.00002  48015  87.101 

I.  1.  5 

3,  024,  000 

10! 

.83333  33333  33333 

2.  1.  5 

1,  401,  960 

10! 

.386,34  25925  92592 

3,  J.  5 

203,  490 

10! 

.05607  63888  88888 

4,  1,  5 

11,  340 

10! 

.00312  50000  00000 

5.  1,  5 

210 

10! 

.00005  78703  70370 

1,  2,  5 

432,  000 

10! 

.11904  76190  47619 

2,  2,  5 

524,  280 

10! 

.14447  75132  27513 

3.  2.  5 

98,  280 

10! 

.02708  33333  33333 

4,  2.  5 

6,  120 

10! 

.00168  6,5079  .36507 

5,  2.  5 

120 

10! 

.0000.3  30687  83068 
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Table  of  Absoli  te  Vall’KS  of  Aj.  </2D — (Continued). 


i,j,  » 

Numerator 

Den. 

Decimal  Form 
(fifteenth  decimal  retained) 

1,  3,  5 

72.  000 

10! 

.01984  12698  41269 

2,  3.  5 

97,  380 

10! 

.02683  53174  60317 

3,  3,  5 

27,  405 

10! 

.00755  20833  33333 

4.  3.  5 

2,  070 

10! 

.00057  04365  07936 

5,  3,  S 

45 

10! 

.00001  24007  93650 

1.  4,  5 

9,  000 

10! 

.00248  01587  30158 

2,  4,  5 

12,  610 

10! 

.00347  49779  54144 

3,  4,  5 

3,  990 

10! 

.00109  95370  37037 

4.  4,  5 

390 

10! 

.00010  74735  44973 

5,  4,  5 

10 

10! 

.00000  27557  31922 

1,  5,  5 

576 

10! 

.00015  87301  58730 

2.  5,  5 

820 

10! 

.00022  59700  17636 

3,  5.  5 

273 

10! 

.00007  52314  81481 

4.  5,  5 

30 

10! 

.00000  82671  95767 

5,  5,  5 

1 

10! 

.00000  02755  73192 

1.  1,  6 

410,  572,  800 

12! 

.85714  28571  42857 

2.  1,  6 

201,  750,  912 

12! 

.42119  04761  90476 

3.  1.  6 

32.  915,  520 

12! 

.06871  69312  16931 

4,  1,  6 

2,  307,*  096 

12! 

.00481  64682  53968 

5,  1,  6 

71,  280 

12! 

.00014  88095  23809 

6,  I,  6 

792 

12! 

.00000  16534  39153 

1,  2,  6 

64,  152,  000 

12! 

.13392  85714  28571 

2.  2,  6 

79,  637,  580 

12! 

.16625  74404  76190 

•  3,  2,  6 

16,  757,  235 

12! 

.03498  36722  88359 

4.  2,  6 

1,  314,  225 

12! 

.00274  36755  95238 

5,  2,  6 

43,  065 

12! 

.00008  99057  53968 

6,  2,  6 

495 

12! 

.00000  10333  99470 

1,  3,  6 

12.  672,  000 

12! 

.02645  50264  55026  • 

2,  3.  6 

17,  490,  880 

12! 

.03651  52851  26396 

3.  3,  6 

5,  299,  360 

12! 

.01106  33450  91122 

4.  3,  6 

498,  300 

12! 

.00104  02888  00705 

5,  3.  6 

18,  040 

12! 

.00003  76616  69606 

6,  3,  6 

220 

12! 

.00000  04592  88653 

1,  4,  6 

2,  138,  400 

12! 

.00446  42857  14285 

2,  4,  6 

3,  055,  536 

12! 

.00637  89682  53968 

3,  4,  6 

1,  031,  250 

12! 

.00215  29155  64373 

4,  4,  6 

118,  998 

12! 

.00024  84292  32804 

5,  4,  6 

4,  950 

12! 

.00001  03339  94708 

6,  4,  6 

66 

12! 

.00000  01377  86596 

6 


RUTLEDGE 


Table  or  Absolute  V'alues  of  At,il2D — {Continued). 


i.j,  n 

Numerator 

Den. 

Decimal  Form 
(fifteenth  decimal  retained) 

1.  5,  6 

248,  832 

121 

.00051  94805  19480 

2,  5.  6 

361,  152 

121 

.00075  39682  53968 

3,  5,  6 

127,  776 

12! 

.00026  67548  50088 

4,  5.  6 

16.  236 

12! 

.00003  38955  02645 

5,  5,  6 

792 

12! 

.00000  16534  39153 

6,  5,  6 

12 

12! 

.00000  00250  52108 

I.  6,  6 

14,  400 

12! 

.00003  00625  30062 

2,  6,  6 

21,  076 

12! 

.00004  39998  53027 

3,  6,  6 

7.  645 

12! 

.00001  59602  80717 

4,  6,  6 

1.  023 

12! 

.00000  21356  92239 

5,  6,  6 

55 

12! 

.00000  01148  22163 

6,  6,  6 

1 

12! 

.00000  00020  87675 

1,  1,  7 

76,  281,  004,  800 

14! 

.87500  00000  00000 

2,  1,  7 

39.  040,  393,  392 

14! 

.44782  24206  34920 

3,  1,  7 

6,  880,  401,  528 

14! 

.07892  33355  37918 

4.  1,  7 

553,  443,  891 

14! 

.00634  84140  76278 

5.  1.  7 

21,  990,  969 

14! 

.00025  22528  10846 

6,  1,  7 

417,  417 

14! 

.00000  47880  84215 

7,  1,  7 

3,  003 

14! 

.00000  00344  46649 

1,  2.  7 

12,  713,  500,  800 

14! 

*  .14583  33333  33333 

2,  2,  7 

16,  041,  857,  832 

14! 

.18401  20701  05820 

3,  2.  7 

3,  643,  001,  362 

14! 

.04178  79418  35684 

4.  2,  7 

328,  223,  896 

14! 

.00376  49728  10111 

5.  2.  7 

13.  849,  836 

14! 

.00015  88679  45326 

6,  2,  7 

272,  272 

14! 

.00000  31231  62845 

7.  2,  7 

2.  002 

14! 

.00000  00229  64432 

1,  3,  7 

2.  825,  222,  400 

14! 

.03240  74074  07407 

2.  3.  7 

3,  957,  249,  296 

14! 

.04539  25999  41211 

3,  3,  7 

1.  261,  075,  816 

14! 

.01446  54798  64785 

4,  3.  7 

135,  208,  073 

14! 

.00155  09374  08142 

5,  3,  7 

6,  289,  283 

14! 

.00007  21427  65285 

6,  3,  7 

131,  131 

14! 

.00000  15041  70340 

7,  3,  7 

1,  001 

14! 

.00000  00114  82216 

1.  4,  7 

.  577,  886,  400 

14! 

.00662  87878  78787 

2.  4,  7 

837,  529,  056 

14! 

.00960  70827  32082 

3,  4,  7 

295,  539,  244 

14! 

.00339  00554  82069 

4.  4.  7 

37,  845,  808 

14! 

.00043  41196  35508 

5,  4,  7 

1,  993,  992 

14! 

.00002  28725  74955 

6,  4,  7 

45,  136 

14! 

.00000  05177  43573 

7.  4,  7 

.  364 

14! 

.00000  00041  75351 

I,  5.  7 

92,  461,  824 

14! 

.00106  06060  60606 

2,  5.  7 

136,  085,  040 

14! 

.00156  09968  73496* 

3,  5,  7 

50,  218,  168 

14! 

.00057  60398  29513 

4,  5.  7 

7,  001,  995 

14! 

.00008  03181  03321 

5.  5,  7 

417,  417 

14! 

.00000  47880  84215 

6^  s;  7 

10,  465 

14! 

.00000  01200  41352 

7.  s!  7 

91 

14! 

.00000  00010  43837 

i 
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Table  or  Absolute  Values  or  At,  tllD— (Continued). 


i,i,» 

Numerator 

Den. 

Decimsi  Form 
(fifteenth  decimal  retained) 

1,  6,  7 

9,  878,  400 

14! 

.00011  33126  13312 

2,  6.  7 

14,  659,  736 

14! 

.00016  81581  02185 

\  6,  7 

5,  539,  534 

14! 

.00006  35425  85243 

4.  6.  7 

808,  808 

14! 

.00000  92776  30805 

5,  6.  7 

52,  052 

14! 

.00000  05970  75249 

6,  6,  7 

1,  456 

14! 

.00000  00167  01405 

7,  6,  7 

14 

14! 

.00000  00001  60590 

1.  7.  7 

518,  400 

14! 

.00000  59464  34517 

2,  7,  7 

773,  136 

14! 

.00000  88684  46368 

3.  7,  7 

296,  296 

14! 

.00000  33987  36037 

4.  7,  7 

44,  473 

14! 

.00000  05101  38468 

5.  7,  7 

3,  003 

14! 

.00000  00344  46649 

6.  7.  7 

91 

14! 

.00000  00010  43837 

7,  7,  7 

1 

14! 

.00000  00000  11470 

1.  1.  8 

18,  598,  035,  456,  000 

16! 

.88888  88888  88888 

2,  1,  8 

9,  809,  014,  026,  240 

16! 

.46881  96019  14840 

3,  1,  8 

1.  826,  232,  728,  320 

16! 

.08728  43792  86694 

4,  1.  8 

161,  145,'944,  960 

16! 

.00770  19339  11424 

5,  1,  8 

7,  469,  965,  360 

16! 

.00035  70253  01118 

6,  1,  8 

185,  545,  360 

16! 

.00000  88680  98422 

7.  1,  8 

2,  322,  320 

16! 

.00000  01109  94757 

8,  1,  8 

11.  440 

16! 

.00000  00005  46772 

1,  2,  8 

3,  254,  656,  204,  800 

16! 

.15555  55555  55555 

2,  2,  8 

4,  157,  569,  608,  192 

16!- 

.19871  00970  01763 

3,  2,  8 

996,  775,  780,  000 

16! 

.04764  06724  59827 

4,  2,  8 

98,  597,  322,  824 

16! 

.00471  24366  94713 

5,  2,  8 

4,  858,  453,  600 

16! 

.00023  22086  88516 

6,  2,  8 

125,  100,  976 

16! 

.00000  59791  72790 

7,  2,  8 

1,  601,  600 

16! 

.00000  00765  48108 

8,  2,  8 

8,  008 

16! 

.00000  00003  82740 

1.  3,  8 

789,  007,  564,  800 

16! 

.03771  04377  10437 

2,  3,  8 

1,  117,  480,  046,  592 

16! 

.05340  97055  20816 

3,  3.  8 

369,  452,  079,  360 

16! 

.01765  78783  87045 

4,  3,  8 

43,  262,  803,  584 

16! 

.00206  77358  90652 

5,  3,  8 

2,  346,  424,  080 

16! 

.00011  21468  07025 

6,  3,  8 

64,  065,  456 

16! 

.00000  30619  93947 

7,  3,  8 

851,  760 

16! 

.00000  00407  09676 

8,  3,  8 

4,  368 

16! 

.00000  00002  08767 

1,  4,  8 

184,  923,  648,  000 

16! 

.00883  83838  38383 

2.  4,  8 

270,  898,  729,  920 

16! 

.01294  75433  90251 

3,  4,  8 

98,  760,  203  ,  360 

16! 

.00472  02215  33010 

4,  4,  8 

13,  588,  354,  780 

16! 

.00064  94523  36554 

5,  4,  8 

827,  306,  480 

16! 

.00003  95409  25680 

6,  4,  8 

24,  413,  480 

16! 

.00000  11668  36742 

7.  4,  8 

342,  160 

16! 

.00000  00163  53459 

8,  4,  8 

1,  820 

16! 

.00000  00000  86986 
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Table  of  Absolute  Values  or  At,  j/ID — {Continued). 


i.j,  " 

Numerator 

Den. 

Decimal  Foi-m 
(fifteenth  decimal  retained) 

1.  5,  8 

36,  415,  733,  760 

16! 

.00174  04817  40481 

2.  5.  8 

54,  165,  565,  440 

16! 

.00258  88309  22164 

3,  5.  8 

20,  615,  678,  720 

16! 

.00098  53216  91340 

4,  5,  8 

3,  066,  743,  680 

16! 

.00014  65743  19028 

5,  5.  8 

207,  487,  280 

16! 

.00000  99168  07515 

6,  5,  8 

6,  690,  320 

16! 

.00000  03197  62327 

7.  5,  8 

100,  240 

16! 

.00000  00047  90948 

8,  5,  8 

560 

16! 

.00000  00000  26765 

1,  6,  8 

5,  419,  008,  000 

16! 

.00025  90002  59000 

2,  6,  8 

8,  126,  584,  320 

16! 

.00038  84082  55471 

3,  6,  8 

3,  164,  484,  960 

16! 

.00015  12458  41350 

4,  6,  8 

491,  170,  680 

16! 

.00002  34753  91313 

5,  6,  8 

35,  486,  880 

16! 

.00000  16960  87385 

6,  6,  8 

1,  244,  880 

16! 

.00000  00594  98757 

7,  6,  8 

20,  160 

16! 

.00000  00009  63542 

8,  6,  8 

120 

16! 

.00000  00000  05735 

1,  7,  8 

530,  841,  600 

16! 

.00002  53714  53942 

2.  7,  8 

799,  985,  664 

16! 

'  .00003  82351  33473 

3,  7,  8 

315,  777,  280 

16! 

.00001  50925  03518 

4,  7,  8 

50,  281,  088 

16! 

.00000  24031  73203 

5,  7,  8 

3,  786,  640 

16! 

.00000  01809  81600 

6,  7,  8 

141,  232 

16! 

.00000  00067  50151 

7,  7,  8 

2,  480 

16! 

.00000  00001  18531 

8,  7,  8 

16 

16! 

.00000  00000  00764 

1,  8,  8 

25,  401,  600 

■  f  ■ 

.00000  12140  63714 

2,  8,  8 

38,  402,  064 

■  1  ■ 

.00000  18354  17944 

3.  8,  8 

15,  291,  640 

■  •  1 

.00000  07308  60467 

4,  8,  8 

2,475,  473 

B 1 1 

.00000  01183  14670 

5,  8,  8 

191,  620 

B  •  1 

.00000  00091  58434 

6,  8,  8 

7,  462 

B 1 1 

.00000  00003  56644 

7,  8,  8 

140 

16! 

.00000  00000  06691 

8,  8,  8 

1 

16! 

.00000  00000  00047 
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3.  Recursion  Formulas  and  Checks.  The  basis  of  the  table 
presented  in  the  preceding  section  is  the  tabulation  of  the 


numbers, 


by  means  of  simple  recursion  formulas. 


For  «  »=  1,  2,  3,  4,  these  numbers  are  readily  written  down  by 
direct  application  of  the  definition,  thus: 

n  =1  1 


2* 

1* 

1 

1 

2*3* 

1*3* 

1*2* 

2*  +  3*  1* 

+  3* 

1*  4-  2* 

1 

1 

1 

2*3*4* 

1*3*4* 

2*3*  +  2*4*  +  3*4* 

1*3*  +  1*4*  +  3*4* 

2*  +  3*  +  4* 

1*  4-  3*  +  4* 

1 

1 

1*2*4* 

1*2*3* 

1*2*  +  1*4*  +  2*4* 

1*2*  +  1*3*  +  2*3* 

1*  +  2*  +  4* 

1*  4-  2*  4-  3* 

1  . 

1 

For  »  =  4  the  numbers  tabulated  in  (11)  are: 


;■=  1 

j=  2 

7=3 

7=4 

i  — 

1 

576 

144 

64 

36 

i  *  * 

2 

244 

169 

84 

49 

*  i  = 

3 

29 

26 

21 

14 

i  *  = 

4 

1 

1 

1 

1 

If  we  indicate  the  value  of  n  involved  in  the  summations  by  a 
subscript  on  the  summation  sign,  it  is  evident  that,  for  j  <  n, 

2  ri*r,*  . . .  f*»  =  2  •  •  •  r**  +  n*  2  ri*r,*  •  •  •  rf_t.  (13) 

a  a— I  a— 1 

Thus  in  passing  from  the  values  (12)  to  corresponding  values  for 


10 


HUTLEDGE 


n  —  5,  the  number  26,  for  example,  is  replaced  by  169  +  (25)(26) 
*  819.  The  number  1,  *  “  A,j  *  2,  is  replaced  by  26  +  (25)(1) 
51,  and  similarly  for  all  numbers  tabulated  in  (12). 

To  obtain  the  column  j  ■>  5,  n  ■»  5,  we  observe  that 

2(1^1)  (^i) 

•  -f**  «  L  •  -r**  +  («  —  1)*  53  •.  -rf-i.  (14) 

•  •— 1  •— t 

Hence  fort  *=  3,j  “  5,  n  =*  5,  for  example,  we  have  49  +  (16)(14) 


»»  273,  and  for  t  =  4 

j  =  S,n^ 

5,  similarly,  14  -f  (16)(1)  “  30. 

Thus,  for  n  ■»  5,  we 

have : 

1 

II 

3 

7-4 

J  =  5 

*  =«  1 

14,400 

3,600 

1,600 

900 

576 

»•  »  2 

6,676 

4,369 

2,164 

1,261 

820  (15) 

t  =  3 

969 

819 

609 

399 

273 

t  *  4 

54 

51 

46 

39 

30 

i  =  5 

1 

1 

1 

1 

1. 

Successive  application  of  formulas  (13)  and  (14)  yields  corre¬ 
sponding  tables  for  n  =  6,  7,  8,  It  should  be  noted  that,  for 
t  ■=  1,  each  of  the  recursion  formulas,  (13)  and  (14),  reduces  to 
its  second  term. 


Valuable  checks  are  obtained  by  means  of  the  sums  of  the 
elements  in  the  columns  and  in  the  rows  of  the  arrays  similar 
to  (12)  and  (15).  First  of  all  it  is  evident  from  formula  (13)  that 
the  sums  of  elements  in  columns  j  =  1,  2,  3,  4  of  (15)  must  be  26 
times  the  corresponding  sums  in  (12).  That  is,  for  any  value  of 
n  the  sums  of  elements  in  columns  j  =*  1,  2,  •••,  n  —  1,  are 
«*  -1-  1  times  the  corresponding  sums  for  the  array  of  next  lower 
order.  Similarly,  from  formula  (14),  the  sum  of  the  elements  in 
column  j  =*  n,  is  (n  —  1)*  -f  1  times  the  sum  of  elements  in  the 
last  column  of  the  array  of  next  lower  order.  For  n  =  4,  the 
sums  of  elements  in  columns  =  1,  2,  3,  4  are  respectively  850, 
v340,  170,  100  and  for  n  =  5,7  =*  1,  2,  3,  4,  5,  the  corresponding 
sums  are  (26)(850),  (26)(340),  (26)(170),  (26)(100),  (17)(100). 

This  serves  as  a  check  merely  on  the  mechanical  application  of 
the  recursion  formulas  in  passing  from  one  array  to  the  next. 
It  would  not,  in  itself,  detect  an  error  in  the  first  of  the  two 
arrays.  For  this  latter  purpose  there  is  available  a  check  of  more 
fundamental  character. 


'.iilHU.V  .'‘'MV 
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It  may  be  observed  that  in  the  totality  of  products  involved  in 

ri-i,  (16) 


i-1  a 


each  individual  product  occurs  exactly  i  times.  For,  each  of 
the  sums  ^  fiVf*  •••  rj_i  contains  terms;  there  are 

^  ^  ^  ^  different  terms  involved ;  and  each  term  must  appear 
the  same  number  of  times  by  reason  of  symmetry.  Therefore 


a  (fi  (1^1) 

L  £  r,V,*  •  •  •  =  i  t,  f  i*r,*  •  •  •  r(*+i)_«+i). 


/-I  a 


a+1 


(17) 


Formula  (17)  provides  a  check  which  is  independent  of  the 
recursion  formulas.  Thus  we  have,  for  example. 


576  +  144  +  64  +  36  «  (1)(820) 

244  +  169  +  84  +  49  -  (2)(273) 

29  +  26  -f  21  +  14  =  (3)  (30) 

1+  1  +  1+  1  «  (4)  (1). 


(18) 


It  is  worthy  of  remark  that.formula  (17)  may  be  written  in  the 
form 

^  (19) 

>-i  a  ri*ri*  •  •  •  r?_i  J  . 


by  dividing  each  side  of  the  equality  by  (n!)*.  Then  as  n  becomes 
infinite  we  have 


(20) 


as  previously  shown  *  by  use  of  the  Bernoullian  numbers. 
*Thw  Journal,  vol.  6  (1927),  p.  247,  (32), 


J 
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4.  Lagrangean  Coefficients.  As  an  example  of  the  use  of  the 
fundamental  table  we  compute  the  coefficients  C_i  and  C\  of  the 
interpolation  formula  (4)  for  X  =  .5,  «  =  8.  These  are  two  of  the 
seventeen  coefficients  required  for  interpolation  without  differ¬ 
ences  by  means  of  a  polynomial  of  degree  sixteen.  From  (5), 


C-.  =  (-  !)•  { 
C,  -  (+3)-  { 


A  II  ,  At\  ^  ,  ,  Am  1 

2£)  4  2/)  4*  2/?  4"  J  ’ 

A  n  ,  Ag  ^  Am  1_  1 

2P  4  2£>  4*  '  ■’'2^  4’'J 


(21) 


The  detailed  computation  is  then  as  follows: 


1  (.88888 

88888 

88888) 

+  .22222 

22222 

22222 

-  p  (.46881 

96019 

14840) 

= 

-  .02930 

12251 

19677 

+  j,  (.08728 

43792 

86694) 

= 

+  .00136 

38184 

26354 

(.00770 

19339 

11424) 

as 

-  .00003 

00856 

79341 

+  ^  (.00035 

70253 

01118) 

= 

+  .00000 

03486 

57520 

-  (.00000 

88680 

98422) 

= 

-  .00000 

00021 

65063 

+  (.00000 

01109 

94757) 

= 

+  .00000 

00000 

06774 

(.00000 

00005 

46772) 

= 

-  .00000 

00000 

00008 

c_, 

-  .19425 

50763 

487- • 

$ 

Cx 

= 

+  .58276 

52290 

463- •. 

Elach  of  the  other  coefficients  C_/,  C/,  j  *  2,  3,  •••,  8,  is 
obtainable  by  a  similar  computation. 


LIMITING  VALUES  OF  LAGRANGEAN  COEFFICIENTS  ‘ 
By  Gboige  Rutledge 

1.  Introduction.  The  I^afi^range  interpolation  formula  for  the 
case  of  2n  unit  intervals  extending  from  —  n  to  +  n,  has  the 
form 

i-.  -7V-1*)  -  •  -  •  •(/-«)* 

(x»-l  *)(**- 2*) . (x*-n*) 

(-U)  (-2*) . (-n*) 

"  x(x^-  U) •  •  •  (x»-J^)(x-|-i)(jr»-JTU) «») 
or  briefly, 

H  C-iy-i  +  Coyo  +  II  Cjyj.  (2) 

/-I  .  >-i 

It  is  well-known  that 

H  C-f  +  Co  4-  H  Cy  *=  1,  (3) 

iml 

identically.  The  purpose  of  this  note  is  to  derive  the  limiting 
form  of  this  identity,  and  of  the  formula  (1),  as  n  becomes  infinite. 

It  will  appear  that  the  limiting  form  of  the  identity  (3)  is  the 
special  case  of  the  cardinal  series  of  interpolation  (15)  of 
Whittaker*  in  which /(  — j)  =  /O)  =  /(O)  =  L  and  that  in  con¬ 
sequence  the  limiting  form  of  the  Lagrange  formula  is  exactly 
Whittaker’s  cardinal  series. 

2.  Lagrangean  Coefficients  as  Infinite  Products. 

It  is  at  once  evident  that,  from  (1), 

‘  Presentwl  to  the  Amerkan  Mathematical  Society,  December  27,  1928. 

’  E.  T.  Whittaker,  Proc.  Roy.  Soc.  Edin.,  35  (1915),  p.  181;  also  J.  .M. 
Whittaker,  Proc.  Edin.  Math.  Sw.  (2),  1  (1927),  p.  41. 


13 


RUTLEDGE 


^  (1*  -  **)(2*  -  •  (n*  -  **) 

C,  - — ^ - 


from  which  it  follows  that 

,  .  ^  sin  rx 

Lim  Co  = - - 

m.m  VX 

In  like  manner,  by  use  of  the  identity 

_ (n!)»  _ 

(-  2*) .  •  •  if-j-  W-j+ 1*)  •  •  •  if- »*) 


(«!)« 

«— j!  n+j\ 


we  obtain 


C,  =  (-  1) 


(■;) 


x(y»- 1«)  •  •  •  l*)(x+i)(:c»- j-H»)  •  >  • 


(1»  -  x*)(2«  -  x«)  •  •  •  (j«  -  X*)  •  • »  (n»  -  x«) 


/  2«  \ 


From  (7)  it  follows  that 


.  •  ^  /  4x^1  X  sin  TX 

Lim  C,  *  (—  !)»+*■: - , 

'  J  —  X  TX 


LIMITING  VALUES  OF  LAGRANGEAN  COEFFICIENTS 


15 


and  similarly  we  obtain 


Lim  C-i  -  (-  !)>+• 


X  sin  irx 
—  j  —  X  wx 


(9) 


3.  Limiting  Form  of  the  Identity.  From  (5),  (8),  and  (9),  we 
have 

Lim  C-n  +•••-!-  Lim  Co  +  •  •  •  +  Lim  C, 

nrnm  nmm 

»  /  (_  i)-+i  * 

rx  1'  '  —  n  —  X 

+  ...  4-  1  -I-  ...  +  (_  (10) 

n  —  X  f 


The  sum  (10)  may  be  written 

and  since,  when  x  is  not  an  integer, 

•  2x* 

Txcsc  TX  =  1  +  L  (—  1)^'3 - (12) 

i-i  y*  —  X* 

we  obtain,  by  allowing  n  to  become  infinite  in  (11), 

Lim  jLim  C-n  +  •  •  •  -f  Lim  Co  +  •  •  •  +  Lim  C»} 

nmm  nrnm 


Thus  the  sum. 


sin  TX 
rx 


(13) 


Co  +  (C,  +  C_,)  4-  (C,  -f  C_,)  4-  •  •  •  +  (Cn  4-  C-n),  (14) 


becomes,  in  the  limiting  case,  an  absolutely  convergent  series. 

From  (10)  it  follows  that  the  limiting  form  of  the  Lagrange 
formula  (1)  is  the  cardinal  series 


even  though  the  latter  may  diverge  in  cases  where  the  former  is 
convergent. 

4.  Relation  to  Expressions  for  Lagrangean  Coefficients  in 
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Terms  of  Other  Coefflcients.  The  Lagrangean  coefficients  are 
expressible  in  the  form  * 


Co  =  1  -  L  (Cy  +  C_y), 

/-< 


where  X  “  ^ ,  is  used  instead  of  the  variable  x  of  the  preceding 

sections  in  order  that  the  coefficients  may  apply  directly  to  the 
interval  (—  nh,  +  nh). 

Since  * 


U)  1 

where  5^  f.  t - —  represents  the  sum  of  products  of  squared 


reciprocals  of  the  first  n  integers  excepting  j,  taken  t  —  1  at  a 
time,  we  have 


1  ^ 


1 

riW 


X*- 


'  This  Journal,  current  volume,  p.  2. 

tThis  Journal,  loc.  cit.,  p.  2;  and  vol.  6  (1927),  p.  242. 


''  '  ''TWBWy" 
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(18) 


Then  from  (16)  and  (18)  we  have 

r_ 


C-y  -  (-  i)«- 


Cy-  ( 


(19) 


in  agreement  with  (7).  » 

From  (3),  (4),  and  (19),  we  have,  excluding  integral  values  of 
X,  the  identity 

1 


(-S)(-S)'  (-5) 


(  ."I 

1  4-  f*  (—  1)^'  ^ ^  - 


which  is  the  finite  form  of  the  relation 
tX  1 


sin  tX  ti 


'  +S<- 


(20) 


(21) 


Although  the  derivation  of  (21)  from  other  infinite  develop¬ 
ments  is  readily  accessible,*  it  is  evident  that  the  identity  (20) 
suffices  to  establish  (21). 

'  Cf.  Pierpont,  Functions  of  a  Complex  Variable,  p.  286. 
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A  METHOD  FOR  DERIVING  FORMULAS 
OF  INTERPOLATION* 


By  Pmscott  D.  Ctoux. 

1.  Introduction.  The  formulas  which  have  been  derived  for 
the  interpolation  of  values  of  a  function  are,  for  the  most  part, 
polynomial  approximations  of  /(*),  the  given  function.  These 
polynomials  differ  only  in  the  data  that  is  taken  to  fix  them; 
and  they  are  usually  derived  either  by  determining  the  coefficients 
of  an  assumed  polynomial  in  x,  as  in  the  case  of  the  formulas  of 
Lagrange,'  or  by  making  use  of  the  calculus  of  differences,  as  in 
the  case  of  the  formulas  of  Stirling,  Gauss,  and  Bessel.*  Ex¬ 
pressions  limiting  the  eiror  are  usually  obtained  by  applying 
Rolle’s  Theorem  to  the  error  function. *• 

The  purpose  of  this  paper  is  to  develop  a  general  method  for 
deriving  formulas  of  interpolation,  together  with  general  types  of 
expressions  which  limit  the  error;  and  also  to  investigate  the 
uniqueness  and  determinateness  of  results.  Attention  will  be 
confined  to  functions  of  a  single  independent  variable. 

Without  loss  of  generality  the  origin  will  be  placed  where  most 
convenient,  and  f{x)  will  be  assumed  to  possess  derivatives  of 
such  orders  and  in  such  intervals  as  are  necessary  to  give  meaning 
to  the  expressions  which  arise. 

2.  Formulas  of  Lagrange.  By  way  of  illustration  let  us  derive 
a  formula  of  interpolation  involving  /,  *  f(x8),  /_t  »  /(—  2h6), 

-  /(-  he),/.  -  /(0),7,  =  /mjt  -  fi2hd),  where  0  1, 

and  h  >  0.  Let  ^{6)  be  defined  by  the  expression 

m  =  /.  -  -  K.yf.i  -  K.U  -  Kif,  -  Kxf.  (1) 

*  This  paper  was  prepared  under  the  simrvision  of  Professor  George 
Rutledge,  of  the  Massachusetts  Institute  of  Technology,  who  offered  many 
valuable  suggestions. 

‘  Goursat:  Cours  d" Analyse  Mathimalique,  vol.  1,  p.  266. 

Jordan:  Cours  d Analyse,  vol.  2,  p.  126. 

*  Radau:  Eludes  sur  les  Formules  d Interpolation. 

Thiele:  Interpolationsrecknung. 

Gibb:  Interpolation  and  Numerical  Integration. 
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where  x,  h,  and  the  K's  are  constants.  We  now  differentiate  (1) 
successively  with  respect  to  d,  and  thus  obtain  the  ’  following 
relations: 

^'(9)  -  xf.'  +  2K.thf.i^  4-  ^-iA/-i‘  -  KxhU  -  2A:,*/t‘ 

^(9)  «  *»/.*  -  -  4Kth*ft' 

♦*(»)  -  x*/.*  +  SK.,h*U*  +  K.,h*S-x'  -  Kxk»fx*  -  ^ 

^^{9)  =  jey.«  -  K.xh*f.x*-  /C, *«/,«-  l6K,h*ft* 


d*f  ... 

where  />*  represents  at  the  point  indicated  by  the  subscript  j. 
Letting  0  0,  noting  that  when  0=0 


//-/‘(O),  *=0,1,2,  3.  4.  i=-2,  -1,  1,  2,  (3) 

we  have  the  following  relations: 

^(0)  ^  Kix-  Ko-  Kx-  K^\m 

01(0)  -  {x  4-  2K.,h  4-  K.xh  -  Kxh  -  2/i:,A)/>(0). 


For  a  reason  to  be  made  clear  later,  we  determine  the  K'%  so  as  to 
have,  for  any  /, 

0  =  ^(0)  =  0'(O)  =  ^(0)  =  ^*(0)  =  ^HO);  (5) 

hence  from  (4)  we  have 

K.,  4-  ^-1  4-  Xo  +  a:,  4-  /Ci  =  1 

-  2A_,  -  A_,  4- A,  4-  ’2A,  =  J 

»  (6) 

4A_,  4- A_,  4- A,  4- 4A,  =  . 

This  system  of  equations  is  determinate,  for  its  determinant  is  of 
the  Vandermonde  •  type  and  hence  not  zero.  Solving  this 
system  by  the  use  of  determinants,  noting  that  all  determinants 
involved  in  the  solution  are  of  the  Vandermonde  type,  we  have 
'  Paual:  Die  DOerminanUn,  p.  128,  p.  197. 
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immediately 


(~  2  +  1)(-  2)(-  2  -  1)(-  2  -  2) 

,  (f+OdK-;- 0(1-0 

“  (-  1  +  2)(-  1)(-  1  -  1)(-  1  -  2) 

^  (^0(^0(^0(^0‘ 
(2)(1)(-  1)(-  ?) 


hence  the  K’s  are  fourth  degree  polynomials  in  ^  • 

Had  the  determinants  involved  in  the  above  solution,  not  been 
of  the  Vandermonde  type,  we  could  not  have  obtained  the  results 
(7)  so  easily.  Since  we  shall  have  to  deal  with  more  general 
determinants  which  are  not  of  this  form,  it  will  be  well  to  develop 
a  more  general  method  of  simplifying  the  solution  of  (6).  To 
this  end  we  place 


Ui  +  Vu 
Ui  -  Vu 


Ut+  V„ 
K.,  =  17,  -  V„ 


where  the  IT s  and  the  V’s  are  constants.  Obviously  this 
substitution  is  but  a  change  of  notation,  due  to  which  the 
equations  (6)  assume  the  following  form : 

2Ui  +  217,  +  /Co®  1 


V.  +  2V,=l{l) 

K.  +  8F.  =  l(?y. 

+ 


Vi  +  SK, 


Ui  +  1617, 
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Here  it  is  evident  that  two  equations,  which  we  denote  by  U, 
contain  the  IT s  alone;  two  equations,  which  we  denote  by  V, 
contain  the  V' s  alone;  and  one  equation  contains  the  IT s  and  /Co. 
The  first  equation  can  therefore  be  neglected,  and  later  used  to 
determine  Kt.  Let  us  solve  systems  U  and  V  for  Ui  and  Vi 
respectively.  We  have 


fx\ 

i 

1  / 

\h) 

1  4 

21 

/x\ 

1  / 

1  16 

To  - 

2( 

1 

4 

♦  r  1  * 

1 

1 

16 

1 

Similarly 


iC)  = 

1  2 
1  8 


thus  by  means  of  the  substitution  (8)  we  avoid  the  use  of  fourth 
degree  determinants,  using  one  half  as  many  second  degree 
determinants  instead.  From  (8)  and  (10)  we  have  finally 

A:..^{24  -  30(i)’+6(j)*}  (II) 
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Let  us  now  consider  the  expression 
-  (- 

■  -  (- 

where  ««  1,  2,  3,  4,  5.  Denoting  the  greatest  |/Ku)  |  in  the 
interval  —  2k  ^  u  ^  2k,  or  in  the  interval  bounded  by  the  two 
outermost  points  if  |x|  >  2k,  by  fm*,  we  have 

I  ♦'(»)  I  s  *■/.'{  I  )‘|  +  |2«..|  +  +  |X.|  +  |2'K,|}, 

or 

kWl  (12) 

where 

.,-»<{ I (i)‘|  +  2‘[|iC-.|  -f  |k,|]  +  [|a:-,1  +  IK.I]}. 

Referring  to  (8),  we  see  that  the  expression  for  <rt  will  be  simplified 
to  some  extent  when  ^  is  given  numerically;  furthermore  it  is 
evident  from  (8)  and  (10)  that  Oi  is  limited,  or  that  tn  <  Mi,  for 
^  is  limited  and  the  determinants  of  systems  U  and  V  are  not  zero. 
But 

k'-wi  -  k‘-(<?)  -  ^‘-'(0)1 

(13) 

since  ^*“‘(0)  is  zero;  hence  by  repeating  this  process  i  times  we 
have  finally 

(14) 

Without  the  relations  (5)  this  process  would  be  im{x>ssible; 
hence  the  reason  for  so  determining  the  K’s  is  now  evident.  We 
now  place  =  1 ;  then 

/(x)  -  K-rfi-  2k)  +  K-iJi-  k)  +  K,f{.Q) 

+  A:^(A)  +  2i:,f(2A) ’+ €  (15) 

|.|£^‘  1,2,3.4,S. 


where 


t 

#‘T 
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We  can  write  fix)  as  a  polynomial  inj^,  plus  the  remainder  t, 
the  result  being 

/(i)  -/(O)  |2/(-2*)-l6f(-*)+lW(»)-2«2*)|  (j) 

+  I  -/(-2*)+IW(-*)-3(y(0)  +  16/(*)-/(2*)| 

+  ^(-2/(-2*)+4/(-*)-4/(*)+2/(2»)| 

+  ^ |/(-2*)-4/(-*)+6/(0)-4/(»)+/(2*)|  (jy 

+  «. 

The  fact  that  fix)  —  e  is  a  polynomial  of  fourth  degree  in  x 
could  be  anticipated  from  (14),  since /«*  may  be  a  factor;  further¬ 
more  this  interpolation  polynomial,  which  we  shall  denote  by 
Piix),  is  identical  with  that  derived  on  the  conditions  that  * 


Piu)=fiu) 


-  2h,  -  h,  0,  h,  2h; 


(17) 


thus  we  should  expect  c  to  vanish  at  these  five  points.  That  this 
is  actually  the  case  is  easily  verified  by  writing  Kt  as  the  quotient 
of  two  determinants;  then  when  x  is  placed  equal  to  one  of  the 
five  values,  all  of  the  K’s  but  one  vanish  due  to  the  fact  that  two 
columns  of  the  numerators  are  identical  and  the  denominators 
are  not  zero.  The  K  that  does  not  vanish  is  one,  numerically, 
for  the  numerator  then  becomes  the  determinant  of  the  system 
and  cancels  the  denominator. 

From  (12)  we  see  that  there  is  no  simple  algebraic  expression 
for  Oi,  but  that  there  is  a  different  one  In  each  of  the  six  intervals 
(—  «,  —  2h),  (  — 2A,  —  h),  •••  (A,  2A),  (2A,  »);  hence  (12)  is 
not  a  very  convenient  limit  for  practical  use.  In  case  i  is  5,  the 
following  method  gives  a  less  complicated  result.  Let  ^(z)  be 
defined  by  the  expression 


♦(«),-  /(»)  -  p-u)  -  m  !!(«-•*) 


(18) 


*  RtUUdff:  Maclaurin  Expansion  of  the  Interpolation  Polynomial  Determined 
by  2n+l  Evenly  Spaced  Points,  Transactions  the  American  Mathematical 
Society,  vol.  26,  p.  113;  also  Rutledie:  The  Polynomial  Determined  by  2n  1 
Points,  this  Journal,  vd.  2,  p.  47. 
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where  R{x)  is  defined  by  the  relation 


fix)  -  P,ix) 


R{x)  n  (*  -  ih) 

1—1 


^(1)  =  «; 


hence  ^(s)  vanishes  at  the  six  points  x,  —  2h,  —  h,  0,  h,  2h. 
From  Rolle’s  Theorem  we  know  that  ^'(»)  must  have  five  zeros 
between  the  two  outermost  points,  that  ^(s)  must  have  four 
zeros  in  the  same  interval,  and  finally  that  ^*(z)  must  have  at 
least  one  zero  in  this  interval.  Let  z  (  be  this  zero;  then 


But 

and 


m) « 0  -  /»({)  -  (57.  n^(»  - 

P4‘(«  -  0, 


consequently 


and  we  have  finally 


Rix) 


m. 

5!  ’ 


fix)  =  p*ix)  n  (*  -  *A); 

thus  in  addition  to  (15)  we  also  know  that 

<— I 


(19) 


We  shall  now  consider  the  interpolation  formulas  based  upon 
values  of  fix)  at  (2n  -HI)  points  which  divide  the  interval  (—  nh, 
nh)  into  2n  equal  subintervals.*’  ^  Adopting  symmetrical  notation 
we  have,  as  (n  (1), 

•••  +Kofo+  •••  -^-Knfn]  (20) 


where 


/.  «  fixe),  fi  >=  fiihe)  »  =  -  n,  -  n  -H  1,  •  •  •  0,  •  •  •  n  -  1,  n, 

and  0  ^  e  ^  The  relation  (20)  is  now  differentiated  2n 
times  with  respect  to  $,  the  resulting  system  of  derivatives  being 
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of  the  same  form  as  (2).  The  K'%  are  determined  so  as  to  have 

0  -  ^(0)  -  ^(0)  -  ^(0)  «...  -  0»-(O)  (21) 

regardless  of  /,  the  resulting  system  of  equations  being  deter¬ 
minate  since  its  determinant  is  of  the  Vandermonde  type.  As  in 
the  case  of  (7),  we  have  immediately  * 


- ;  (22) 

n  a-i) 

Jm-n 


however,  in  a  more  general  way  as  in  (8),  we  place 


Ui+  Vi 

i  “  1.  2,  3,  . 

K.i  ^  Ui-  Vi 

Since  • 

. .  n. 

(23) 

K.n{-ny-\-  ...  -|-/i:,(n)*-  (■ 

-V 

h)  ’ 

• 

we  have 

A:o  +  2El/y-l,  . 

.  2n, 

(24) 

.  (2n  -  1). 

As  in  the  case  of  (9)  the  first  equation  can  be  neglected,  and  later 
used  to  determine  Kq.  We  c^ain  have  two  systems  of  equations,'* 
one  involving  the  t/’s  alone,  the  other  the  V's  alone;  furthermore 
it  is  evident  that 

(25) 

hence  we  avoid  the  use  of  determinants  of  degree  2n,  using 
instead  but  one  half  as  many  of  degree  n. 

To  place  a  limit  upon  the  error  function,  ^(1),  we  write,  as  in 
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the  caw  of  (12  ), 


»•  -  1,  2,  3.  •••  (2»»  +  1),  (26) 


where  /«*  denotes  the  greatest  |/‘(«)|  in  the  interval  —  nh  ^  u 
^  nh,  or  in  the  interval  bounded  by  the  two  outermost  points  if  . 
|x|  >  nh.  Due  to  the  relations  (23)  it  is  evident  that  the 
expression 


<r< 


can  be  considerably  reduced  when  ^  is  pven  a  definite  numerical 

value.  Integrating  successively  i  times  as  in  the  case  of  (12), 
using  (13),  we  have  finally 

!♦(«)!  (27) 

hence  placing  »  1  we  have 

fix)  -  \K.^{- nA)  +  •  •  •  +  K^m  +  .  • .  +  Knfinh)]  +  i 
where 

|,1  -  1,2,3,  (2»  + 1).  (28) 

i-n 

It  is  evident  from  (27)  that  ]C  KJijh)  is  a  polynomial  in  x  of 

degree  2n  at  most,  which  we  denote  by  P*,(*);  furthermore, 
reasoning  in  precisely  the  same  manner  as  in  (17)  we  have 

Pin{u)  “  /(«)  u  »  -  nA,  •  •  •  0,  •  •  •  »A,  (29) 

(2n  +  1)  points  in  all. 

Proceeding  as  with  (18)  we  now  place  another  limit  upon  c, 
and  define  \^(z)  by  the  expression  * 

iiz)  =  fit)  -  Pf.iz)  -  R{x)  n  (z  -  ih)  (30) 

fa— » 

*  Biermann:  VorUsunien  uber  Mathemalische  Ndherunismethoden,  p.  97. 
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where  X(x)  is  defined  by  the  relation 


/(*),-  p,.(x) + «(*)  n  (*  -  •*)• 


(31) 


From  (29)  and  (31)  we  see  that  ^(s)  vanishes  for  s  equal  to 
X,  —  nk,  •  •  •  nh,  (2n  +  2)  zeros  in  all.  Applying  Rolle’s 
Theorem  successively  to  (30),  we  finally  have  ^"■’■‘({)  *  0,  where 
(  lies  somewhere  within  the  interval  bounded  by  the  two  outer¬ 
most  points;  then 

('  -  •*>)^  • 
But 

p*«:^'(«  -  0. 

and 


therefore 


f[  (*  -  ih) 


2n-f  11; 


Rix) 


2n  -I-  ll’ 


and  finally  from  (31)  we  have 


where  * 


fix)  -  Ptnix)  -f  « 


n  (*-*■*)• 


2n  -I-  1!  ittn 


(32) 


The  procedure  in  the  case  of  the  inlerpoiation  formulas  based 
upon  values  of  fix)  at  2n  points  which  divide  the  interval 

^  —  ^~~2 — "  ~2 — "  equal  subinlervals  is 

identical  with  that  above.  The  resulting  system  for  determin¬ 
ing  the  A’s  is 


*  This  result  can  be  obtained  by  different  methods. 

La  ValUe  Poussin:  Cows  d' Analyse  InfiniUsimale,  vol.  2,  p.  348. 
Sdrdlund:  Lefons  snr  les  Siries  d" Interpolation,  p.  6. 

Ndrdlnnd:  D^erenaenrechnuni,  p.  10. 

Markoff:  Differentenrecknunt,  p.  6. 

Rmye  nnd  Adnig:  Nnmeriukes  Recknen,  p.  114. 

Steffensen:  Interpolation,  p.  23. 
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where  »  *  0,  1,  2, 

/—I 


Ki 


(2n  —  1);  hence  we  have  immediately* 

j±t _ ^ _ 

Jri 

After  making  the  substitution  (23),  we  have 

>-0.2.4.--(2n-2). 

Also,  reasoning  as  in  the  case  of  (26),  we  find  that 
,  1,2,3,  2»i, 

where 

hence,  placing  0  =  1,  we  have 

/w  -  + . 


where 


!•!  1.2.3, 


2n. 


Furthermore,  if  we  proceed  as  in  the  case  of  (30),  we  find  that 

'  *  /!!({) 


2n 


We  shall  finally  consider  the  formulas  of  inter  potation  that  are 
based  upon  the  values  of  f{x)  at  n  arbitrarily  spaced  points  Ci,  €%,••• 
Cn,  where  the  c’s  are  restricted  in  neither  magnitude  nor  sign; 
hence 

Pie)  -  fixe)  -  {Ktfice)  +  Ktfice)  +  •••  +  K,ficne)\  (33) 


B 


1 

1 

1 

...  1 

Cl 

Ci 

Ci 

•••  C« 

Cl' 

Ci' 

Ci' 

...  C,* 

• 

• 

• 

...  . 

Cl""' 

C,»-« 

.  .  .  C,"-> 
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where  the  c’s  are  known  and  the  K'a  are  to  be  determined. 
Placing 

0  -  ^(0)  -  ^>(0)  -  0*(O)  -  •  •  •  ^-‘(0) 

regardless  of  /,  we  have  a  system  of  equations  for  determining 
the  K’a  which  has  the  following  determinant: 


n  (Ci  -  04) 


which  is  of  the  Vandermonde  type  and  hence  not  zero,  since  the 
points  are  distinct.  Thus  the  system  is  determinate,  and  we 
have  at  once  *  that 

liix-c,) 

V 

- ; 

n  -  c.) 

•  J-l 

however,  in  this  case  it  is  useless  to  make  a  substitution  similar 
to  (23)  because  of  the  lack  of  symmetry  of  the  points. 

By  proceeding  as  with  (12)  we  have  no  trouble  in  finding  that 

/(x)  =  LKJ(Ci)  +  t  (35) 

/-I 

where 

l‘l  +  »■“  1.2.  3,  n. 

imrn 

It  is  also  to  be  noted  that  ^  Kif{cj)  is  a  polynomial  in  *  of 

degree  (n  —  1)  at  most;  furthermore,  reasoning  as  with  (17),  we 
find  that  e  vanishes  at  the  n  points  ci,  C|,  Ct,  •  •  •  Proceeding 
as  with  (18)  we  have  finally 

*  -  Ci).  *(36) 

1.1 


I  jmrjtumuSM 
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3.  Case  of  Equal  Coefficients.^  Thus  far  we  have  considered 
the  spacing  of  the  points  as  being  initially  fixed,  the  K’s  repre¬ 
senting  coefficients  to  be  determined;  however,  we  now  alter  this 
point  of  view.  Let 

m  »  fixe)  -  {Kf(c,e)  +  KficB)  +  •  •  •  +  KficnB)]  (37) 

where  n  points  besides  *  are  involved.  As  before,  we  differentiate 
successively  and  determine  the  unknown  constants  by  the 
relations 

0  -  0(0)  -  0«(O)  =  •  •  •  0-(O), 
which  give  the  following  system  of  (n  +  1)  equations: 

K  +  -  I 

Kc\  +  Kc\  -!-*•*+  K.Cn  =  X  (38) 

Kcx'  +  Kct'  +  '•••+  KCn'  =  X* 


It  is  evident  that  K  could  not  have  been  fixed  arbitrarily,  for 

from  the  first  equation  of  (38)  we  have  /C  *  A  solution  of 

n 

(38)  is  thus 

A  =  -  ,  Cl  *  C*  “  •  •  •  =  X, 

fl 

a  rather  surprising  result,  which  is  obviously,  of  no  practical 
importance. 

4.  Case  Where  Coefficients  and  Spacing  of  Points  Are  Both 
Determined.^  We  shall  now  leave  both  the  K’s  and  the  c’s  as 
unknown  constants,  and  place 

m  -  fixB)  -  {KJicxB)  -1-  KtficB)  -!-•••  KnficnB)].  (39) 

Differentiating  successively,  we  determine  both  the  K'a  and  the 
c’s  so  that 

0  -  0(0)  »  0‘(O)  -  0*(O)  =  •  • .  0»-‘(O), 

*  It  may  be  noted  that  there  is  a  close  correspondence  between  formulas 
of  interpolation  and  those  of  approximate  integration.  Thus  (28)  corresponds 
to  the  formulas  of  Cotes,  (37)  to  those  of  Tchebychef,  (39)  to  those  of  (^uss, 
(90)  to  those  of  Euler,  and  so  on;  in  fact  the  method  of  derivation  of  formulas 
oi  interpolation  that  is  given  in  this  paper  is  closely  analogous  to  a  method  by 
which  formulas  of  approximate  integration  are  derived. 

Cftmt:  A  Method  for  Deriving  Formulas  for  the  Approximate  Calculation  of 
Integrals,  this  Journal,  vol.  7,  p.  126. 
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which  process  leads  directly  to  the  following  system  of  equations: 

-h  /(T.  +  •  •  •  +  ^,  »  1 

KiC\  +  Kifii  +  •  •  •  +  KnC»  =  X  (40) 

+ /Ck,*  +  ••• 


A  solution  of  (40)  is 


Cl  =  c»  “  c»  =  •  •  •  =  c,  =  ac 
A,  +  /C,  +  A-,  +  •  •  •  +  A.  -  1 

regardless  of  whether  n  is  even  or  odd.  This  result  is  obviously 
of  no  practical  value.  * 

5.  Case  Where  Certain  Constants  Are  Given.  It  is  evident 
that  certain  K’s  and  c’s  may  be  fixed,  those  remaining  being  then 
determined  in  the  usual  manner.-  For  example,  by  placing 

4^(6)  -  f{x0)  -  ji/(0)  +  Kjm  +  K^(c0)\, 


we  find  that 


where 


fix)  -  \U(0)  -h  KJ(h)  +  K^{c)\  +  . 


•  6.  Formulas  Involving  Derivatives  of  fix).  Thus  far  the 
formulas  considered  have  been  of  the  form 

fix)  -  Z  Kifia)  +  .. 
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We  shall  now  consider  formulas  of  the  more  general  type 

fix)  -  ‘l  Ki,  ,)  +  L’  Ki.  yTiCi.  l)  +  •  •  •  +  «.  (-ll) 

l-la  <-<u 

or 

tmO  l-C.I 

where  Ki,  /  and  d,  /  are  independent  of  fix).  ^ 

As  an  illustration  let  us  take  a  specific  case,  placing 

“  /»  “  \A-if-t  +  Atft\ 

-  +  B.xf.i'  +  5,/,‘  -f  5^,* I  -  (42) 

where /,  =  fix9)\  A^t,  At,  B-t,  •  •  •  Bt,  Co  are  independent  of  /; 
and  the  five  points  in  question  (those  to  which  the  subscripts 
refer)  are  such  as  to  divide  the  interval  (—  2hd,  2h6)  into  four 
equal  subintervals.  For  convenience  in  the  differentiation  that 
is  to  come,  we  note  a  special  case  of  Leibnitz’s  rule  for  the 
differentiation  of  a  product: 

m  «  Kepicd) 

ne)  =  Kpice)  +  Kcepico)  ^ 

rpie)  -  2KcPic9)  +  K(*9Pic9)  (43)  # 


^Pi9)  -  kK<*-^Pic9)  +  Kc*9P+'ic9) 

where  K  and  c  are  constants.  Using  (43)  to  obtain  successive 
derivatives  of  ^{9),  we  have  the  following  relations: 


^‘(0) 

=  X// 

+  2^  - 

2/4,*/,'  -  5_^/‘_,‘ 

— 

B.if-i'  -  5  J,'  -  5,/,'  -1-  ^a, 

ipie) 

-  X*/.* 

-  4/4  _,**/_,*  - 

-  4/4,**/,*  + 

45_,*/_,* 

+  2B. 

-  25,*/,*  -  45,*/,* 

-  2Co/*(0)  -1-  9a, 

4^(9) 

=  x*/.* 

+  8/4  _,*»/_,»  ■ 

-  8/4,**/,*  - 

t2B.,k»f->^ 

-  35_,**/_,> 

'  -  35,**/,*  • 

-  125,**/,*  +  9ai 

^*(9) 

-  X*/,* 

-  16/4_,*V-t' 

-  16A,h*ft* 

+  325_,**/_,« 

+  45_,**/. 

i*  -  4Bik»A* 

-  nB,h*f,*  +  9ai 

^(9) 

=  x‘/.‘ 

+  32/4_,*‘/-i‘ 

-  32/4  ,*»/,» 

-  mB^,h*f.,* 

-  SB.ih*f.i*  -  SBik*fi*  -  80Bth*f,*  +  flo» 


(44) 
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♦•(«)  -  *•/.•  -  64yl_,AV-i'  -  64^iAVi‘  +  192B_, **/_,• 

-I-  6B_, **/_,•  -  6B,*‘/i»  -  -f  tfa, 

where  the  9a’s  merely  represent  terms  having  0  as  a  factor. 
Proceeding  as  we  did  in  the  case  of  (2),  we  determine  i4_i,  A  j,  B-t, 
•  •  •  Bt,  Co  so  as  to  have 

0  -  ^(0)  -  ^'(0)  =  0*(O)  -  ...  -  ^‘(0)  (45) 

regardless  of  /.  The  computations  involved  in  the  solution  of 
(45)  will  be  greatly  simplified  by  the  following  substitution : 

A.-U.+  V,.  B,-R,  +  S,.  B,-R,  +  S,. 

A-t  =  Ut  ~  Vi,  5_f  =  Ri  —  Si,  5_i  »  /?i  —  Si, 

which  is  similar  to  (8).  We  then  have 

2ViA  -j-  Ri  -f-  Ri  ^ 

4I/ih*  +  4Sih  +  25, A  +  C,  »  ix* 

8Vih*  +  12Rih*  +  3Rih*  -  ix* 
leUih*  +  325, A*  -f-  45, A*  =  §x" 


In  (47)  it  is  quite  evident  that  the  adiacent  equations  have  no 
unknowns  in  common,  whereas  the  alternate  equations  have  all 
unknowns  in  common;  hence  (47)  can  be  broken  up  into  two 
separate  and  smaller  systems,'*  as  was  done  with  (9).  These 
systems  can  be  solved  at  once  by  the  use  of  determinants,  it  being 
evident  from  these  solutions  and  (46)  that  the  i4’s,  B’»,  and  Co  are 
polynomials  in  x  of  degree  six  at  most.  Placing  9  1  we  have 


fix)  -  A.if{-  2h)  +  AiS{2k)  +  B.ir{-  2h) 

+  B-iP{-  A)  +  BiP{h)  +  Bir{2h)  +  CoP{Q)  +  «.  (48) 


Reasoning  as  in  the  case  of  (12)  we  can  obtain  an  expression  of 
the  form 


+  ,  =  1,2,3,  ...  7;  (49) 

t  +  1! 

hence  c  is  zero  when  f  is  a  polynomial  of  degree  smaller  than  seven. 
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In  obtaining  Oi  and  r<,  all  terms  involving  a  particular  //  should 
be  collected  before  adding  absolute  values. 

Denoting  the  right  side  of  (48)  less  c  by  Pt(x),  we  shall  now 
show  that 

/(x)  *»  Pt(x)  when  x  =  —  2h,  2h, 

P(x)  =  Pt^ix)  when  x  *=  —  2h,  —  h,  h,  2h,  (50) 

P{x)  *=  P«*(x)  •  when  x  =  0. 

This  is  easily  done  by  solving  the  system  of  equations  resulting 
from  (45)  by  the  use  of  determinants  without  making  the 
substitution  (46);  then  each  of  the  quantities  i4_*,  i4*,  •  •  •  Co  is 
expressed  as  the  quotient  of  two  seventh  degree  determinants, 
the  denominators  being  the  determinant  of  the  system  and 
different  from  zero.  Since  the  numerators  are  obtained  by 
substituting  the  column  whose  elements  are 

1.x,  X*,---,  (51) 

successively  for  the  different  columns  of  the  determinant  of  the 
system,  we  see  that  when  x  —  —  2h  all  of  the  coefficients  except 
A-i  vanish  due  to  the  fact  that  two  columns  of  the  numerators 
are  identical;  furthermore  yl_j  =  1,  since  the  numerator  is 
identical  with  the  denominator.  Similar  relations  are  true  in  the 
case  of  Atl  hence  the  validity  of  the  first  equation  of  (50)  is 
proved.  We  now  consider  the  expression 

P,‘(x)  =  >!-*•/(-  2h)  +  AH{2h)  +  5_,‘/>(-  2h) 

+  h)  +  Bx^Pih)  +  5,‘/>(2A)  +  Co'PiO),  (52) 

which  is  obtained  by  differentiating  P${x)  with  respect  to  x. 
The  denominators  of  the  coefficients  A-t,  At,  •••  Co  do  not 
contain  x  and  are  hence  constants  in  this  differentiation.  The 
only  part  of  the  numerators  which  contains  x  is  the  column  (51); 
hence  we  can  develop  the  numerators  by  minors  with  respect  to 
this  column,  differentiate  with  respect  to  x,  noting  that  none  of 
the  minors  contain  x,  and  then  build  up  a  new  determinant  in 
precisely  the  same  manner  in  which  the  other  was  broken  down. 
We  thus  see  that  the  derivatives  of  the  coefficients  are  expressed 
as  quotients  of  two  seventh  degree  determinants,  the  denomi- 
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nators  being  the  determinant  of  the  system  and  all  alike,  the 
numerators  being  obtained  by  substituting  the  column  whose 
elements  are 


or, 


djl)  d{x)  d(x«)  d(x») 
dx  '  dx  '  dx  ' 

0,  1,  2x,  3**,  •  •  •, 


(53) 


successively  for  the  different  columns  of  the  determinant  of  the 
system;  hence  when  x  =  —  2A  all  of  the  coefficients  of  (52) 
vanish  except  due  to  the  fact  that  two  columns  of  the 
numerators  are  identical,  as  is  seen  from  (44)  and  (45);  further¬ 
more,  =  1  since  the  numerator  and  denominator  are 
identical.  Similar  relations  ^  true  in  the  case  of  the  other 
i?‘’s,  the  reasoning  being  the  same  as  with  5_**;  hence  the 
validity  of  the  second  equation  of  (50)  is  proved.  In  order  to 
show  the  truth  of  the  third  equation  of  (50),  we  consider  the 
expression 

P,*(x)  =  ^ -,*/(-  2A)  +  At'Silh)  +  2h) 

-f  B.m-  A)  +  B,'P{h)  -f  Bt'P{2h)  +  C,»/*(0) 

and  reason  in  the  same  manner  as  with  (52),  no  difficulty  being 
encountered.  It  is  easy  to  see  that  the  relations  (50)  are  of  the 
greatest  importance,  especially  in  visualizing  the  interpolation 
polynomial  P»(x). 

In  order  to  obtain  an  expression  for  the  error,  c,  we  define 
by  the  relation 

Hz)  =  fiz)  -  P,(z)  -  Rix)-Giz)  (54) 

where  G(z)  is  a  seventh  degree  polynomial  such  that 

G(u)  =  0  when  u  =  —  2h,  2h, 

G'iu)  =  0  when  u  —  —  2h,  —  h,  h,  2h,  (55) 

and 

G*(u)  *  0  when  «  =  0; 
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and  where  /?(x)  is  defined  by  the  relation 


fix)  -  P.(x)  -f  Rix)-Gix). 


(56) 


It  is  thus  evident  that  ^(s)  has  at  least  three  zero  points:  —  2h, 
2k,  and  x;  hence  by  Rolle’s  Theorem  ^'(z)  vanishes  at  at  least  two 
intermediate  points.  Independent  of  what  has  just  been  said 
we  know  from  (50)  and  (55)  that  ^'(s)  vanishes  at  the  points 
—  2h,  —  h,  h,  2k  \  hence  unless  one  or  more  zeros  of  the  two  sets 
of  points  overlap,  we  have  six  points  at  which  ^‘(s)  vanishes. 
We  shall  temporarily  assume  that  /(z)  is  such  that  there  is  no 
overlapping  of  zeros;  then  again  by  Rolle’s  Theorem  we  know 
that  ^(z)  vanishes  at  five  intermediate  points.  But  as  before 
we  know  independently  from  (50)  and  (55)  that  ^(z)  vanishes 
at  the  point  0;  hence  unless  there  is  overlapping  we  have  six 
points  at  which  ^(z)  vanishes.  Applying  Rolle’s  Theorem 
successively,  we  know  that  ^(z)  has  five  intermediate  zero 
points,  and  so  on  till  finally  it  is  found  that  ^^(z)  has  at  least  one 
intermediate  zero  point,  which  we  denote  by  Then 


^7({)  .  0  -  Pii)  -  P^ii)  -  Rix)-(Pii), 


and  since  Pt'H)  is  zero,  we  have 

Rix)^ 


m) 

CPi^) 


(57) 


We  now  determine  G(z)  from  the  conditions  (55);  hence  placing 
Git)  »  flo  -f  aiz  +  ojz*  +  •  •  •  -f  a,j_iz"“'  + 
we  obtain  the  following  system  of  equations: 


flo  +  Oi*i  +  a**i*  +  Oi»i*  +  fliZi^  +  ak*i‘  +  a«*i* 


- 


Oo  +  OiZj  +  Ut*j*  •f*  <*»Zi*  +  a4Zj*  +  fluzi*  +  *  ~ 

0|  +  2afZt  +  3atZa*  -1-  4a4Zi*  +  5aiz/  +  6atZi*  *»  —  7z»* 


(58) 


Oi  -f  2utZ4  +  3aiZ»*  -f  4a4Z,*  +  5o4Z*«  +  6o*z*‘ 

241i  +  6ojZt  +  12(14Zt*  20a4Z7*  +  iOatti* 


-  7z.» 

-  42z7‘ 


where  Zi  “  —  2h,  Zi  *  2A,  Z|  =  —  2A,  •  •  •  z#  *  2k,  Zt  *=  0.  It  is 
important  to  note  that  the  determinant  of  (58)  is  identical  with 
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that  of  (45)  when  the  rows  and  columns  are  interchanged; 
hence  it  is  not  zero,  and  (58)  is  determinate.  Since  the  coefficient 
of  t'  in  G{t)  is  one,  we  have 

C’(z)  »  7!; 

hence  (56)  becomes 

/(x)  =  P,(x)  +  . 

where 

.  =  ^G(x).  (59) 

In  the  discussion  of  (56),  had  /(x)  been  such  that  overlapping 
of  zeros  occurred,  Rolle’s  Theorem  could  not  be  used  as  above, 
and  the  result  (59)  is  not  necessarily  true.^* 

7.  General  Case  of  Symmetrical  Points. — Balanced  Systems. 
Let  the  expression 

J'Cl/Ci.l/i.H  + 

+  •  •  •  +  I (60) 

be  known  as  an  element  and  denoted  by  {£'),  where  the  sub¬ 
scripts  refer  to  the  points 

{cLit\$,  1))9,  '*’1  {cIm— i))9,  \cn*]9,  (61) 

which  are  subject  only  to  the  condition  that 

0  —  {ciy}  »  {Cj*\  where  j  =»  1,  2,  3,  •••  m,  (62) 

and  *  is  an’ integer;  thus  except  for  symmetry  the  points  are 
chosen  arbitrarily.  The  jc/j’s  and  the  {/CyM’s  are  independent 
of  6  and  /,  the  upper  subscripts  merely  identifying  the  element. 
Also,  since  there  is  no  interdependence  between  the  points  of 
different  elements,  we  must  refer  to  the  points  of  {£'}  by  the 
subscripts 

lit  2<,  3<,  •  •  •  n<; 

however,  where  there  is  no  ambiguity  superfluous  symbols  will  be 
omitted;  thus  we  write  {/CyM  and  (cy^}  instead  of  {/Cyi*}  and 
{cyi^}.  Also  by  definition 

(63) 

at  the  point  {Cj*\d,  as  in  previous  sections.  We  now  arbitrarily 
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construct '  a  certain  number  of  elements  and  denote  ^  {£*}  by 
S.  ^(S)  is  defined  by  the  relation 

m  =  /.  -  5  -  fixe)  -  L  {E'\  (64) 

where  /,  *  fixB)  and  5  may  have  mid-terms.  Let  6*  be  taken 
within  the  bracket  of  {£‘j  so  that 

|£‘|  -  f 

Jrn-m 

in  which  j  may  or  may  not  take  the  value  zero. 

We  now  take  successive  derivatives  of  ^(B),  no  attempt  being 
made  to  collect  terms.  Terms  not  of  the  form  Ba  are  called 
principal  terms;  also,  we  define* 

(65) 

Since  we  are  later  going  to  place  0  *=  0,  we  need  consider  only 
the  principal  terms  of  the  various  derivatives  of  <biB).  The 
expression  for  the  principal  terms  of  [E,^\  can  be  found  directly 
from  Leibnitz’s  rule,'®  which  is 

iuvY  *=  “''•’  +  ([)  (  2  )  “  +  •  •  • 

+  ^  2  )  “**'’^~*  "*”  (  1  )  ' 

where  the  upper  subscripts  refer  to  derivatives,  and 

(  ”  )  =  =21^ — ■  =  (  ”  )ifn>m>0, 

\m/  n  —  m'.-m!  \n  —  m  J 

^”^-0  if  n  <m,  (67) 

(o)-(:)=>- 

*  The  number  and  choice  of  elements  is  arbitrary,  as  is  the  number  and 
choice  of  the  points  of  the  different  elements.  The  symmetry  of  the  ^nts  is 
the  principal  restriction,  the  other  restriction  being  one  that  will  be  discussed 
later — that  the  system  for  determining  the  iC’s  be  determinate. 

•  It  is  evident  that  in  the  above  notation /•(x)  “/(x),  and  |£*}  *  |£»*| 

-  21X1/. 

'•  Pierpont:  Theory  of  Functions  of  Real  Variables,  vol.  1,  p.  253,  p.  61. 
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Thus  we  can  write 

We  now  place 

/,<  =  v; 

and  note  that 

«*  **  0  if  k  >  i, 

=  da  if  k  <  i‘, 

hence,  since  we  are  interested  only  in  the  principal  term,  k  i  and 
M*  =  Thus  the  expression  for  the  principal  term  of 

|£r‘j  due  to  the  term  0*{Kj^  fi*of  {£'j  is 

(70) 

For  convenience,  we  shall  place  (70)  in  a  somewhat  different 
form.  Let  us  define 


(68). 


(69) 


=  m+V.(  ”  .  )  =  ■  ; 

\m  +  l/  „  —  fft  —  ll 


then 


{n,  mj  =  n(n  —  l)(n  —  2)  •  •  •  (n  —  m)  if  (n  —  1)  2:  w  S  0, 
{«,  m)  =  0  if  (n  —  1)  <  m, 

{ n,  —  1 1  =  1  for  any  n  S  0. 

Thus  (70)  is  reduced  to  the  following  expression : 


(71) 

where 

jr,  t)  **  r(r  -  l)(r  -  2)  •  •  •  (r  -  »)  if  (r  -  1)  >  t  >  0, 
{r,  *j  =  0  if  (r  -  1)  <  », 

I  r,  —  1 }  =  1  for  any  f  >  0. 

The  K’s  are  to  be  determined  so  that  for  any  / 

0=  0(0)  =  0«(O)  «  0*(O)  =  ...;  (72) 


therefore,  as  in  (44),  we  place  =  0.  The  ffa  terms  fall  out. 
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and  only  principal  terms  remain ;  also,  when  9  0 

A  =  •  0)  -  rio) 

f(x9) 

for  any  j,.  Since  ^  =  x'f/,  we  see  from  (64)  and  (71)  that 

the  principal  terms  of  ^'(9)  involve  f',  and  no  other  derivative  of 
/;  thus  we  can  factor  f*{0)  out  of  ^'(0),  as  was  done  in  the  case  of 
(4),  and  thus  obtain 

^'(0)  =  0  =  (73) 

where  Qr  involves  the  K’s  and  c’s.  Since  ^'(0)  is  to  vanish  for 
any  /,  we  have  “ 

(?r=0  r=  0,  1,2, 3,  •••,  (74) 

as  the  system  for  determining  the  K’s. 

Let  1^,*}  denote  the  terms  of  Qr  due  to  {£‘}.  the  one  due  to 
f(x9)  being  The  expressions  {^,*}  will  be  known  as  elements 
since 

Qr=‘X'+ZlQr^l;  (75) 

thus  from  (71)  we  have 

-  [Qr*]  =  L  \Kr]{r,i-\\{Ci*\'-*.  '  (76) 

We  now  make  the  substitution 


IK/I  =  I  +  (»',')  . 

ix./i  =  |£/,M  -  li'/M  ■’ 

hence  (76)  assumes  the  following  form: 

-  {Qr\\  = 

>-l 

-  1(3/1  =  2L  IT, 

i-1 


>  0; 

(r  —  »)  even, 
(r  —  »)  odd. 


(77) 


(78) 


where  r  ^  *  or  when  r  =  i  and  |£M  has  no  mid-term.  W'hen 
r  =  *  and  {£*|  has  a  mid-term,  the  term  {/CoM*-  must  be  added 

“  From  (73)  it  is  seen  that  if  for  a  particular /(x)  it  is  known  that/*(0)  -0, 
it  is  not  necessary  to  place  Qi  -  0;  hence  a  0  of  higher  order  can  be  used  to 
determine  the  JIT’s.  In  this  case  the  expression  limiting  the  error  will  involve 
derivatives  of  a  higher  order  than  usual. 
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to  the  expressions  (78).  It  is  evident  from  (78)  that  the  adjacent 
equations  of  (74)  have  no  unknowns  in  common,  and  that  the 
alternate  equations  involve  the  same  unknowns;  hence  (74)  can 
be  broken  up  into  two  septarate  and  smaller  systems  of  equations, 
each  of  which  can  be  solved  by  the  use  of  determinants.'* 

We  shall  now  show  that  the  expression 

«  -  fix)  -  P(x)  =  fix)  -  L 

vanishes  at  the  points  {c-*"),  *  *  ■  {cn") ;  and  that  in  general 


^  =  rix)-P^ix)  r=0,  1,  2,  (79) 


vanishes  at  the  points  {c-n’'),  •••  {c,').  To  this  end  let  us 
solve  the  system  (74)  by  the  use  of  determinants  without  making 
the  substitution  (77),  it  being  assumed  that  the  determinant  of 
the  system  is  different  from  zero.  Then  each  unknown  is 
expressed  as  the  quotient  of  two  determinants,  the  denominator 
of  each  quotient  being  the  determinant  of  the  system.  The 
numerator  is  obtained  in  each  case  by  replacing  the  column  of 
the  determinant  of  the  system  that  corresponds  to  the  particular 
unknown  by  the  column  whose  elements  are 

1,  x>  X*,  **,  •  •  •.  (80) 


Referring  to  (64),  placing  d  =  1,  we  see  that  P'ix)  is  obtained 
from  Pix)  by  replacing  the  K’s  by  the  corresponding 

d^K 

Reasoning  as  in  the  case  of  (52),  we  see  that  is  obtained  from 


K  by  replacing  the  column  (80)  of  the  numerator  by  the  column 
composed  of  the  rth  derivatives  of  the  elements  of  (80).  Let  us 
now  place  x  *  {c/},  where  j  =  —  n,  •  •  •  n;  then  the  element  of 
this  column  lying  in  the  ibth  row  is 


{*-  l,r-  '. 


(81) 


But  the  corresponding  element  of  the  denominator  is  found  from 
(71)  to  be 

{A  -  l,r-  l}{c/)‘— , 

**  It  ta  obvious  that  if  (74)  is  determinate,  the  two  systems  U  and  V  are 
determinate. for  1 1/<M  -  J[|X/|  +  l/jT-iMl  and  |  -  *[|X/|  -  |X_/I]- 
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which  is  identical  with  (81);  hence  \Kj'\  is  one,  since  the  numer¬ 
ator  and  denominator  are  identical;  and  all  of  the  other  K'% 
vanish,  due  to  the  fact  that  two  columns  of  the  numerators  are 
alike.  The  relations  (79)  are  thus  necessarily  true. 

VVe  shall  now  derive  an  expression  for  P{x)  of  the  form 

la* 

51  tn,{ji{x),  which  is  a  generalization  of  Newton's  representation 
<•0 

and  which  contains  Newton’s  formulas  as  special  cases.  Let 
G{x)  denote  a  polynomial  of  lowest  degree  subject  to  the  con¬ 
ditions 

G‘({c^M)  =  0 

for  every  point  of  P;  hence  placing 

G(x)  =  ao  +  aix  +  Cjx*  +  •  •  •  +  +  x", 

we  have 

flo  +  fliXi  +  otxi*  4-  a$xt*  +  •  •  •  4  =  -  xi" 


Oo  +  aiXN,  +  Ortjv,  +  +  •  *  •  +  (82) 

fli  +  2a,xjvH-i  +  3a,x?VH-i  4  •  •  * 

4  (n  -  l)a,_,x]^;J,  =  -  nx.^7l, 

where  xi  =  jd,),  •  •  •  xjv,  =  {c,®},  xath-i  *  {cLn},  and  so  on.  If 
we  denote  the  total  number  of  points  of  P  by  X,  it  is  evident  that 
the  system  (82)  contains  X  equations;  also,  if  n  «  X  and  the  rows 
and  the  columns  of  the  determinant  of  (82)  be  interchanged,  the 
resulting  determinant  is  identical  with  that  of  (74).  In  order  to 
prove  this  let  us  consider  the  element  in  the  column  of  the 
determinant  ^of  (74)  that  involves  {cy*}  and  that  lies  in  the 
/tth  row.  From  (71)  we  see  that  this  element  is  {ife  —  1, 
i  —  1  j  but  the  corresponding  element  of  the  determi¬ 

nant  of  (82)  is 

which  is  exactly  the  same;  hence  the  two  determinants  are 
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identical;  and  since  (74)  is  determinate,  (82)  is  also.“  We  thus 
have 

C(x)  =  Co  +  Oi*  -I-  o*x*  +  •  •  •  +  ax-ix^“‘  +  (83) 

where  the  o’s  are  known.  It  is  to  be  noted  that  the  coefficient  of 
is  not  fixed  by  (82),  and  is  placed  equal  to  one  for  convenience 
alone.  It  is  not  necessary  to  solve  (82)  in  order  to  obtain  G{x), 
for  if  we  let  fix)  *=  —  x^,  we  obtain  an  interpolation  polynomial 
which  we  denote  by  P\x\ ;  then  it  is  evident  from  (79)  that 

G(x)  =  P\x\  +  x^.  (84) 

We  now  define  G,ix)  as  a  polynomial  of  degree  r  in  which  the 
coefficient  of  x'  is  one  and  which  is  fixed  by  the  conditions 

GA\ci^\)  =  0  (85) 

for  the  first  r  of  the  X  points  of  P\  thus  Gx(x)  =  G(x);  also,  we 
place  C7o(x)  =  1.  Let  us  now  consider  the  expres.sion 

n(jt)  =  Px-i(x)  +  WxGx(x)  (86) 

where  mx  is  a  constant  determined  by  a  new  condition  of  the  form 
(79)  and  the  subscript  of  P  merely  shows  the  degree  of  the 
polynomial;  thenfl(*^)  evidently  satisfies  this  condition  together 
with  those  of  (79);  hence  II (x)  =  i*x(x),  where  Px(x)  is  the 
interpolation  polynomial  of  degree  X  that  is  based  upon  these 
(X  +  1)  conditions;  thus  any  interpolation  polynomial  may  be 
taken  as  the  starting  point  in  the  derivation  of  another  of  higher 
degree  providing  that  the  one  of  higher  degree  satisfies  the  conditions 
by  which  the  one  of  lower  degree  can  be  fixed.  Applying  (86)  to 
i*x-i(x)  we  have 

Px(x)  *  Px-j(x)  +  mx-iGx-i(x)  -f  mxCx(x); 
and  repeating  this  process,  we  have  finally 

Px(x)  moGo(*)  +  miGi(x)  +  m^Gtix)  +  •  •  •  +  mxGxix), 
or 

Pxix)  =  Z  m^iix).  (87) 

<-o 

**  It  is  evident  that  a  polynomial  can  be  determined  by  the  relations  (79) 
since  the  determinant  of  the  resulting  system  of  equations  is  identical  with 
that  of  (82)  and  hence  not  zero;  consequently  this  polynomial  must  be  identical 
with  P(x)  since  it  is  uniquely  determined. 
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The  importance  of  (87)  lies  in  the  fact  that  the  m's  are  invariant  as 
X  is  increased.  As  an  example  let  us  consider  the  formulas  of 

i-f 

L^range  (35).  In  this  case  Gi(x)  “!!(*  —  c<)  unless 7  *  0,  in 

i-i 

which  case  Go(*)  “  1;  hence  from  (87)  we  have 

Pn-i(x)  »  mo  +  mi(x  -  Cl)  +  m,(x  -  Ci)(*  -  c*)  +  •  •  • 

+  m,_i(x  -  Cl)  •  •  •  (jc  -  c,_i), 
or 

^-■-I  tmi 

Pn-tix)  *  mo  +  L  "»/n  (*  ~  <^<)t 
/-I  (.1 

which  is  Newton’s  formula  for  n  points. 

As  in  the  case  of  (54)  we  can  consider  an  expression  of  the 
form 

m  -  m  -  P(z)  -  Rix)-G(z) 
where  Rix)  is  defined  by  the  relation 

fix)  =  Pix)  +  R(x)-G(x); 

then 

^(z)  =  [/^(z)  -  /?(x)]G(z). 

Proceeding  as  in  the  case  of  (56)  we  obtain  an  expression  of  the 
form 

t  =  ^Gix)  (88) 

providing  that  there  is  no  overlapping  of  zeros.  If  overlapping 
occurs,  such  an  expression  may  be  false;  “  in  this  case  nothing 
can  be  concluded  by  the  application  of  Rolle’s  Theorem.  For 

c  =  ^ C(x),  it  is  necessary  and  sufficient  that  ^(|)  =  0,  for 
X.  , 

'*  This  is  an  extension  of  a  method  that  has  been  used  to  obtain  an  ex¬ 
pression  for  the  error  when  no  elements  are  omitted  and  when  no  element 
has  a  point  not  contained  in  the  preceding  element,  in  which  case  it  is  evident 
that  there  can  be  no  overlapping  of  zeros. 


Biermann:  VorUsungen  iioer  Malkemaliscke  Naherungsmetkoden,  p.  101. 
Goursat:  Cows  d’ Analyse  Mathimatique,  vol.  1,  p.  76. 

■*  For  example,  in  the  case  where 

fix)  -  .  -  Ptix)  ~  |X:-.*|/(-  1)  +  IJCi'l/d)  +  \K,*\PiO). 

*  +  [/•(t)/3!]C(x)  if/ is  any  polynomial  of  fourth  degree  and  1  x  |  <  (2  —  i/3). 
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then 

-  /"({)  -  X!  -  0; 

therefore,  since  there  is  no  simple  way  to  tell  whether  there  is  or 
is  not  overlapping  of  zeros,  it  is  in  every  case  necessary  to  make 
sure  that  ^(f)  vanishes — a  necessity  which  renders  this  ex¬ 
pression  for  c  worthless  in  most  cases  from  the  practical  point  of 
view. 

It  is  evident  that  we  can  operate  directly  with  in  the 
same  manner  as  with  (49),  and  thus  obtain  an  expression  limiting 
the  error  which  is  of  the  form  “ 


where  ot,  rt,  •  •  •  are  independent  of  /  and  i  —  1,  2,  3,  •  •  •  X; 
hence  P  is  a  polynomial  in  x  of  degree  (X  —  1)  at  most. 

We  shall  now  consider  a  method  by  which  the  error  can  be 
limited  by  a  series,  finite  or  infinite,  which  involves  increasing 
orders  of  the  derivatives  of  f(x).  Let  us  consider  an  element  of 
and  expand  each  of  the  terms  of  this  element  about  the 
same  point  using  Taylor’s  formula,  finite  or  infinite.  We  then 
operate  upon  this  new  expression  in  the  usual  manner,  thus 
obtaining  a  limit  of  |c|.  Obviously,  any  or  all  of  the  terms  of 
any  or  all  of  the  elements  can  be  treated  in  this  manner,  the 
particular  Taylor’s  fortnula  used  in  each  case  being  arbitrary,  as 
is  the  point  about  which  the  expansion  is  made.  In  particular, 
if  we  exp>and  every  term  about  the  origin  using  Taylor’s  infinite 
series,  we  can  collect  terms  according  to  the  powers  of  x  and  thus 
obtain  a  Maclaurin  expansion  of  «. 

It  is  evident  that  in  many  cases  the  error  can  be  reduced 
considerably  by  a  suitable  choice  of  codrdinates;  for  example  the 
relation 


'*  We  have  used  /«'  in  order  to  take  particular  derivatives  of  f  outside  of 
the  integral  sign.  Obviously  this  can  be  accomplished  by  means  of  expressions 
of  the  form  /'(()  where  (  lies  somewhere  in  the  interval  bounded  by  the  two 
outermost  points,  since  0  is  non-negative;  in  fact  the  symbols  f.'  and  p(i) 
can  be  interchanged  in  deriving  expressions  limiting  |  « ].  With  due  regard 
for  signs,  an  expression  for  t  can  be  derived  which  contains  but  a  finite  number 
of  terms. 

Pierpont:  Theory  of  Functions  of  Real  Variables,  vol.  1,  p.  3fi6. 
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in  cartesian  coordinates  becomes 

p  —  (P 

in  polar  codrdinates.  As  another  example  we  may  note  that  the 
substitution  x  =  sin  «  will  lead  directly  to  the  periodic  inter¬ 
polation  function  P(sin  u). 

8.  Special  Cases  of  Balanced  Systems.^  We  now  apply  the 
theory  developed  in  section  7,  and  consider  the  case  where 
i  =  0,  1,  3,  5,  •  •  •  odd,  and  —  {c_iM  =  =  1;  hence 

5  =  [!#:..»)/_,  +  -f  {/Ct*}/.*] 

-f  +  •  •  *,  (90) 

from  which  it  follows  that 

i/CiM  +  m\ 

=  {U,‘\  -  {K.M. 

The  following  systems  of  equations  are  due  to  (71)  and  (74): 

h  =  {t/i°l{0,  -  1|  +  {t/iM{0,0}  +  {t/,*}|0.  2|  +  ••• 

ix*=  |t7,«||2,  -  1}  +  {t/iM|2.  Oj  +  {i/,*}|2,  2}  +  ••• 

it/i»|{4,  -  1}  +  01  +  {t/i*||4,  2)  +  ••• 


ix=  IK.oiH,  -  1}  +  {KiMU.O}  +  {K,*|tl.2)  +  ••• 
ix*=  |K,»}{3.  -  1}  +  {FiM{3.0|  +  |Tj*)|3,2|  +  •.• 
|x‘=  IT, 0)15.  -  1|  +  {T,M{5,0|  -I-  {T,*j{5.2|  + 


Noting  that  jw,  w|  =  0  if  (w  —  1)  <  m,  we  see  that  all  terms  of 
(91)  that  lie  above  the  principal  diagonal  are  zero;  hence  (91)  is 
determinate,  since  its  determinant  for  the  first  k  equations  is  the 
product  of  the  terms  of  the  principal  diagonal,  and  hence  not 


zero.  Noting  that  {n,  mj  =  m  +  1 


we  can  factor 


m  V.  out  of  the  various  columns  of  the  determinant  of  the 
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first  k  equations  of  (92),  which  places  A,. »  in  the  following  form: 


1  0  •  0  1 

(0  >  •••  0  . 

(0  (’0  -  «  • 

•••  • 


X  *11*  2i- 1 !  =  ‘n*  2i  -  1 !  0; 

<.i  t-i 


hence  (92)  is  determinate,  since  the  Bernoullian  numbers  Bu  are 
known  to  differ  from  zero.*’  We  thus  know  that  the  K's  are 
determinate,  together  with  G(x) ;  furthermore  X  ='  2k,  there  being 
k  elements  in  S;  and  |<  |  is  limited  by  an  expression  of  the  form 
(89). 

We  shall  now  derive  a  special  formula  in  which  5  contains  only 
mid-terms;  thus 

5  =  {KJ>]fo  +  e{Ko']U  +-0^{Ko*\U  +  •  •  •  +  e^{Ko^\U. 

The  system  for  determining  the  K’s  is 
1  =  {A-o-} 

llj/Co*} 

=  2!{A:o*| 


X*  =  *!{A-o*); 

X* 

hence  {/Co*}  =  tt,  t  =  0,  1,  2,  •  •  •  ifc.  S  contains  (k  -f  1)  single 

t ! 

term  elements;  hence  X  =  (ife  +  1),  and  since  x*'*’*  —  (r*+i  =  G(x), 
we  have  finally  '*•  “ 


/(*)=/(0)+x/‘(0)-|-^^=^^  + 


x*/*(0)  ■  x*-^'/*-^-({) 
k+U' 


k\ 


Pascal:  Die  Deter minanlen,  p.  136. 

Pierpont:  Functions  of  a  Complex  Variable,  p.  289. 
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which  is  Maclaurin’s  expansion  with  the  remainder.  The 
substitution  F{xi  +  x)  ^  /(*)  places  (93)  in  the  usual  form  of 
Taylor’s  expansion. 

9.  Possibility  of  Leaving  c’s  as  Unknown  Constants.  In 
section  7  it  was  assumed  that  the  c’s  were  chosen  arbitrarily  and 
then  fixed.  This  was  done  merely  to  fix  ideas,  for  it  is  obvious 
that  the  theory  developed  is  independent  of  the  type  of  unknowns. 
We  thus  see  that  certain  K’s  and  c's  may  be  fixed,  subject  to 
condition  (62),  and  the  remaining  ones  determined  by  placing 
derivatives  of  ^{0)  equal  to  zero  in  the  usual  manner,  the  method 
being  that  of  sections  2,  3,  and  4.  Where  X  is  the  total  number 

of  unknowns,  I  el  +  •  •  •  +  where  »  *  1,  2,  3,  •  •  •  X. 

As  an  example  let  S  »  l/Co*}/.  +  «[{ 
where  {/Co®),  |/C_i‘|,  |/Ci'|,  {c-iM  “  —  jci'l  are  to  be  deter¬ 
mined.  We  have  immediately 


/(*)-/(0)  + 
where 


+  (2  +  V3)/.(^)] 

«  1.  2,  3.  4. 


+  e 


10.  Determinsteness  of  Results. — Arbitrary  Systems.  The 
theory  developed  in  sections  7,  8,  and  9  was  developed  entirely 
upon  the  basis  of  practical  convenience,  since  the  formulas 
that  are  of  practical  importance  are  special  cases  of  it. 

There  is  obviously  no  difficulty  encountered  in  the  general 
case  where  the  number  and  choice  of  the  elements  of  5  are 
arbitrary,  the  number  and  choice  of  the  terms  of  the  various 
elements  are  without  restriction,  certain  /C’s  and  c’s  are  fixed 
arbitrarily,  and  those  remaining  are  determined  by  placing 
successive  derivatives  of  ^(8)  equal  to  zero.  Since  in  the 
derivation  of  (89)  no  use  was  made  of  (62),  we  can  operate 
directly  with  ^*{8)  in  the  same  manner  as  with  (49),  and  thus 
obtain  an  expression  of  the  form  (89).  The  one  restriction 
upon  5  is  that  the  system  which  results  for  determining  the 
unknowns  is  determinate.  The  case  where  there  is  but  one 
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element  in  5  was  fully  considered  in  section  2;  however,  the 
general  case  is  much  more  difficult. 

We  shall  consider  here  only  the  cases  where  the  c’s  have  been 
fixed  and  only  K’s  are  to  be  determined,  other  cases  being  left  to 
trial. 

Let  us  supptose  that  though  the  number  of  elements  is  arbitrary, 
no  element  is  omitted;  thus 

*  -  0,  1,  2,  3,  • . . 

The  system  is  determinate  if  and  only  if 

A  0 

where  A  is  the  determinant  of  the  system,  which  after  eliminating 
mid-terms  by  developing  by  minors  is  of  the  following  form: 


Oio 

•  -Oio  0 

•0 

0 

..0 

UiiCi  • 

••OnCj  Uto 

•  *0*0 

0 

..0 

aiiCi*- 

•OifCj*  UiiCt 

•  *aiiC4 

n»o 

•  *ato 

OuCi*- 

•aijCi*  flijCj*  • 

•  'OttCt* 

0»iC» 

fliCi*- 

•OiCj*  OiCi*-'* 

’  -ajCi*"* 

0|C,*-*- 

•aic«*-**  • 

•  where  the  a’s  and  c’s  are  constants  representing  the  [r,  i  —  i)’s 
and  ic/)’s  of  (71)  respectively,  and  B  is  not  zero.  It  is  seen 
that  each  element  contributes  a  block  of  terms  to  this  determi¬ 
nant.  We^now  develop  this  determinant  by  minors  with  resfiect 
to  the  first  column,  and  so  obtain  a  polynomial  i’i(ci)  that  is  of 
degree  di  where  di  ^  q.  The  c’s  of  the  first  block  are  obviously 
roots  of  Pi(ci);  however,  as  opposed  to  the  case  of  (34),  not  all  of 
the  roots  are  known.  As  it  is  known  that  they  exist,  we  write, 
using  the  factor  theorem, 

■g  “  PiiCi)  “  (ci  —  aii)(ci  —  ttit)*  •  '(ci  —  ai,  4,)Ai  *  IIiAi  (95) 

where  Ai  is  the  cofactor  of  Ui,  diCi*,  and  it  is  seen  that  At  and  the 
ai’s  do  not  contain  Ci.  Since  Ai  is  a  determinant  of  the  same  type 
as  A,  we  may  write 

Ai  »  Piict)  =  (ct  —  aii)(C|  —  ajj)  •  •  •  (c*  —  aj,  rf,)Aj  “  IIjAi, 
4 


vm 


so 
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the  procedure  being  that  of  (95),  where  At  and  the  at’s  contain 
neither  Ci  nor  Cf.  Proceeding  in  this  way  we  finally  have 


A  -  5  ni  n,  II,  -  Il«  K, 


(96) 


where  development  with  respect  to  the  upper  row  is  made  when 
the  last  column  of  each  block  is  encountered;  hence  K  is  a 
Vandermonde  determinant,  which  is  not  zero  since  the  c’s  of 
each  block  are  necessarily  distinct.  The  a*s  of  n«  are  determined 
by  the  c’s  of  V ;  hence  once  these  c’s  are  fixed  we  have  a  discrete 
set  of  values  which  if  assigned  to  the  c  of  Hm  will  result  in  the 
vanishing  of  L.  Moreover,  only  these  values  of  c  will  cause  A  to 
vanish.  We  now  fix  this  c  and  immediately  have  a  discrete  set 
of  values  which  cannot  be  assigned  to  the  c  of  and  so  on. 
We  thus  see  that  A  can  be,  but  generally  is  not  zero;  also  that  if  A  is 
zero  in  a  particular  case,  .an  adjustment  of  the  c’s  is  all  that  is 
required  to  render  the  system  determinate.  It  is  therefore 
evident  that  5  need  not  be  altered  in  form. 

Let  us  now  suppose  that  k  successive  elements  are  omitted, 
there  being  elements  on  both  sides  of  the  gap  so  formed;  then 
the  block  on  the  right  has  (ik  +  1)  more  rows  of  zeros  than  has  the 
adjacent  block  on  the  left.  In  deriving  (96),  successive  columns 
of  (94)  were  taken  out,  the  degree  of  the  determinant  being 
lowered;  however,  we  now  continue  this  process  only  to  the  ptoint 
where  there  are  (ib  -f  1)  columns  to  the  left  of  the  gap.  Laplace’s 
development  then  throws  the  determinant  into  the  product  of 
two  others  of  the  type  (94).  If  there  are  several  gaps,  the 
process  is  continued  only  to  the  point  where  it  is  first  possible  to 
use  Laplace’s  development,  the  resulting  pair  of  determinants 
being  considered  separately  as  before.  Thus  we  finally  have 
either  a  product  of  gapless  determinants  each  of  the  type  (94),  or 
the  conclusion  that  A  is  zero. 

A  system  is  usually  determinate  if  the  first  p  equations  involve 
no  fewer  than  p  unknowns.  As  ati  example,  every  5  must  have 
an  element  {£•). 

As  a  further  example,  there  can  be  no  formula  of  the  form 


/(»)  -  £)  +  |Jt, •!/(«)]  +  liCi'iyW  + 


METHOD  POE  DERIVING  FORMULAS  OF  INTERPOLATION  51 


for 


A 


1  1  0 

c  c  1 

c»  c*  0 


1  1 
c*  <* 


0. 


1 1 .  Uniqueness  of  Results.  Let  us  suppose  that  by  the  above 
method  there  has  been  obtained  an  expression  P,  which  is  a 
special  case  of  (41);  and  that  the  system  which  determines  the 
unknowns  of  P  consists  of  t  equations,  and  is  uniquely  determi¬ 
nate.  Also  let  us  suppose  that  in  some  other  way  there  has  been 
derived  a  formula  11  which  gives  exact  results  when  applied  to  any 
polynomial  of  degree  ^  3,  where  j  is  a  given  number;  and  that 
n  is  similar  in  form  to  P,  by  which  we  mean  that  the  same 
unknowns  were  determined  in  both  cases.  It  will  now  be  shown 
that  if 

«  2=  (/  -  1).  (97) 

then 

p  ■  n. 


To  this  end  we  first  replace  every  term  of  the  form  K f*{c)  in  P  and 
in  n  by  and  thus  obtain  two  corresponding  expressions 

which  we  denote  by  5  and  ^  respectively;  then  we  place 

^(tf)  ^J{xB)  -  L. 

and  differentiate  successively.  Applying  the  law  of  the  mean, 

r(uB)  =  rm  +  uo/^+Ht). 


to  refer  each  principal  term  of  ^'(B)  to  the  origin,  we  have 

■  (98, 


where  Qr  involves  only  the  unknowns,  which  were  determined  by 
the  other  method.  We  now  integrate  (98)  successively  between 
the  limits  0  and  B,  using  the  law  of  the  mean  '*  upon  the  higher 
order  terms  to  keep  mean  values  of  the  derivatives  of  /  outside 
of  the  integral  sign.  The  result  is 


m 


QrB'no) 

rl 


+  Qr 


(99) 


where  Q,  represents  terms  involving  higher  derivatives  of  /.  By 
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hypothesis  we  know  that  if 

/(*)  «  Pr{x)  ^  Any  polynomial  of  degree  r  (100) 
with  the  condition  that  r  ^  4,  we  have  from  (99)  that 

Error  -  ^(1)  -  0  -  ,  (lOi) 

since  Or  vanishes  due  to  the  order  of  the  derivatives  which  it 
involves.  Applying  (101),  we  choose  Prix)  so  that  i*/(0)  0; 

hence  (101)  becomes 

Qr  «  0  if  r  ^  4. 

Placing  r  ■*  0,  1,  2,  3,  •  •  •  4,  we  obtain  a  system  of  (4  +  1)  equa¬ 
tions  that  are  satisfied  by  the  unknowns  of  n.  But  the  unknowns 
of  P  were  determined  by  the  relations 

Qr  ™  0  where  r  ■=  0,  1,  2,  3,  •••(/  —  1); 

therefore 

P  ■  n  (102) 

if  and  only  if 

4  2:  (/  -  1). 

As  an  example,  /  *  n  in  the  case  of  (35),  whereas  4  »  (n  —  1) 
in  the  case  of  the  corresponding  formula  of  Lagrange;  hence  the 
corresponding  formulas  are  identical,  and  the  title  of  section  2  is 
justified. 

12.  Case  Where  Points  of  the  Same  Element  Approach 
Coincidence.  To  fix  ideas  let  us  consider  (33)  in  the  case  where 
Cj  -»  Ci.  Since  the  function 

t 

•(*)»/(*)- P(*) 

vanishes  at  the  points  Ci  and  cy,  we  know  by  Rolle’s  Theorem 
that  «‘(x)  vanishes  at  some  point  where  c<  <  {  <  C/;  however, 
when  Cf  — >  c<,  {  ->  hence  we  have  finally 

P(Ci)  -  P‘(cO, 

and  P(x)  must  now  coincide  with  the  polynomial  that  is  derived 
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from  the  expression 

5  -  "if  {ic/j/.  + 

••1 

since  the  condition  (102)  is  satisfied.  This  fact  can  also  be 
shown  directly  by  expressing  the  K's  of  (33)  as  the  quotient  of 
two  determinants.  Cy  may  be  taken  as  an  independent  variable 
and  L’Hospital’s  rule  applied,  since  Kk  ->  0/0,  k  ^  *,  j;  thus  the 
elements  of  the^'th  column  are  replaced  by  their  derivatives  with 
respect  to  Cy  at  the  point  Cy,  and  Kk  *  identically  when 

k  #  »,  j.  When  k  =  i  and  j,  we  collect  the  two  resulting  terms 

of  P;  thus 

% 

Kifia)  +  KJic) 


...1 

I 

...1 

1  ••• 

•  •  ’X 

Ci-^-  e 

•  •  ’X 

Cy  ••• 

•  •  'X* 

Cy*  -}-  2{iC'  •  • 

••X* 

Cy*-  •  • 

...1  0  ••• 


where  e  =  (cy  —  Ct)  and  Cy  <  fi,  {  <  Cy;  hence 

Kifia)  +  KJic,)  -*  +  Wmcd, 

and  the  two  polynomials  are  identical. 

There  is  evidently  no  difficulty  to  be  encountered  in  deriving 
analogous  relations  when  groups  of  points  of  one  or  more  elements 
approach  common  limits.  In  particular,  when  all  of  the  points 
of  P(x)  approach  a  common  limit,  P{x)  becomes  a  Taylor’s 
expansion  of  /(x)  about  that  limit. 

13.  Relation  Between  Formulas  for  the  Approximation  of 
Integrals,  and  the  Corresponding  Interpolation  Polynomials. 
Let  us  consider  the  interpolation  polynomial  P(x)  in  the  deriva¬ 
tion  of  which  X  unknowns  were  determined;  then  in  general 

/(x)  «  P(x) -I- e  where  |«|  ^  -| - 
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Integrating,  we  have 


“  j^P(x)dx  +  J^«dx; 


hence  if 


/(x)  ■*  Pm(x)  ^  Any  polynomial  of  degree  a, 

J*  tdx^  0  if  a  ^  -  (X  -  1). 

It  is  thus  seen  that  P(x)dx  gives  an  exact  result  when  used  to 

approximate  Pm(x)dx  where  a  ^  S.  ^ 

In  the  derivation  of  the  corresponding  integration  formula,  X 
equations  were  involved ;  hence  placing  X  »  /,  we  have 


a «  0  -  I). 

which  proves  that  the  integral  of  an  interpolation  polynomial  is 
identical  with  the  corresponding  formula  of  approximate  integration, 
the  limits  being  the  same  in  both  cases  ** 

As  an  example.  Cotes’  coefficients  for  (2n  +  1)  points  are 
obtained  by  integrating  (22),  the  integral  being  of  a  familiar 
form.  Also,  we  have  from  (23) 


[A,]-  Pa^x  -  r* U4x+  pKxfx -[!/*]  + [rj 

J—mM  v—uk  »f—nk 

r* K.4x^  Cu4x-  r* V4x~ZUi']-\:Vil 

J-mk  J-nk  J-mk 


which  placed  in  the  int^ral  of  (24)  gives 


An*+‘ 

(*+l)  * 


2,  4,  6,  •  •  •  2», 

(104)  . 


0  »«1,  3,  5,  •••  (2n  -  1). 


Since  the  determinants  of  systems  (104)  are  the  same  as  those  of 

**  CrotU:  A  Method  for  Dertoing  Pormulas  for  the  Approximate  Cakulation 
of  Integralt,  this  Journal,  voi.  7,  p.  159. 


METHOD  FOR  DERIVING  FORMULAS  OF  INTERPOLATION  55 


(24),  they  are  different  from  zero;  hence 

[K,]-0  i-  1,2.3,  ...fi, 

and 

-  iu,2  «  i  -  1,  2.  3.  . . .  N,  (105) 

due  to  (103).  The  first  equation  of  (24)  becomes 

[IC,]-  2{iiA-L[A:/]}. 

and  Cotes*  coefficients  are  thus  completely  determined.^*  '* 

**  Tkt  Explicit  Determinatum  of  CoUs’  CoeMcients  for  Polynomial 

Area,  this  Journal,  vol.  I,  p.  78.  It  should  be  noted  tnst  the  C^Js  cA  (105) 
are  2nk  times  the  it's  of  this  reference. 


DECOMPOSITION  OF  DETERMINANTS 

By  Lepinb  Hall  Rice 

0 

In  a  former  pafier  ‘  we  dealt  with  the  process  of  decomposition 
— the  expression  of  a  determinant  of  higher  class  as  an  algebraic 
sum  of  determinants  of  any  desired  lower  class.  We  generalized 
the  kind  of  decomposition  previously  known,  which  we  shall  call 
straight  decomposition,  and  also  gave  a  new  form  which  we  called 
crossed  decomposition.  We  shall  now  improve  the  treatment  of 
straight  decomposition  and  show  that  by  repeating  this  process 
all  the  results  of  crossed  decomposition  formerly  given  are 
obtained  more  simply  than  before  and  that  additional  results  of 
this  kind  are  obtained.  The  inclusive  formula  here  reached  is  in 
consequence  both  broader  and  more  easily  comprehended  and 
applied  than  are  the  previous  formulas. 

§1.  Straight  Decomposition 

To  make  a  straight  decomposition,  we  took  a  p-way  de* 
terminant  of  any  signancy  and  of  order  n,  and  considered  its 
ifc-way  couches  •  of  any  given  aspect.  We  assembled  n  perjunctive 
couches  as  the  layers  (of  the  first  direction)  of  a  (Jfe  +  l)-way 
matrix  of  order  n,  and  formed  all  the  (n!)^*~‘  possible  matrices 
of  this  description.  We  took  the  determinant,  of  a  certain 
signancy,  or  the  permanent,  as  the  case  might  be,  of  each  of  these 
matrices,  and  prefixed  a  specified  sign  to  each  determinant  or 
permanent.  The  sum  of  these  components  was  shown  to  be 
equal  to  the,^way  determinant. 

We  now  denote  the  nonsignant  and  signant  indices  in  the 
given  aspect  by  as  and  P’s  respectively,  and  the  remaining 

*P-way  determinants,  Am.  J.  Math.,  vol.  XL  (1918),  p.  242,  at  p.  247 
and  p.  252.  See  also  M.  Lbcat,  Coup  d’oeil  sur  la  th4orie  des  determinants 
superieurs  dans  son  etat  actuel,  Lamertin  (Bruxelles),  1927,  p.  49. 

*  A  couche  (called  in  the  former  paper  a  sublayer)  of  aspect  iiu  *  *  •  ip-t 
consists  of  thow  elements  of  the  matrix  in  which  the  indices  «i,  t't,  *  •  •,  ip-t 
have  each  a  fixed  value;  n  couches  of  this  aspect  are  perjunctive  if  no  two 
values  of  any  index  are  the  same,  so  that  the  values  of  each  index  form  a 
permutation  of  12  •  •  •  n. 
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nonsignant  and  signant  indices  by  y’s  and  i'a  respectively,  and 
write  *  the  p-way  matrix 


■  •  •  •  0»yi  •  •  •  ' 


r  H-  5  - 


(1) 


and  the  determinant 

UI-U: 


Denote  by 


•  «r  ft  •  •  ♦  71  •  •  •  71  *1  •  *  •  *•  *  * 


^  •  ttfft  •  •  •  ft)Yi  •  •  *  71*1  •••*»* 


(2) 

(3) 


any  one  of  the  (k  +  l)-way  matrices,  ai  •  •  •  a,^i  •  •  •  /3,  being  a 
{p  —  k)-partite  index  that  takes  n  perjunctive  values. 

If  s  is  odd,  make  the  y’s  in  (3)  nonsignant,  the  j’s  signant, 
and  the  (p  —  ik)-partite  index  signant  on  /9.,  that  is,  give  the 
(p  —  jfc)-partite  range  the  sign  of  the  ^,-range;  *  prefix  to  each  of 
the  (n!)'^*“*  determinants  thus  obtained  the  product  of  the 
signs  of  the  remaining  /3-ranges  (if  any)  in  the  transversals  of  that 
determinant  (this  product  being  constant  in  all  the  transversals 
of  that  determinant,  and  in  each  transversal  for  all  arrangements 
of  its  elements,  since  5  —  1  is  even);  and  take  the  sum  of  these 
components. 

If  s  is  even,  make  the  y's  nonsignant,  the  6’s  signant,  and  the 
{p  —  ib)-partite  index  nonsignant;  prefix  to  each  determinant  (or 
permanent  if  there  are  no  6's)  the  product  of  the  signs  of  the 
/3-ranges  (if  any)  in  its  transversals;  and  take  the  sum  of  these 
components. 

In  each  case  every  transversal  thus  finally  receives  the  same 
sign  that  it  has  in  |i4  |. 

The  decomposition  may  be  written,*  if  s  is  odd. 


1^1  = 


(■!)»-*-' 

5 


M, 


'  aiOl  •  •  •  71  •  •  •  Tl  *1 


*  Indices  will  be  arranged  and  rearranged  as  convenient,  when  generality 
is  not  thereby  lessened. 

*  This  may  be  any  one  of  the  /S-ranges. 

*  In  the  former  paper  it  was  specified  that  the  sign-factors  here  denoted 

by  etc.  (there  by  etc.)  should  be  fixed  when  the  fi,-range  read  12  •  •  •  ». 
But  as  pointed  out  above,  the  prodnct  ^  •  v,_,  ('"  (^))  of  •»  *  *  *  •^,  (•“  (5)) 

is  independent  of  the  order  of  values  in  the  0,-range.  This  frees  us  from  the 
necessity  of  thinking  of  any  definite  order  of  the  latter.  That  is  sometimes  an 
advantage,  precisely  as  it  is  an  advantage  to  define  the  signs  of  the  terms  of  a 
2-way  determinant  sdthout  requiring  the  elements  of  the  term  to  be  in  any 
special  order. 


SICE 


and  if  X  is  even  (0,  2,  •  •  *)i 


5  ‘a  '*■ — « 


(5) 


If  there  are  no  /9*s  and  no  j's,  we  have  the  decomposition  of  a 
permanent. 

Complete  decomposition  into  2-way  components  occurs  when 
the  couches  are  hl«.  In  (4)  there  will  then  be  one  i  and  no 
7*8,  and  files  of  a  signant  direction  will  be  formed  into  de¬ 
terminants  : 

while  in  (5)  there  will  be  one  y  and  no  j’s,  and  files  of  a  nonsignant 
direction  will  be  formed  into  permanents : 

Ml-  §  (7) 

The  decompositions  (necessarily  complete)  of  3-way  determi¬ 
nants  and  permanents  are : 


-  5 


{2.  Crossed  Decomposition  and  the  General  Formula 

$ 

Let  us  apply  formula  (4)  to  itself.  Selecting  a  couche- 
aspect 

(11) 

the  a'’s  and  ^’s  being  chosen  from  the  y's  and  i'»,  and  the 
remaining  y’s  and  i'e  being  denoted  by 

7;...7V«;  (12) 
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we  obtain  the  crossed  decomposition 

(•O'**-* 

M I  -  ‘a  •  •  •  •fc-.V.  •  •  •  V..-. 

Similarly  applying  formula  (5)  to  itself  we  have 

1^1“  •*  "*  Vr,  •••  V.« 

’  M(«,  *,)(•',  y'f  *'!••• 

And  again,  applying  (5)  to  (4)  we  have 

1^1“  ‘a*-- V.V.  •••  V.. 

*  M(«, ...  -,A  •••*««,)(•', ...  «V^, ...  r.-)  y‘,  •••  >V  *'i ...  *',/l  • 


In  (13)  and  (14)  if  there  are  no  7'’s  and  no  i'’s  we  have  complete 
decompositions,  of  which  (6)  and  (7)  are  special  cases. 

These  new  components  may  in  turn  be  decomposed,  and  so  on. 
The  p  indices  are  finally  partitioned  into  q  multipartite  indices, 
some  (say  {)  of  which  may  contain  an  odd  number  of  originally 
signant  indices  while  the  rest  contain  an  even  number.  If  the 
jth  multipartite  index  be  written 

®>i  '  *  ’  “>rA«  *  ‘  *  WW  (16) 

Jt 

>/  i»t 

and  ii,  •  •  • ,  j,  be  odd  and  5*,  •  •  • ,  5,(A  —  g  +  1)  be  even,  and  the 
determinant  be  written 


Ml 


MSj 


In  In 


Vi  Ut  hsk 


+  ±  I 

M  Ml* 

.V. 

Vi  Vi 


(17) 


then  we  have  as  the  general  formula  for  decomposition  into 
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'■"7£-r\ 

V  In 


RICE 


ISI  0\  /M  W  $\ 

II  Inl../*!  fl  n,\ 

1.  n-l  /  Vir,  *.1,-1  /  (18) 

(W  Ky..(W  sV 

\  ftrt  ksk/  \  *r-  it.  / 


where  all  the  /S-ranges  in  brackets  contribute  to  the  sign  of  each 
component. 

It  is  evident  that  all  the  transversals  of  all  the  components  are 
all  the  transversals  of  |  i4 1  and  have  the  signs  that  they  have 
in  Ml.  • 

§3.  A  List  of  Decompositions 

The  following  list  gives  the  decompositions  of  4-way,  5-way, 
and  6-way  determinants  and  permanents.  For  class  p  the  main 
grouping  isg=p—  —  2,  etc.,  with  subgroups  based  on 

the  possible  partitions  of  the  p  indices,  where  more  than  one 
partition  will  give  the  same  value  of  q.  The  decompositions 
for  class  4  are  presented  in  the  notation  used  above  for  class  3, 
and  also  in  an  abridged  notation  in  which  the  indices  are  denoted 
simply  by  their  signancy  marks,  the  signancy  of  the  components 
is  put  above,  the  «’s  to  be  prefixed  are  indicated  by  placing  them 
over  their  indices,  and  the  summation  sign  is  omitted.  The 
decompositions  for  classes  5  and  6  are  given  only  in  this  abridged 
notation. 

Of  4-way  into  3-way,  with  the  partition  2-1-1: 


or 

<  • 

i±±)±± 

(19) 

or 

•  • 

++-h 
(±±)  ++ 

(20) 

- 

or 

±  +± 
(+±)+± 

(21) 

or 

( ++ ) 

(22) 
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UJiUl  - 

or  "f  +  + 

(■♦■  +  ) -h+ 

(23) 

Of  4-way  into  2-way,  with  the  partition  3-1: 

•  • 

,  or  ±  ± 

l:k±^)± 

(24) 

•  • 

,  or  -H- 

(+±±)-t- 

(25) 

or  ^  ^ 

(26) 

or 

(27) 

Of  4-way  into  2-way,  with  the  partition  2-2: 

alal 

^  VfcViVf  AA)  (r,4',l  1 

<  •  <  < 

,  or  +  + 

(±±)  (±±) 

(28) 

alal 

« • 

or  -1-  + 

(±±)  (++) 

(29) 

alal 

(-'t')!’ 

or  *  ^ 

(30) 

alal 

(31) 

Of  5-way  into: 

4-way: 

3- way: 

•f+±±  (32)  ±  +±  (38) 

•  «  •  • 

-♦■  ++ 

( ±±){  dt±)  -*- 

(44) 

±  (33)  *  *  -t-±±  (39) 

(-t-±)±±±  '  ^  (+i:±)±±  ^  ' 

<  • 

+  ±  ± 

( ±±)  (  +±) ± 

(45) 

,  ‘  *  (34)  ‘  ‘  (40) 

<  • 

+  ++ 

( ±±) ( ++)  + 

(46) 

(-t-±)++±  (35)  (41) 

±  ±  + 

{ -»-±)  (  +±)  -♦■ 

(47) 

(+-»-f+±±  (36)  (42) 

±  +± 

<  -*-±)  (  +  +  )  ± 

(48) 

(-»-+l+++  (37)  (+  ++I++  (43) 

+  +  + 

(  -H+)  (  -f-  +  )  -1- 

(49) 

•  •  f  • 

+  + 

(50) 

( ±±±){ +±) 

(55) 

•  • 

3fc 

(  ± 

(51) 

•  •  «  • 

+  + 

( +±*) ( ±±) 

(56) 

<  • 

+  + 

(  +  +  ±±)  + 

(52) 

t  « 

+  + 

( +±±) ( ++) 

(57) 

(  +  +  +  ±)  ± 

(53) 

( ++±) ( +±) 

(58) 

•  • 

+  + 

( +++) ( ±±) 

(59) 

+  + 

(  +  +  +  +  )  + 

(54) 

+  + 

( +++) ( ++) 

(60) 

Of  6-way  into  5-way  and  into  4-way: 


•  • 

(  ±±  )  de±±± 

(61) 

•  • 

( dk±±)  ±±± 

(69) 

•  •  *  « 

+  +±± 

( 

(77) 

•  • 

+  +  +  ±5fc 
( ±±) ++±± 

(62) 

t  « 

±  + +± 

(  ±db±)  +  +  ± 

(70) 

•  •  •  • 

+  +++ 

( ±±)  (  ±±) ++ 

(78) 

( +±) +±±± 

(63) 

•  « 

+  +  ±± 

( +±±) +±± 

(71) 

•  • 

+  A 

{ ±±) ( +±) +± 

(79) 

( ++ ) 

(64) 

(  +-f-±)  ±±± 

(72) 

<  • 

+  +±± 

( ±±)  ( ++) ±± 

(80) 

±  ± 

(  +±)  {  +±)  *:*: 

(81) 

•  « 

+  +  +  +  + 

(  :fe^)  +  +  +  + 

(65) 

t  « 

+  +  +  + 

( +±±) +++ 

(73) 

«  t 

+  +  +  + 

(  Ade)  (  -H-)  +  + 

(82) 

db  +  +  +  ± 

(  -»-*)  +  +  +  ± 

(66) 

±  +  +  ± 

(  +  +  db)  +  +  ± 

(74) 

^  ±  +  + 

(  +±)(  +±)  +  + 

(83) 

+  +  +  ±± 
(-(-  +  )  -n-±± 

(67) 

+  +  dc± 

( +++) +±± 

(75) 

±  +  +  ± 

(  +d:)  (  +  +  )  +± 

(84) 

J 

+  +±± 

(  ++)  (  +  +  1  ±± 

(85) 

+++++ 

( ++) ++++ 

(68) 

+  +  +  + 

( +++) +++ 

(76) 

+  +  +  + 

( ++) ( ++) ++ 

(86) 

Of  6-way  into  3-way: 


•  •  f  • 

( ±±±±) ±± 


t  *  • « 

+++ 

( ±±±±) ++ 


(87) 

(88) 


•  •  «  • 

{±±±)i±±)  ± 


9  9 

i±±±){^±)  + 


(95) 

(96) 


•  •  •  •  •  < 

+  +  + 
(.±±)(±±)(.±±) 


«  •  •  • 

+  +  + 

{±±)i±±){++) 


(107) 

(108) 
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W 


«  < 

A 

(89) 

<  • 

^  +± 
(±A±)(++)  ± 

(97) 

t  a 

+  :fc  ± 

(±±)(+±)(+*) 

(109) 

•  « 

+  dbab 

<  +  +  ±±)  ±± 

(90) 

•  •  «  « 

+  ++ 
i+±±){±±)  + 

(98) 

•  • 

+  dt  * 

(  +±±)(+*) 

(99) 

•  • 

±  +± 
(+  +  *){±±)  :fe 

(100) 

•  < 

+  +  + 

<  +  +  ±±)  +-»- 

(91) 

«  • 

+  +  + 

(  +±±)(  +  +  )  + 

(101) 

a  a 

+  +  + 
(±±)(+  +  ){+  +  ) 

(110) 

±  +± 

( +++±) +± 

(92) 

±  ±  + 

(  +  +  ±)(+±)  + 

(102) 

^  ±  + 
(+±)(+±)(+  +  ) 

(111) 

+  ±± 

(  +  +  +  +  ) ±± 

(93) 

±  +± 
{+  +  ±)(+  +  )  ± 

(103) 

• 

*  * 

+  +  + 

(  +  +  +  )(±±)  + 

(104) 

+  ±  ± 

(  +  +  +  )(+*)  ± 

(105) 

+  +  •♦• 

( ++++) ++ 

(94) 

+  +  + 
(+  +  +  )(+  +  )  + 

(106) 

+  +  + 
(+  +  )(+  +  )(++) 

(112) 

*  Of  6-way  into  2-way: 


^  a  a  a  a 

±  ± 

(±±±±^) ± 

(113) 

a  a  a  a  a  a 

+  + 

(  (  :k±) 

(119) 

<  •  •  • 

(  ±:l::fe)  (  ±±^) 

(127) 

a  a  a  a 

+  + 

( +±*±±) + 

(114) 

a  a  a  a 

+  + 

( ( ++) 

(120) 

a  a 

(  (  +  +  ±) 

(128) 

a  a 

A;  ^ 

( ++±±± ) ^ 

(115) 

a  a 

(  +±±±)  (  +±) 

(121) 

a  a  a  a 

+  + 

(  +±±)(+d:d:) 

(129) 

a  a  a  a 

+  + 

(  +  +  ±±)  (  ±±) 

(122) 

a  a 

+  + 

(+++±±)+ 

(116) 

a  a 

+  + 

(  +  +  ±±)(+  +  ) 

(123) 

a  a 

+  + 
(+±±)(+++) 

(130) 

1  (++  +  +  :k)* 

;{ 

(117) 

( +++*)( ) 

(124) 

(++*)(++*) 

(131) 

J 

:t 

} 

• 

a  a 

+  + 

(  +  +  +  +)(  ±st) 

(125) 

1  (+++++)’+ 

(118) 

+  + 

( +  +  +  +)(  ++) 

(126) 

+  + 

( +  +  +)  (  +  +  +) 

(132) 
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(4.  Conclusion 

In  all  classes  from  class  4  up,  some  of  the  decompositions  given 
by  the  general  formula  (18)  were  not  obtainable  by  the  formulas 
of  the  previous  paper;  of  these,  (28)  is  the  simplest. 

The  equivalents  of  (29),  (30),  and  (31)  were  formerly  obtain¬ 
able.  This  shows  the  incorrectness  of  a  statement  in  the 
literature,  that  one  cannot  have  crossed  decomposition  if  the 
class  is  less  than  5. 


PRINCIPAL  DIRECTIONS  IN  A  SUBSPACE  K,  IM¬ 
MERSED  IN  A  RIEMANNIAN  SPACE  V, 

By  C.  L.  E.  Moots 

1 .  Ricci '  showed  that  in  a  Riemannian  space  Vm  the  directions 
for  which  the  mean  curvature  has  an  extreme  value  are  the 
principal  directions  of  a  symmetric  tensor  (Ricci  tensor)  of  the 
second  order.  These  directions,  m  in  number,  are  mutually 
perpendicular  and  do  not  depend  on  the  containing  space.  It 
is  the  object  of  this  note  to  show  that  there  are  two  other  sets 
of  m  mutually  perpendicular  directions  passing  through  each 
point  of  Vm-  These  latter  depend  on  the  enveloping  space  just 
as  the  lines  of  curvature  do  for  a  hypersurface.  Besides  the 
Riemann  tensor  for  Vm  we  have  in  Vm  two  other  tensors  of  the 
fourth  order  satisfying  the  same  identities  as  the  Riemann 
tensor.  One  is  the  P«-component  of  the  Riemann  tensor  for 
and  the  other  is  given  by  the  sum  of  the  second  order  minors  of 
the  second  fundamental  forms  of  K..  Contracting  these  in  the 
middle  with  the  first  fundamental  tensor  of  Vm  we  obtain  two 
symmetric  tensors  of  the  second  order.  From  these  we  get  our 
two  sets  of  principal  directions. 

2.  Let  the  Riemannian  space  Vn  be  defined  by 

(1)  ds*  “  Or.dx'dx*,  r,  i  “  1,  2,  •  •  •  n 

and  the  subspace  Vm  by 

(2)  ds*  “  ari'dx'dx',  r,  s  1, 2,  •  •  •  n». 

If  an  orthogonal  n-tuple  X<  be  chosen  so  that  Xt,  Xi,  •  •  •  X.  lie  in 
Vm,  then  the  coefficients  of  the  two  fundamental  forms  can  be 

*  Dirczioni  e  invariante  principali  in  una  varieta  qualunque.  Atti  del 
realc  Inatituto  Veneto,  Vol.  63,  pp.  1233-1239.  See  alao,  Struik,  GnindzOge 
der  mehrdiineniionalen  Differen^geometrie,  page  67,  Eiaenhait,  Rieman* 
nian  Geometry,  page  114. 


65 


r~ 


66 


MOOSE 


expressed  as  follows, 


Or, 


1 


where 


^•X<|rX<(*  “0,  T  ^  S 
£  <  X»|rX  j|^  “  1. 


The  T„-component  of  any  tensor  A",,*  lying  in  Vn  can  be  ob¬ 
tained  *  by  contracting  with 


m  m  m 

X«|'X«|<  X^*X^/ Xiti^XyI** 

1  1  1 

The  Vm  components  of  the  Riemann  tensor  Rmnpt  of  Vn  at  a 

point  of  Vm  are 

(3) 


The  Riemannian  curvature  of  Vn  for  an  orientation  Xt|,  Xti  is 

fhk  =®  /?a^|X*l*X*|^*|‘’^*|* 

and  if  the  directions  X/k|,  Xt|  lie  in  the  Vm  this  can  evidently  be  ^ 
written  in  the  form,  ^ 

(4)  r**  =  r'\k  **  •RiiiTiX*l*Xt|^*l'''X*i*. 

If  this  be  summed  on  h  from  1  to  m  we  have 

(5)  r"*  = 
where 

(6)  R"p»  -  Riikrta'^- 

This  last  tensor  is  obviously  symmetric  and  lies  wholly  in  Vm- 
The  quantity  r"*  is  seen  to  be  independent  X*|  and  to  depend  on 
Xt|  only.  It  is  the  sum  of  all  the  Riemann  curvatures  (with 
respect  to  (1))  of  the  w-1  orientations,  lying  in  K«,  and  deter¬ 
mined  by  Xi|  and  one  of  the  m-1  mutually  perpendicular  di¬ 
rections  lying  in  Vm-  We  will  call  this  invariant  the  m«c» 
Riemannian  curvature  with  respect  to  Vn  of  Vm  for  the  direction 
X»|. 

*  Struik,  kx.  cit.,  page  31. 
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Summing  (5)  on  k  from  1  to  m 

(7)  R'*  = 

This  invariant  is  the  sum  of  all  curvatures  (with  resfiect  to  (1)) 
of  the  orientations  determined  by  the  orthogonal  m-tuple  in 
Vm>  Since  r"k  is  a  part  of  R*'  this  latter  must  break  up  into  two 
invariants  of  which  one  is  and  the  other  is 

1 

Thus  if  w  4,  and  ife  *  1, 

r'',  =  r"„  +  f"u  +  r"u 
r'"!  -  +  r",4  +  r'',*. 

These  two  invariants  depend  on  the  direction  Xi|.  Since  R'^ot  is 
symmetric  its  princii)al  directions  can  be  determined  as  the 
solutions  of  the  equations 

{R"»  -  -  0. 

These  principal  directions  are  known  to  be  mutually  perpendicuar 
*  and  the  resulting  values  of  r’\  are  known  to  be  the  maximum  or 
,  minimum  values  of  the  mean  curvature  with  respect  to 
Hence  The  m  directions  through  a  point  of  Vm  for  which  the  mean 
curvature  with  respect  to  Vn  has  an  extreme  value  are  mutually 
perpendicular. 

These  directions  are  in  general  different  from  the  Ricci  principal 
directions  determined  by  the  Riemann  tensor  RL»yt  of  the  space 

3.  Struik  *  expressed  the  Gauss  relation,  for  a  subspace 
Vm  of  Vn,  in  the  following  form 

0 

(8)  LiA  i\€ryhi\fit  ~  hi\ad^i\$y  —  RaPyt  RaPyt 
\ 

where  A<|«y  •  •  •  are  the  coefficients  of  the  second  fundamental 
form  of  Vm,  Rior*  the  Riemann  symbols  formed  from  (2) 
and  R^Jor*  the  Ta-components  of  those  formed  from  (1).  De- 

*  Loc.  dt.,  page  124. 
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noting  the  left  side  of  (8)  by  //<^  and  contracting  both  sides 
with  Xk,*X*|*X*j‘^*(* 

hhk  “  *  r'**  —  i^'kk 

where  r*/  is  the  Riemann  curvature  with  respect  to  (2)  and  fkk" 
with  respect  to  (1)  of  the  orientation  deteimined  by  Xm.  Xk|. 
Summing  on  h  from  1  to  m  we  have 

(9)  Hk  -  ^.^'^*1^*1*  -  r*'  - 

The  quantity  Hk  depends  only  on  the  direction  X*i.  We  will 
call  this  the  mean  curvature  difference  since  the  right  side  of  (9) 
is  the  difference  of  the  mean  curvatures  of  one  with  respect 
to  Vm  itself  and  the  other  with  respect  to  Summing  (9)  on 
k  from  1  to  m  'we  get  the  well  known  relation  * 

/f  -  R'  - 

The  tensor 

(10)  lift  ■■  Hti0yea'^  “  R'pt  —  R"m 

is  seen  to  be  an  invariant  symmetric  tensor  and  hence  another 
set  of  principal  directions  are  given  by  the  solutions  of 

illp,  -  Hka'mM  -  0. 

and  hence  we  have  the  theorem : 

The  m  directions  through  each  point  of  Vm  for  which  the  mean 
curvature  difference  has  an  extreme  value  are  mutually  perpendicular. 

From  (10)  we  see  that  the  necessary  and  sufficient  condition 
that  the  Ricci  tensor  R'ft  should  coincide  with  the  tensor  R”et 
formed  with  respect  to  Vn,  is  that  Hpt  should  vanish. 

Since  the  invariant  //  contains  Hk  it  is  evident  that  it  can  be 
expressed  a§  the  sum  of  two  invariants,  with  respect  to  a  given 
direction,  which  in  the  case  m  ■=  4,  ife  “  1  are 

h\t  +  Au  +  hu, 

Aif  +  hu  +  A|4. 

These  invariants  depend  on  the  direction  Xi. 

4.  In  case  m  3  the  tensor  R!fott  can  be  replaced  by  a 
*  Eiienhart,  kx.  cit.,  page  174.  Stniik,  kx.  cit. 
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tensor  of  the  second  order  in  the  same  way  that  can  when 
Vn  is  a  space  of  three  dimensions.* 


—  R" 
-,Kuu 

f  »»// 

-,/fuu 


ft".  p/e;j»  =  ft'*. 

a  a 


ft**.  p^J****^*- 

a  a 


Then  the  principal  directions  of  the  tensor  bn  are  the  directions 
perpendicular  to  which  the  Riemannian  curvature  with  respect 
to  Vn  is  has  an  extreme  value.  These  principal  directions 
coincide  with  those  determined  by  R'’m-  putting 


we  obtain  the  formula 


R^'a'u  -  ft- 


and  consequently  the  principal  directions  of  R"pt  and  bpt  coincide. 

*  Ricci  Levi-Civita,  Mathodes  de  calcul  differentiel  abaolu.,  Malk.  Ann., 
Vol.  54,  paee  142.  Bianchi,  Geometria  differenziale,  2d  Italian  edition,  Vol. 
I,  page  353. 


HERMITIAN  POLYNOMIALS  AND  FOURIER  ANALYSIS 


By  Nokbbkt  Wiknrk 

It  is  the  purpose  of  the  present  paper  to  bring  out  the  relation 
of  the  development  of  a  function  in  a  series  of  Hermite  orthogonal 
functions  to  its  Fourier  development,  and  to  extend  certain 
results  of  Hermann  Weyl  *  leading  to  Fourier  developments  of 
fractional  order. 

As  is  well  known, 

.  f 

1*^  w ! 

VVe  wish  to  solve  the  following  integral  equation: 

(1)  y)dy. 

We  shall  clearly  have 

y)dy, 

so  that  the  transformation 

¥>(x)  »=  J'  K(x,  y)J(y)dy 

YYill  replace  the  nth  Hermite  function  by  the  same  function, 
multiplied  by  the  factor  (uli)*.  To  solve  equation  (1),  let  us  put 

K{x,y)d^<^'>~Qix,y). 

Then 

J!"  Q{x, 

'  H.  Weyl,  Qiuuitenmechanik  und  Gruppentheorie,  Ztsck.  /.  Physik,  vol. 
46  (1927),  pp.  1-47.  Especially  note  pp.  22,  33. 
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In  case  R(u^  +  1)  >  0,  the  Fourier  transformation  yields  us 
Q{X,  y)  =  i 


so  that 


*<■**- r* 


•  Vr(«*  + 1) 


K{x,  y)  = 


iM+i)  “  -•+» 


Vt(w*  +  1) 


Let  us  put  u  “  Then 


K{x,  y) 


Un  9^*9  Me  1 


V2t  sec  6 


In  the  particular  case  where  6  =  0,  this  reduces  to 
K(x,  y)  =  e-«»/V^. 

Let  us  suppose  that  /(x)  is  quadratically  summable  over 
(—  00  ,  00 ).  The  operator 

j  K.{x,  y)f{y)dy 

.  is  obtained  from  f{y)  by  the  following  stages: 

(1) .  We  mutilate  f(y)  into  the  function 

fA(y)  */Cy),  C|y|  <  A'] 
fAiy)^0.  l\y\>AJ 

(2) .  We  multiply  /^(y)  by  ““  In  case  6  is  real,  this 

does  not  affect  |/i»(y)  | . 

(3) .  We  make  the  Fourier  transform  of  the  function  obtained 
from  (2)  as  a  function  of  x.  This  leaves  the  integral  of  the 
absolute  value  of  the  square  invariant. 

(4) ,  We  put  s  =  y  sec  0,  and  divide  the  whole  function  by 
Vsec  6,  to  keep  the  integral  of  the  square  invariant- 
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(5).  We  multiply  by  «“**  If  is  real,  it  results  from  these 

steps  that 

f  I  “  J* 

and  that 

•fiix)  «  1.  m.  f  K(x,  y)f(y)dy 

A-*m  J_4 


exists,  and  is  such  that 


J  I  ifiix)  I'dx  -  J  \f{y)  \*dy. 


Since: 

(1) .  The  Hermite  functions  constitute  a  closed  orthogonal  set; 

(2) .  The  transformation 


ip(x)  »  I.  m.  r  K{x,  y)f(y)dy 


is  "length-preserving"; 


(3)  «  J’‘i'‘Hn(y)e-^->*>K{x,y)dy, 

the  transformation  (2)  simply  multiplies  the  coefficient  of 
Hniy)e~^''  in  the  Hermite  development  of  the  quadratically 
summable  function  f(y)  by  («/0*.  at  least  when  |m|  ■*  1.  If 
(uli)**  *  1,  it  follows  that 


fi-x) 


1.  m.  f  K(x, 

At-^m 


1.  fll.  I  K(ii,  •  •  •  1.  m.  I  mn-U  in)f{^n)dU 

J—At  Aw-*—  J—Ak 

as  the  changing  of  the  sign  of  the  odd  terms  in  the  Hermite 
development  of  a  function  /(x)  transforms  it  into/(—  x).  Where 
r  —  2,  (3)  yields  the  ordinary  Fourier  repeated  integral,  so  that 
it  may  be  regarded  as  a  generalized  Fourier  integral  expansion. 
Its  convergency  properties — as  opposed  to  those  of  convergence 
in  the  mean — seem  to  merit  some  study. 

It  is  a  matter  of  some  interest  to  see  how  transformation  (2) 


Hence 
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acts  on  iyfiy).  We  have 


[*(^)- 


yK{x,  y) 


“  t  cos  8  — — }-  X  sm  8K. 
dx 

It  thus  follows  formally  from  (2)  that 

(4)  *  cos  +  X  sin  9  v>(x)  *  1.  m.  T  K{x,  y)yf(y)dy. 

ox  A-*m  J_^ 

In  case  both  f{y)  and  yf(y)  are  quadratically  summable,  (4)  is 
easily  demonstrable,  as  we  may  show  by  actually  proceeding  to 
the  limit  in  the  mean.  Thus  the  transformation  (2)  transforms 
the  operator  x  into  the  operator  i  cos  8{dldx)  +  sin  8x. 

If  we  apply  to  f{y)  the  transformation  we  multiply 
K{x,  y)  by  Now 


K{x  +  X,  y) 


<  [  taa  >+sX  ua  N-O'/S)  uw  •-*>  me  f-Xv  me  *-(»/»] 


\l2v  sec  8 


=  K(x,  y)e*^  *“  im 

If  we  let  X  *  —  M  cos  we  have 

Kix  —  n  cos  8,  y)**"****  at  K(x,  ^  ***^*. 

Thus  the  transformation  on  f(y)  corresponds  to  the  trans¬ 
formation  which  turns  <fi(x)  into  —  m  cos  8). 

Comparing  this  with  our  definition  of  the  transform  of  yf(y),  we 
obtain  , 

as  a  natural  definition  of 

This  is  in  agreement  with  the  definition  of  Weyl. 


CLASSES  OF  FUNCTIONS,  ORTHOGONAL  ON  AN 
INFINITE  INTERVAL,  HAVING  THE  POWER 
OF  THE  CONTINUUM* 

By  Philip  Franklin 
1.  Introduction 

Many  of  the  theorems  relating  to  the  expansions  of  functions, 
defined  for  a  finite  interval,  in  ordinary  Fourier  series  of  sines 
and  cosines  generalize  at  once  to  other  sets  of  orthogonal  func¬ 
tions,  complete  for  the  interval.  Such  sets  of  orthogonal  func¬ 
tions  arise  naturally  as  the  characteristic  functions  of  linear 
problems,  but  may  be  built  up  artificially  by  applying  the  process 
of  orthogonal ization  to  any  complete  set  of  functions. 

The  possibility  of  expanding  functions,  defined  for  all  real 
numbers,  in  “Fourier”  series  of  sines  and  cosines  of  all  possible 
frequencies,  and  the  properties  of  such  expansions  is  the  main 
theme  of  the  theory  of  almost  pieriodic  functions.*  So  far  as  the 
writer  knows,  there  are  no  boundary  value  problems  which  lead 
to  alternative  sets  of  orthogonal  functions  in  terms  of  which 
these  expansions  may  be  made.  Furthermore,  the  process  of 
orthogonalization  does  not  directly  carry  over,  since  it  is  a  step 
by  step  process  and  the  number  of  functions  coming  into  con¬ 
sideration  for  the  infinite  interval  is  non-enumerable.  Hence  the 
question  arises  as  to  the  existence  of  functions  essentially  distinct 
from  the  trigonometric  functions  which  may  be  used  to  expand 
almost  periodic  functions. 

The  main  object  of  the  present  note  is  to  indicate  a  generalized 
orthogonalization  process  which  leads  to  the  existence  of  alterna¬ 
tive  basic  sets.  Our  process  requires  the  assumption  of  Zermelo’s 
axiom. 

We  show  that  many  of  the  relations  of  almost  periodic  functions 
to  the  sines  and  cosines  of  all  frequencies  remain  true  when  these 
are  replaced  by  one  of  our  alternative  basic  sets. 

'  Presented  to  the  American  Matkematicat  Society,  December,  1927. 

*  H.  Bohr,  “Zur  Theorie  der  fastperiodischen  Funktionen,"  I,  II,  III,  Acta 
Mathematica,  45-47  (1924-1926). 
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2.  Construction  of  the  sets 

We  shall  restrict  ourselves  to  periodic  functions,  and  as  we 
shall  need  as  periods  all.  possible  real  numbers,  we  begin  with  a 
subdivision  of  the  real  numbers  into  a  number  of  classes.  With 
each  real  number  a,  let  us  associate  all  rational  multiples  of  a. 
This  leads  to  a  non-enumerable  number  of  classes,  each  containing 
an  enumerable  set  of  elements.  Now  select  one  number  from 
each  class,  A.  Then  every  real  number  is  commensurable  with 
some  A,  but  each  pair  of  i4’s  has  an  irrational  ratio.  We  may 
take  i4  ~  1  for  the  class  of  rational  numbers. 

Next  consider  a  set  of  functions,  complete  for  the  unit  interval 

0  ^  X  ^  1, 

(1)  tto,  tti,  «*,  •  •  •• 

We  take  uo  1|  and  define  the  remaining  functions  outside  the 
unit  interval  by  the  equation 

(2)  .  ttj(*  -f  1)  -  Ui{x), 

so  that  they  are  of  period  1. 

Now  select  a  i>articular  A,  and  for  each  rational  number  r. 
define  a  set  of  functions  by  the  equations 

(3)  VAriix)  -  utixIAr),  ^  1. 

For  fixed  A ,  the  number  of  functions  v  just  defined  is  enumerable, 
and  we  write  them  in  order,  after  adding  «o  to  the  set,  as: 

(4)  r,-  1,  F.,  K„  •... 

These  functions  may  be  orthogonalized  for  the  infinite  interval 
by  the  usual  process,  provided  we  agree  to  throw  out  from  the 
set  any  function  which  is  linearly  dependent  on  those  which 
precede  it.  The  orthogonalized  functions  are: 


W,  ~  1, 


The  r«  appearing  in  this  relation  is  the  least  common  multiple 


76 


FRANKLIN 


of  the  periods  of  the  functions  Vi,  V*,  •  •  •  T.+i.  It  clearly  leads 
to  the  same  value  as  the  corresponding  formulas  with 


replaced  by 


so  that  the  W' s  are  normal  and  orthogonal  for  the  infinite  inter¬ 
val.  Tn  exists,  since  the  periods  of  the  I^s  are  rationally  related, 
and  hence  the  W'a  are  all  periodic  functions,  with  period  a  ra¬ 
tional  multiple  of  A . 

By  repetition  of  the  procedure  just  outlined  for  all  the  A ’s,  we 
obtain  a  non-enumerable  set  of  periodic  functions,  such  that  any 
two  coming  from  the  same  A ,  i.e.  with  commensurable  periods,  are 
orthogonal.  But,  we  may  show  that  two  functions  Wi  and  Wt, 
each  orthogonal  to  1,  with  incommensurable  periods  are  neces¬ 
sarily  orthogonal.  For,  by  a  corollary  of  Bohr’s  fundamental 
theorem,  if  Wi  and  Wi  are  two  almost  periodic  functions, 

(6)  lim  i  r  WiWjdx  -  L  Ciik)C,{k), 

*•—-  ^  Jo  ‘ 

where  the  summation  extends  to  all  numbers  k  which  are  fre¬ 
quencies  of  both  functions,  i.e.  those  with  non-zero  coefficients 
Ci{k),  Ct(k).  But,  in  the  special  case  at  hand,  since  the  k’a  are 
rational  multiples  of  2ir/Au  while  the  k'a  are  rational  multiples 
of  IrlAt,  the  only  possible  common  frequency  is  0,  and  this  is 
excluded  since  both  functions  are  orthogonal  to  1.  Thus  the 
right  member  of  (6)  is  zero,  and  our  contention  is  proved. 

If  we  define  a  basic  set  of  periodic  functions  as  a  non-enumerable 
set,  normal  and  orthogonal  for  the  infinite  interval,  and  such 
that  a  sub-set  of  linear  combinations  exists  which  is  complete  for 
any  single  period,  we  have  proved: 

Theorem  I.  A  process  of  orthogonalixation  exists  by  which  a 
basic  set  may  be  derived  from  any  set  of  continuous  functions,  com¬ 
plete  for  the  unit  interval  and  taking  the  same  values  at  its  end  points. 

Corollary  1 .  The  process  still  leads  to  a  basic  set  if  a  different 
complete  set  of  functions  be  used  for  each  period. 

For,  in  applying  equation  (3)  no  use  was  made  of  the  fact  that 
we  used  the  same  set  Ui  for  each  Ar.  We  may  use  distinct  sets 
for  different  A'a  and  also  for  different  r's. 
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Corollary  2.  Every  basic  set,  containing  1  as  one  of  the 
functions,  may  be  constructed  by  the  process  of  Corollary  2. 

For,  from  the  definition  of  a  basic  set,  there  are  complete  sets 
of  linear  combinations  for  every  period,  and  if  we  start  with  these, 
and  in  (4)  take  the  proper  order,  we  must  end  up  with  the  given 
set.  Any  function  which  does  not  at  first  appear  in  one  of  the 
complete  sets,  may  be  inserted  in  addition  in  the  set  correspond¬ 
ing  to  its  period,  which  will  not  harm  the  completeness  already 
existing. 

i.  Properties  of  basic  sets 

One  of  the  cardinal  theorems  of  almost-periodic  functions  is 
the  possibility  of  approximating  them  by  linear  combinations  of 
Exponentials  uniformly.  In  fact  this  is  a  characteristic  property. 
That  a  similar  property  holds  for  any  basic  set,  we  express  in 
Theorem  II.  A  necessary  and  sufficient  condition  for  a  func¬ 
tion  to  be  almost  periodic  is  the  existence  of  a  sequence  of  linear 
combinations  of  functions  Fa(x)  of  a  basic  set, 

(7)  Pnix)  c,aFA,a(*), 

approximating  it  in  the  sense  that 

(8)  lim  Max  l/(*)  -  P,{x)  \  -  0. 

As  the  sum  of  any  finite  number  of  almost  periodic,  or  in 
particular,  continuous  periodic  functions  is  almost  periodic, 
properly  distributed  displacement  numbers  exist  for  each  Pn(x) 
for  any  c/3.  On  taking  n  so  large  that 

l/(x)  -  P.(x)|  <  ./3, 

these  displacement  numbers  will  be  displacement  numbers  for  c 
for  /(x).  The  uniform  continuity  of  /(x)  is  similarly  established 
from  that  of  the  Pii(x)  so  that  the  sufficiency  of  the  condition  is 
proved. 

For  the  necessity,  we  recall  that  the  theorem  is  known  to  hold 
when  the  basic  set  are  exponentials.  Let  then 

(9)  Rn(x) 
where 

(10)  \fix)-R„ix)\  <*/2.' 
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From  the  completeness  of  the  Fj^{x),  th<l  exponential  of  (9) 
may  be  approximated  uniformly  by  a  linear  combination  of  F’s  to 
within  »/2\gnk\M,  and  the  sum  of  these  terms  multiplied  by  gnt 
will  give  a  Pnix)  uniformly  approximating  f(x)  to  within  c. 

We  write 

(11)  M\f(x)]  -  lim  rf(x)dx 

to  indicate  mean  values,  and  define  coefficients  with  respect  to 
any  set  of  basic  functions  by 

(12)  As,  -  M\fix)Fs,{x)\. 

With  these  abbreviations,  we  may  express  the  analogue  of  the 
fundamental  theorem  as 

Theorem  III.  There  are  only  an  enumerable  number  of  func¬ 
tions  of  any  basic  set  for  which  a  given  almost  periodic  function  has 
non-vanishing  coefficients.  For  these  coefficients  we  have  the  com¬ 
pleteness  relation 

(13)  A/|/(x)*)  - 

We  prove  this  by  considering  the  mean  square  error  of  an 
arbitrary  linear  combination.  From  the  fact  that  our  basic 
functions  are  normal  and  orthogonal,  we  have: 

(14)  M  f  \fix)  -  £  c*Fa.(x)  r  I  -  A/t/*|  -  2  £  CA^A.  +  £  c** 

U  t.i  1  J  *-i  *-i 

-  M\r\  -^5  As,*  +  5^(^a.  -  c*)*. 

This  shows  that  for  given  N,  the  mean  square  error  is  least  when 
the  Ca  are  ec^ual  to  the  Aa^,  the  N  largest  being  chosen.  Further¬ 
more,  from  the  positive  nature  of  the  squares,  and  means  of 
squares, 

(15)  ^^Aa*^M\P\ 

so  that  the  series  on  the  right  of  (13)  converges  absolutely.  Also 

M\p\ 


(16) 
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By  the  approximation  theorem,  ct  exist  for  which  the  right  mem¬ 
ber  of  (16)  is  arbitrarily  small,  and  hence  the  left  member  can  be 
made  small,  and  in  the  limit,  iV  »  « ,  (15)  reduces  to  the  equality 
(13). 

Practically  all  the  corollaries  of  the  fundamental  theorem, 
e.g.,  the  unique  determination  of  an  almost  periodic  function  by 
its  coefficients,  hold  for  basic  sets.  The  proofs  are  identical  with 
those  in  the  original  theory. 

4.  Discontinuous  basic  functions.  Generalised  almost  periodic 
functions 

If  we  allow  our  original  functions  to  be  piecewise  continuous, 
the  process  of  section  2  may  still  be  carried  through  to  yield  a 
normal  and  orthogonal  set.  The  only  place  where  we  have  used 
the  continuity  of  our  functions  is  in  deriving  (6)  as  a  property  of 
almost  periodic  functions.  This  equation  is  proved  by  applying 
the  fundamental  theorem  to  (Wi  +  Wt),  Wi  and  Wt,  so  that  it 
holds  for  any  type  of  functions  closed  with  respect  to  addition, 
for  which  the  fundamental  theorem  holds.  In  particular,  the 
pseudo-perif)dic  functions  '  are  such  a  class,  and  they  include 
periodic  functions  with  simple  discontinuities. 

For  these  discontinuous  basic  sets,  Theorem  I,  with  its  corol¬ 
laries,  the  part  of  Theorem  II  which  deals  with  the  necessity  of 
the  condition,  and  Theorem  III  may  be  proved  as  before. 

The  approximation  theorem  for  almost  periodic  functions  in 
terms  of  exponentials,  of  which  Theorem  II  above  is  the  analogue 
for  basic  functions,  has  analogues  for  the  various  types  of  general¬ 
ized  almost  periodic  functions  which  have  been  defined.*  Most 
of  these  theorems  are  true  for  any  basic  sets  with  the  appropriate 
type  of  continuity;  and  may  be  proved  by  using  the  possibility 
of  approximating  the  exponentials  by  the  basic  functions,  and 
vica  versa,  in  the  sense  used  for  the  particular  type  of  generalized 
function  under  discussion. 

*  Cf.  N.  Wiener,  Math  Zeitsckr.,  24  (1925),  pp.  575-616;  or  W.  Stepanoff, 
Math.  AnnaUn,  95  (1926),  pp.  472-498,  for  a  treatment  of  these  functions. 

'  Cf.  the  author’s  "Approximation  theorems  for  generalized  almost  periodic 
functions,"  Math.  Zeitschr.,  29  (1928),  pp.  70-86. 
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By  Fbamk  L.  Hitchcocb 

Introduction.  In  Art.  1-6  a  concept  of  invariants  is  developed 
which  is  more  general  than  that  of  the  classical  theory  in  the 
sense  that  the  quantities  concerned  satisfy  some  of  the  ordinary 
laws  of  algebra  but  need  not  (although  they  may)  satisfy  the 
rest.  The  relation  of  the  method  to  the  usual  symbolic  method 
is  established.  The  discussion  is  limited  to  rational  homogeneous 
invariants  with  cogredient  indices  under  an  arbitrary  linear 
transformation.  In  the  remainder  of  the  paper  a  method  is  given 
for  expressing  any  such  invariant  as  a  sum  of  determinants. 

1.  R68um6  of  the  logical  foundations  of  the  method. 

In  part  I  (this  Journal,  vol.  IV,  p.  238,  July  1925)  were 
assumed  n  linearly  independent  symbols  ei,  ■**,  On  called  basis 
vectors  in  terms  of  which  any  other  vector  a  is  linearly  expressible, 

•»"  *  aj®i  +  •  *  •  +  anOM.  (1) 

The  components  ai,  ■  *  ■,  an  are  commutative  and  associative  in 
addition  and  multiplication,  their  negatives  exist,  i.e.  at  —  Oi  ^  0, 
and  multiplication  is  distributive  with  respect  to  addition;  their 
reciprocals  are  not  necessary.  No  arithmetical  nor  geometrical 
properties  are  (in  general)  attributed  either  to  components  or  to 
vectors.  Integers  enter  the  scheme  by  abbreviating  a  +  a  —  2a, 
etc.,  but  as  coefficients  merely. 

Addition  of  vectors,  when  it  occurs,  is  associative  and  com¬ 
mutative.  Multiplication  of  components  with  vectors,  and  of 
vectors  with  each  other,  is  distributive  with  respect  to  addition. 
Multiplication  of  vectors  with  each  other  is  associative  but  (in 
general)  not  commutative. 

Comparing  with  the  postulates  of  algebra  as  stated  for  example 
by  E.  V.  Huntington  in  "The  Fundamental  Postulates  of  Alge- 
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bra”  (Monographs  on  Modem  Mathematics,  p.  187)  it  will  be 
noted  that  none  of  postulates  12-27  is  assumed. 

It  is  very  easy  to  see  that  the  present  system  resembles  that 
laid  down  by  H.  Weyl  in  “Raum,  Zeit,  Materie"  (5  Aufl.  p.  15) 
where,  however,  components  are  the  reals  of  ordinary  algebra, 
and  vectors  are  interpreted  in  afiine  space.  The  use  of  non- 
commutative  symbols  to  express  invariants  goes  back,  in  embryo 
at  least,  to  Hamilton  ‘  and  Cayley.*  The  latter  was  the  first 
to  employ  ordered  determinants  and  determinants  of  higher 
class.*  The  intimate  connection  between  the  Aronhold  symbolic 
method  and  the  Gibbs  polyad  was  first  utilized  by  H.  B. 
Phillips.*  Much  use  of  this  connection  has  been  made  by  J.  A. 
Schouten  and  D.  J.  Struik.*  The  expression  of  the  space 
complement  as  an  ordered  determinant  is  due  to  A.  Naess.* 
The  importance  of  the  algebra  underlying  geometrical  systems 
is  now  universally  recognized  (e.g.  the  algebra  of  tensors).  E. 
Study  *  has  even  said  ”  Mag  man  die  Vektoranalysis  um  gewisser 
Anwendungen  willen  oder  als  selbstsUlndige  Disziplin  betreiben, 
immer  handelt  es  sich  dabei  zunftchst  um  GegenstUnde  der 
Algebra,  und  zwar  um  invarianten  gewisser  Gruppen  linearen 
Transformationen," — whereas  the  founders  of  vector  algebra 
sought  a  calculus  of  the  space  elements  themselves.  A.  White- 
head  remarks*  ”In  some  connexions  it  would  be  better  to 
abandon  the  conception  of  originals  studied  by  the  aid  of  sub¬ 
stitutive  schemes,  and  to  conceive  of  two  sets  of  interrelated 

*  Hamilton,  Elements,  Art.  352. 

*  Cayley,  CoUecied  Papers,  No.  20,  Vol.  1,  p.  123;  Phil.  Mag.,  Vol.  XXVI 
(1845),  p.  141. 

'Cayley,  Collected  Papers,  No.  12,  Vol.  1,  p.  63;  Trans.  Cam.  Phil.  Soc., 
Vol.  VIII,  pp.  1-16. 

*  H.  B.  Phillips,  Some  Invariants  and  Covariants  of  Ternary  CoUineations, 
Am.  Jour.  Math.,  36  (1914),  p.  311. 

*  J.  A.  Schouten  and  D.  J.  Struik,  EinfUhmng  in  die  Neueren  Metkoden  der 
Differ mtialitometrie. 

D.  J.  Struik,  Grundadge  der  mekrdimensionalen  Differentialgeometrie  in 
Direkter  DarsteUung. 

*  A.  Naess,  On  a  special  poly^ic  of  order  n-p  wkick  can  be  derived  from  any 
p  independent  vectors  in  an  n-dimensional  space  and  wkick  can  be  regarded  as  a 
generatiaalion  of  tke  vector  product.  Videnskapsselkapets  Skrifter  I  Mat.- 
naturv.  Klasse,  1922,  No.  13. 

'  E.  Study,  Einleitung  in  die  Tkeorie  der  Invariantem  Unearen  Transforma¬ 
tionen  auf  Grund  der  Vektorrecknung,  S.  3. 

*  A.  V^itehead,  Universal  Algebra,  p.  12. 
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things  studied  together,  each  scheme  exemplifying  the  operation 
of  the  same  general  laws.” 

The  most  general  element  employed  in  the  present  system  is 
the  polyadic:  a  product  of  p  vectors  is  a  ^ad  (polymd)  and  a 
sum  of  p-ads  is  a  ^adic.  Thus  any  polyadic  A  can  be  written 


where 


t-i 


(2) 


R*/  “  Sik/Mta  (summed  on  a  *  1,2,  •  •  •,  n). 


(3) 


By  expressing  all  vector  factors  as  in  (3)  and  collecting  terms 
the  polyadic  may  be  written 


A  —  Kki—dp'^ai  •  •  •  ®op  (summed  on  all  indices). 


(4) 


Thus  to  every  polyadic  and  a  set  of  basis  vectors  there  corre¬ 
sponds  a  matrix  of  n'  components  given  by  the  important  relation 


A,  .... 


» 

La 

/-I 


IJH 


(5) 


Two  polyadics  (or  two  vectors)  are  equal  when  and  only  when 
corresponding  components  are  equal  each  to  each.  A  polyadic 
or  a  vector  vanishes  only  when,  all  components  vanish.  Hence 
'the  product  of  two  polyadics  is  zero  only  when  one  of  the  poly¬ 
adics  vanishes  in  all  components. 

If  the  basis  vectors  undergo  linear  transformation  T  the  com¬ 
ponents  of  a  vector  ta^a  will  be  transformed  by 


a. 


aaTp 


(6) 


The  transform  of  a  will  be  denoted  by  a'.  When  all  vector 
factors  on  the  right  of  (2)  are  transformed  the  new  polyadic 
will  be  denoted  by  A'. 

A  polynomial  in  any  set  of  components  is  defined  to  be  a  sum 
of  terms  wherein  each  term  is  a  product  of  these  components  with, 
it  may  be,  a  coefficient  not  belonging  to  the  set.  Only  homo¬ 
geneous  polynomials  will  be  considered. 

Two  polynomials  can  be  equal  (for  the  present)  only  when 
they  are  homogeneous  of  the  same  degree  in  the  same  set  of  com¬ 
ponents  and  have  corresponding  coefficients  equal  each  to  each. 
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A  polynomial  is  zero  only  when  all  coefficients  are  zero.  Com¬ 
ponents  do  not  in  general  have  values  in  an  arithmetic  sense; 
they  merely  satisfy  the  laws  above  laid  down. 

If,  however,  in  the  polyadic  (4),  the  basis  vectors  of  the  p 
respective  indices  be  replaced  by  p  distinct  sets  of  variables 


1. e.  variables  in  the  sense  of  ordinary  algebra,  we  obtain  a 
polynomial  linear  in  each  set,  a  p-linear  n-ary  form 

/\ai—ap*0|  *ap  •  K' ) 

Other  forms  are  obtainable  by  causing  some  of  the  p  sets  of 
variables  to  be  no  longer  distinct. 

The  following  definition  of  an  invariant  is  in  form  the  same 
as  the  classical  one  (for  cogredient  variables),  differing  from  it 
by  implying  the  above  more  general  concept  of  comF>onents  or 
coefficients  and  by  including  invariants  of  polyadics,  matrices, 
and  forms.  Let  F  be  a  polynomial  homogeneous  in  the  com¬ 
ponents  of  a  set  of  F>olyadic8  A,  B,  •  •  •,  G.  For  brevity  we  may 
write 

F  -  F(Ai,...i,,  •••,  G*, ...*,)  (8) 

where  />,  •  •  • ,  /  are  the  classes  of  the  respective  matrices  and 

where  A«,...i^,  etc.,  denote  not  individual  components  but  entire 
sets;  or  still  more  briefly 

F  -  F(A,  .-.,0).  (8.) 

Let  F'  l)e  the  same  polynomial  in  the  transformed  components, 

F' -  F(A',  (9) 

If  it  be  truie  that 

F'  -  A*F  (10) 

where  A  is  the  determinant  of  the  n*  quantities  T«<,  the  poly¬ 
nomial  F  is  an  invariant  of  the  given  set  of  fX)lyadics  and  of  the 
related  matrices  and  forms. 

2.  Slugs. 

Consider  now  the  product  of  k  determinants  made  up  in  the 
following  manner.  Let  a  polyad  be  the  product  of  krf  vector 
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factors.  Divide  these  factors  into  k  groups  of  n  vectors  each  in 
any  manner,  with  a  definite  order  among  the  vectors  of  each 
group,  which  need  not  be  the  same  as  the  original  order  in  the 
polyad.  Form  the  determinant  of  the  n*  components  of  the 
vectors  in  each  group,  the  order  of  rows  being  the  same  as  the 
order  of  vectors  in  the  group.  Multiply  together  the  k  deter¬ 
minants  thus  formed. 

These  products,  the  stuff  that  invariants  are  made  of,  are 
basic  to  the  argument.  They  are  of  weight  k.  Any  such  product 
will  be  called  a  slug  of  the  polyad. 

If  the  k  determinant  factors  of  a  slug  are  written  out  and  multi¬ 
plied  together  the  resulting  polynomial,  linear  in  the  components 
of  each  of  the  kn  vector  factors  of  the  polyad,  will  contain  (n!)* 
terms,  no  two  of  which  are  in  general  like  terms.  (Even  if  two 
vector  factors  be  equal  they  are  distinguished  by  their  positions 
in  the  polyad.) 

Definition  I.  That  term  of  a  slug  which  is  the  product  of  the 
elements  of  the  main  diagonals  of  the  determinant  factors  will 
be  called  the  leading  term  of  the  slug. 

That  is,  if  the  vector  factors  of  the  polyad,  after  grouping,  be 
temporarily  denoted  by 

a, a-  •••tin,  b,bj  -  bn,  •  •  •,  g,g,  •  •  •  g«  (11) 

then  the  leading  term  of  the  slug 

(a,aj  •••  a,)(b,b,  •••  b,)  •••  (g,g,  •••  g,)  (12) 

is 

aiiai*  *  •  •  aswbubij  •  •  •  bn*  •  •  •  gngtt  •  •  •  gun.  (13) 

With  this  notation  any  other  term  of  the  same  slug  may,  aside 
from  sign,  be  obtained  from  the  leading  term  by  permuting  the 
values  of  the  second  subscript,  i.e.  performing  a  substitution  on 
these  digits.  The  substitution  is  restricted  in  the  following 
manner:  it  may  affect  a  .single  group,  such  as  anajj  ■  *  •  a.,,, 
alone,  or  may  be  compounded  of  substitutions  affecting  several 
groups,  but  it  must  not  shift  digits  from  group  to  group.  Elach 
term  has  of  course  a  proper  sign. 

A  slug  is  evidently  a  special  case  of  a  polynomial  linear  in  the 
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components  of  the  given  polyad.  Such  a  F>olynomiaI  is  in  general 
the  sum  of  n*"  terms  of  the  form 

where  p  *  kn.  Each  term  may  carry  a  coefficient  not  a  function 
of  the  polyad. 

Definition  11.  Any  term  of  the  form  (14)  in  which  precisely 
k  of  the  indices  i,  •  •  •  have  the  value  /,  and  precisely  k  have 
the  value  and  so  on,  each  value  from  J  to  n  occurring  precisely 
i  times,  will  be  called  equipollent. 

It  is  evident  by  (13)  that  all  terms  of  a  slug  are  equipollent. 
Conversely  any  equipollent  term  with  coefficient  +  i  is  the 
leading  term  of  a  certain  number  of  slugs.  This  number  is  the 
number  of  distinct  slugs  obtainable  by  grouping  the  in  vectors 
of  (11),  without  altering  sidtscripts,  so  that  in  each  group  the 
subscript  runs  in  order  from  1  to  n,  namely  (/fc!)*“^  ways.  The 
fact  may  be  stated  as 

Theorem  I.  Any  equipollent  term  with  coefficient  +  1  is  the 
leading  term  oj  slugs. 

3.  Reversion  coefl&cients. 

The  sum  of  the  (t!)""^  slugs  having  a  common  leading  term 
will  be  called  the  reversion  polynomial  of  that  term,  or  simply  its 
reversion.  It  will  be  shown  later  that  if  the  reversion  poly¬ 
nomials  of  all  the  terms  of  a  given  slug  be  added  (each  with  the 
sign  carried  by  its  own  term  in  the  slug)  we  recover  the  original 
slug  multiplied  by  a  function  of  k  and  n  called  the  reversion 
function. 

The  coefficient  of  any  term  of  a  reversion  polynomial  will  be 
called  the  reversion  coefilcient  of  that  term.  (This  of  course 
assumes  that  in  forming  a  reversion  like  terms  have  been  col¬ 
lected.)  A  reversion  coefficient  is  thus  by  definition  an  integer 
(positive,  negative,  or  zero)  relating  a  comp>onent  of  the  original 
polyad,  taken  as  leading  term,  to  a  second  component.  (The 
reversion  coefficient  of  the  leading  term  with  respect  to  itself  is 
obviously  It  is  in  fact  the  algebraic  sum  of  the  number 

of  ways  by  which  it  is  possible  to  pass  from  one  component  to 
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the  other  using  the  groupings  and  substitutions  mentioned  in 
Art.  2.  It  may  be  easily  shown  that  the  relation  is  a  reciprocal 
one:  if  €%  and  C*  are  two  components  of  the  polyad  the  reversion 
coefficient  of  C|  with  respect  to  Ci  is  the  same  as  that  of  Cj  with 
respect  to  Ct;  in  other  words  the  two  components  yield  each  a 
reversion  polynomial,  such  that  the  coefficient  of  C|  in  the  first 
is  the  same  as  the  coefficient  of  Ci  in  the  second. 

I  shall  now  illustrate  slugs,  reversions,  reversion  coefficients, 
and  the  reversion  function  in  the  simple  case  k  ^  n  ^  2.  Let 
the  given  polyad  be  abed.  There  are  si.\  distinct  slugs,  three 

being  negatives  of  the  other  three.  ^In  general  distinct 

slugs.^  There  are  equipollent  components  or  six  in  this 
case, 

aibiCjdt  aibfCsdi  atbiCidi  a^bjCidi  aibjCidt  atbiCtdi 


The  component  aibiCjdt  is  leading  term  of  the  two  slug^  (ac)(bd) 
and  (ad)  (be)  that  is  of 


(aiC|— aiCi)(bidt  — bjdi)  -aibiCjid,  — a,bjc*di  —  atbiCtdj+ajbjCjdi 
and  of 

(aidj— ajdi)(biCj  — bjCi)  -aibiCtdi— aibtCidi— a*biCidi-f  ajbtCidi. 

The  reversion  of  aibicjdi  is  the  sum  of  these  two  slugs.  The 
reversions  of  the  six  equipollent  components  may  be  represented 
by  the  matrix  of  the  reversion  coefficients. 


ajbiCjd* 

aibtCid] 

afbiCidj 

ajbjCidi 

aibjCidt 

ajbiCtd 

aibjCjd, 

+  2 

-  1 

-  1 

+  2 

-  1 

-  1 

aibjCfdi 

-  1 

+  2 

+  2 

-  1 

-  1 

-  1 

ajbiCidi 

-  1 

+  2 

+  2 

-  1 

-  1 

-  1 

a*b*Cidi 

+  2 

-  1 

-  1 

+  2 

-  1 

-  1 

aibjCidj 

-  1 

-  1 

-  1 

-  1 

+  2 

+  2 

ajb,C|di 

-  1 

’  -  1 

-  1 

-  1 

+  2 

+  2 

symmetrical  by  the  recipr(x:al  relation  above  pointed  out.  The 
first  four  rows  are  the  reversions  of  the  terms  of  (ab)(cd); 
changing  the  signs  of  the  second  and  third  rows  and  omitting 
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the  fifth  and  sixths  rows  and  then  adding  we  recover  six  times 
this  slug.  Thus  the  reversion  function  has  the  value  6  for  this 
case.  The  six  reversions  are  equal  in  pairs.  (In  general  equal 
in  groups  of  n!.)  It  can  be  shown  that  any  reversion  polynomial 
can  be  written  as  a  determinant. 

4  The  transform  of  an  equipollent  component. 

Any  term  of  the  form  (14),  transformed  by  (6),  becomes 

3|aiTa|i|  •  •  ’  S^apTapip,  (15) 

a  polynomial  of  n'  terms,  all  unlike.  Elach  term  of  this  transform 
is  a  comFK>nent  of  the  original  ptolyad  multiplied  by  p  elements 
of  the  transformation  Taj.  I  shall  suppose  the  untransformed 
term  (14)  to  l>e  equipjollent.  Some  of  the  terms  of  the  transform 
will  also  be  equip>ollent,  and  among  them  will  be  groups  of  terms 
containing  the  same  p  elements  Toj. 

For  example  let  ilt  ■«  n  2  with  original  polyad  abed.  Choose 
as  untransformed  term  (14)  the  component  aibiCidj  (alphabetical 
order  replacing  the  first  index  for  brevity).  Of  the  16  terms  of 
the  transform  six  are  equipollent  and  may  be  arranged  as 

aib,CidtTu*TM*  +  (aibiCid,  +  aib^^jdi  +  ajbiCid, 

+  ajbiCidi)TnTi|TtiTjj  +  a*biCidiTij*Tji*.  (16) 

That  is  the  four  components  in  parentheses  have  for  coefficient 
the  same  four  elements  of  the  transformation. 

Definition  III.  Given  a  polyad  of  kn  vector  factors  and  a 
chosen  equip>ollent  component,  a  group  of  equipx>llent  components 
which,  in  the  transform,  are  multiplied  by  the  same  kn  elements 
of  the  transformation  will  be  said  to  constitute  a  species. 

Theorent  II.  Any  coefficient  of  a  species  is,  aside  from  numer¬ 
ical  factor,  a  term  in  the  expansion  of  A*. 

Proof.  The  values  of  the  second  index  in  the  kn  elements  of 
the  transformation  are  the  same  as  those  which  occur  in  the  un¬ 
transformed  component  since  aj'  *  aaTai,  etc.;  hence  each  value 
occurs  k  times,  the  original  term  being  equipollent.  The  values 
of  the  first  index  also  occur  k  times  each  for  they  are  the  same 
as  those  of  the  terms  of  the  spocies.  But  the  terms  of  A*  consist 
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of  the  totality  of  all  products  of  kn  elements  Ta«  equipollent  on 
both  indices.  The  theorem  therefore  holds. 

It  is  important  to  examine  in  precisely  what  manner  the  com¬ 
ponents  of  a  species  differ  from  one  another.  As  just  pointed  out 
there  are,  in  the  coeffident  of  the  species,  k  of  the  T*,-  whose 
second  indices  have  the  value  unity  because  they  have  operated 
to  transform  k  letters  originally  carrying  the  value  unity.  In 
I)assing  from  one  component  of  the  species  to  another  the 
occurrence  of  these  k  letters  is  altered  only  in  the  manner  in 
which  the  first  indices  of  the  same  k  T«,-  are  distributed  among 
them,  and  all  possible  distributions  (x:cur:  such  a  distribution  is 
necessary  and  sufficient,  so  far  as  these  k  letters  are  concerned, 
that  the  components  belong  to  the  species.  A  similar  remark 
applies  to  each  of  the  n  sets  of  k  letters  each.  In  other  words 
a  component  Ci  can  cUways  be  carried  into  any  other  C2  oj  the  same 
species  by  a  substitution  which  interchanges  only  letters  whose 
indices  were  originally  equal  in  numerical  value.  Conversely  any 
such  substitution  applied  to  a  component  prcxluces  a  comjjonent 
of  the  same  species  (perhaps  the  same  component). 

For  example  the  four  components  in  parentheses  in  (16)  pass 
into  one  another  by  interchanging  a  with  b,  or  c  with  d,  or  both. 

Theorem  III.  A  ll  components  of  a  species  have  the  same  rever¬ 
sion  coefficient  with  respect  to  the  untransformed  term. 

PrcKjf.  Let  the  restricted  substitutions  of  Art.  2  by  which  a 
term  of  a  slug  is  prcxluced  from  its  leading  term  be  denoted  by  R. 
Call  the  untransformed  component  Co  and  take  it  as  leading 
term.  Let  the  substitutions  above  mentioned  which  interchange 
only  letters  having,  in  the  leading  term,  indices  of  the  same  value, 
be  denoted  by  S.  As  defined  in  Art.  2,  a  component  cxxnirs  in 
the  reversion  polynomial  by  reason  of  a  substitution  S  followed 
by  a  substitution  R.  The  various  cx:currences  of  Ci  may  be 
expressed  by  equations,  Ci  »  CoSiRi,  Ci  —  CoSsRs,  etc.  Let 
Sii  denote  a  substitution  which  carries  Ci  into  C*  as  above 
shown.  Then  C,  —  CoSiRiSu,  Cj  *  CoSjRjSu,  etc.  But  since 
the  R’s  and  the  S’s  operate  on  different  symbols, — the  R’s  on  the 
indices,  the  S’s  on  the  letters,  or,  if  we  prefer  the  notation  (14), 
on  the  first  subscript, — any  R  is  commutative  with  any  S. 
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Thus  Cj  »  CoSiSijRi,  Cj  —  CoSjSijRj,  etc.  Now  SiSu,  S*Si,, 
etc.  are  themselves  substitutions  S.  We  accordingly  have  the 
set  of  substitutions  SiSuRi,  SjSijRt,  etc.  which  produce  Cj 
corresponding  in  order  to  the  set  SiRi,  SjRt,  etc.  which  produce 
Cl.  Furthermore,  since  any  two  of  the  second  set  are  distinct 
by  definition,  the  corresponding  pair  of  the  first  set  will  be  dis¬ 
tinct;  for  corresponding  substitutions  differ  only  in  the  factor 
Sij  which  possesses  a  redprocal. 

Also,  corresponding  substitutions  have  the  same  sign;  for  the 
S’s  carry  no  sign  and  the  R  is  common. 

By  similar  reasoning,  to  each  SR  produdng  C*  may  be  made 
to  correspond,  by  means  of  Sj,,  one  and  only  one  SR  produdng 
Ci;  and  it  will  have  the  same  sign. 

Hence  the  correspondence  is  1  :  1 ;  and  the  algebraic  sum  of  the 
number  of  positive  and  negative  substitutions  is  the  same  for 
lx5th  components.  But  these  two  sums  are  k\  times  the  respec¬ 
tive  reversion  coeffidents;  for  the  S  are  (ife!)"  in  number  and  the 
sum  of  all  the  CoSR  is  Jfc!  times  the  reversion  polynomial.  (We 
may  suppose,  for  example,  that  the  reversion  is  conducted  by 
omitting  all  S  which  derange  the  letters  bearing  in  (11)  the  sub¬ 
script  unity;  then  each  of  the  kl  derangements  of  these  letters 
merely  reproduces  the  reversion.)  Hence  the  reversion  coeffi¬ 
cients  of  Cl  and  Ci  are  equal  as  was  to  be  proved. 

The  common  reversion  coefficient  of  the  terms  of  a  spedes  may 
be  called  the  reversion  coefficient  of  the  species. 

Corollary  I.  If,  in  the  transform  of  a  chosen  equipollent  term, 
ecuh  species  be  multiplied  by  its  reversion  coefficient  and  the  results 
added,  the  sum  is  the  reversion  polynomial  of  the  chosen  term. 

If  two  or  more  chosen  equipollent  terms  are  transformed,  those 
species,  in  ^ach  case,  which  multiply  the  same  combination  of 
the  Tai  may  be  called  like  species. 

Corollary  11.  Like  species,  each  with  respect  to  its  own  leading 
term,  have  the  same  reversion  coefficient. 

Corollary  HI.  If  an  invariant  F  is  linear  in  the  components  of  a 
polyad,  it  can  be  uritten  as  a  linear  function  of  its  slugs. 

For  the  equation  F'  *  A*F  is  equivalent,  by  comparing  like 
combinations  of  tjie  T^,  to  a  system  of  equations:  on  the  left  of 
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each  is  a  linear  function  of  like  species,  on  the  right  F  multiplied 
by  an  integer  (+,  or  zero).  Multiplying  by  the  reversion 
coefficients  and  adding,  the  left  side  of  the  sum  is  a  linear  func¬ 
tion  of  reversions,  i.e.  of  sums  of  slugs;  the  right  is  {F  where  { 
is  an  integer,  the  reversion  function.  Hence  the  corollary.  (It 
can  be  shown  that  (  is  equal  to  the  sum  of  the  squares  of  all  the 
reversion  coefficients  divided  by 

Corollary  IV.  If  the  reversions  of  the  terms  of  a  stuff  be  added, 
each  with  the  sign  of  its  own  term,  the  sum  is  (  times  the  original  slug. 

For  a  slug  is  evidently  an  invariant,  linear  in  the  compionents 
of  the  polyad,  to  which  the  process  of  Corollary  III  may  be 
applied. 

Corollary  V.  An  invariant  linear  in  the  components  of  a  pdyai 
contains  only  equipollent  terms. 

Corollary  VI.  Only  polyads  with  kn  vector  factors  possess  linear 
invariants. 

5.  Linear  invariants. 

The  abbreviated  term  linear  invariant  will  be  used  to  denote 
an  invariant  linear  in  the  components  of  a  given  polyad  or 
polyadic.  The  following  lemmas  scarcely  require  formal  proof. 

Lemma  I.  A  linear  invariant  of  a  polyad  is  an  invariant  of  .ts 
vector  factors;  and  is  linear  in  the  components  of  each  of  them. 

Lemma  n.  Conversely  an  invariant  linear  in  the  components 
of  each  of  a  set  of  vectors  is  a  linear  invariant  of  any  polyad  of 
which  these  vectors  are  the  factors. 

Lemma  m.  An  invariant  of  a  polyad  ai  •  •  •  ap  is  an  invariant 
of  the  p  linear  forms  aia,x«,<'>,  •  •  •,  a^apXap^'’  and  conversely. 

A  linear  invariant  of  a  polyadic  is  evidently  a  sum  of  linear 
invariants  of  polyad  terms,  and  the  functional  symbol  F  is 
distributive  over  the  polyads;  that  is,  if  a  polyadic  P  be  developed 

P  -  Pi  +  P*  +  •  •  •  +  P*  (17) 

where  the  terms  P,,  •  •  •,  P*  are  polyads,  a  linear  invariant  F(P) 
may  be  developed 

F(F)  -  F(P,)  +  F(P,)  +  •••  +  F(P*). 


(18) 
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I  shall  now  show  that  any  invariant  whatever,  in  the  sense 
defined  in  Art.  1,  is  a  linear  invariant  of  a  ptoperly  chosen  poly> 
adic.  Let  the  invariant  be  of  degrees  a,  0,  •••,  i;  in  the  com¬ 
ponents  of  A,  B,  •  •  • ,  G  resprectively.  I^t  A*  denote  the  product 
of  a  polyadics  all  equal  to  A  and  similarly  for  all  cases. 

Definition  FV.  A  polyadic  P  defined  by 

P-A*E<’---G'  (18) 

will  be  called  a  source  of  the  given  invariant. 

Theorem  IV.  An  inuiriani  is  a  linear  invariant  of  its  source. 

Proof.  By  hypothesis  the  invariant  is  a  sum  of  terms  each  of 
which  is  of  degrees  a,  n  in  the  components  of  A,  •••,  G. 
But  the  components  of  a  source  are  precisely  the  totality  of 
products  of  this  form.  Hence  the  invariant  is  a  linear  function 
of  the  components  of  the  source.  Moreover  an  invariant  of 
A,  •  •  •,  G  is  an  invariant  of  P  for,  by  definition,  the  polyadics 
A,  •  ■  • ,  G  and  P  are  transformed  by  transforming  their  vector 
factors,  i.e. 

P'  -  A'-  • .  •  G'"  (19) 

hence  the  components  of  P'  are  the  same  functions  of  the  com¬ 
ponents  of  A',  •  •  • ,  G'  that  those  of  P  were  of  A,  •  •  • ,  G.  There¬ 
fore  the  transformed  invariant  F'  is  the  same  function  of  P' 
that  F"  was  of  P.  The  theorem  is  therefore  proved. 

Corollary.  Any  invariant  is  a  linear  function  of  slugs. 

For  by  (18)  the  invariant  may  be  expressed  as  a  sum  of  linear 
invariants  of  polyads,  and  by  Corollary  III  to  Theorem  III,  as 
a  linear  function  of  the  slugs  of  these  polyads. 

6.  The  symbolic  method. 

The  relationship  between  the  present  method  and  the  usual 
symbolic  method  may  now  l)e  briefly  stated.  The  transition 
is  made  by  virtue  of  the  following  assumptions. 

I.  A  polyadic  may  be  represented  by,  and  is  symbolical!} 
equal  to,  any  one  of  its  polyad  terms.  Thus  (2)  is  equivalent  to 
the  symbolic  e(|uations 

A  *  '  *  ^pi  ”  ‘  '  ^Pi  *  •  •  •  “  '  •  SpA  (20) 
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which  by  taking  components  are  equivalent  to 

A«,...|p  "  *  ‘  ■  ^Fiip  *  •  •  •  *  aiM’iaMi]  •  •  *  aF*»p-  (21) 

If  we  pass  from  polyadics  to  forms  by  (7)  the  symbolic  equa¬ 
tions  (20)  become  the  usual  representation  of  a  form  by  products 
of  linear  forms  wherein  products  of  several  different  sets  of  p 
linear  forms  are  taken  as  equivalent. 

II.  A  polyadic  A*  is  symbolically  equal  to  the  product  of  a 
polyads  all  different.  Thus  in  the  symbolic  sense 

A"  •  •  Rp#  *  •  RiaRfa  *  ‘  Rf«  (22) 

and  similarly  in  all  cases. 

It  follows  that  a  source  P  as  defined  by  (18)  is  symbolically 
equal  to  a  single  polyad  which  is  the  product  of  several  polyads 
similar  to  (22),  one  for  each  of  the  given  polyadics  A,  •••,  G. 
Such  a  polyad  I  shall  call  a  symbolic  source. 

Assuming  each  of  the  polyadics  A,  — ,  G  written  as  the  sum 
of  not  less  than  a,  ••*,»»  polyads,  respectively,  a  symbolic  source 
is  in  form  the  same  as  one  of  the  actual  terms  in  the  development 
of  the  actual  source. 

III.  A  slug  of  a  symbolic  source  is  symbolically  equal  to  a 
particular  invariant  of  A,  *  •  • ,  G. 

From  a  symbolic  slug  we  may  pass  to  the  actual  invariant 
denoted  by  it  in  two  ways, — 

A.  Sum  the  slug  over  the  terms  of  the  actual  source.  That  is, 
let  the  source  be  developed  as  in  (17),  denote  the  slug  by  F,  and 
sum  as  in  (18).  The  particular  invariant  denoted  by  the  slug  is 
thus  obtained  as  a  sum  of  actual  slugs. 

B.  Multiply  out  the  determinants  whose  product  constitutes 
the  slug,  and  substitute  actual  for  symbolic  components  by  (22). 
This  is  the  method  of  the  classical  theory. 

To  show  that  the  classical  theory  is  logically  contained  in  the 
present  theory  it  is  now  merely  necessary  to  prove 

Theorem  V.  The  processes  (A)  and  (B)  are  equivalent. 

Proof.  Let  the  classes  of  the  matrices  of  A,  •  •  • ,  G  (i.e.  the 
number  of  vector  factors  in  each  polyad)  be  respectively  />„ 
*  ■  *,  Pc  A  slug  is  the  product  of  k  determinants,  so  that  multi¬ 
plying  out  yields  (n!)*  terms.  Consider  one  of  these  terms;  it 
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contains  a/>.  components  of  the  vector  factors  of  A,  namely  a 
sets  of  />,  components  each;  in  each  set  the  second  subscript 
has  the  same  value  for  all  components  (notation  of  (21)),  while 
the  first  subscript  runs  from  1  to  />,;  the  third  subset ipt  or  index 
has,  for  each  component,  a  particular  value,  as  ii,  it,  •  •  •,  ip.  In 
method  (B)  such  a  set  is  at  once  replaced  by 

C>n  the  other  hand  methorl  (A)  implies  the  expansion  of  A",  that 
is  a  set  of  a  summations  of  the  form  (2).  There  is  thus  exactly 
one  summation  (on  the  second  subscript)  for  every  set  of 
components  above  mentioned,  and  by  (5)  this  summation  gives 
Similarly  the  components  of  B,  •  •  •,  G  obtained  b>  the 
two  methods  are  the  same,  hence  they  are  equivalent. 

The  corollary  to  Theorem  IV  may  be  stated  symbolically  as 
A  ny  invariant  may  be  denoted  symbolically  by  a  linear  function  of 
symbolic  slugs.  This  is  the  first  fundamental  theorem  for  co- 
gredient  variables. 

Remarks  on  the  above  argument.  The  basic  proposition  is 
theorem  III.  The  third  corollary,  by  virtue  of  Lemma  III, 
is  equivalent  to  the  theorem,  basic  in  the  classical  theory,  that 
an  invariant  of  linear  forms  is  an  aggregate  of  determinants. 

Of  other  arguments  to  the  same  end,  using  a  series  develop-  t 
ment,*  seminvariants,'®  or  the  Cayley  operator  fl,"  the  latter  is  ^ 
closest  to  that  employed  in  the  present  paper:  it  is  known  that 
Q®  applied  to  (14)  yields  an  aggregate  of  determinants;  I  have 
found  no  investigation  of  the  character  of  this  aggregate. 

If  however  we  note  that  the  operation  of  taking  a  derivative  is 
equivalent  to  a  sum  of  substitutions,'®  we  see  that  applying  Q® 
to  (14)  is  equivalent  to  performing  on  (11)  the  totality  of  the 
substitutions  S  and  adding  the  corresponding  slugs.  The  result¬ 
ing  aggiegate^of  determinants  is  therefore  k\  times  the  reversion 
of  the  untransformed  term.  To  say  it  another  way,  a  first 
application  of  Q  yields  k’‘  terms  each  of  which  contains  one  of  the 
determinants  whose  main  diagonals  make  up  the  leading  term; 
continuing  the  process  to  the  end,  each  resulting  slug  has  this 
leading  term  and  occurs  kl  times. 

*  Clebach,  Tk.  d.  Bin.  Formen,  Art.  9. 

'*  H.  Andoyer,  Levant  sur  la  theorie  des  formes.  Chap.  III. 

“  Grace  and  Young,  Alg.  of  Inv.,  Chap.  II. 

T urnbull.  Theory  of  Determinants,  Matrices,  and  Invariants,  p.  1 19. 
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The  reversion  function  (  may  now  be  easily  evaluated.  Let 
n*F'  -  cF  (23) 

whfre  it  is  known  **  that 


,(n  +  /)!  (n  +  k-D! 
J!  ”■  (*-/)! 


(24) 


If  F  is  a  slug  we  therefore  have  by  theorem  III,  corollary  IV, 
k!(F  <■  cF,  hence 

*!{  -  c.  (25) 


More  generally,  any  concomitant,  no  matter  how  formulated, 
is  actually  a  sum  of  permutations.  Since  the  same  statement 
may  be  made  of  determinants  of  general  class  whose  elements 
are  also  determinants,  it  is  to  be  expected  that  some,  if  not  all, 
concomitants  can  be  expressed  in  determinant  form, — as  was 
pointed  out  long  ago  by  Von  Elscherich  for  certain  cases.  (A 
second  paper  contemplated  by  him  was  never  published.)  For 
some  investigations  a  symbolic  expression,  or  a  summation, 
suffices,  but  not  for  the  study  of  particular  invariants:  even  in 
comparatively  simple  cases  methods  (A)  and  (B)  above,  by 
which  an  invariant  can,  in  principle,  be  explicitly  developed,  are 
'  practically  unworkable. 

In  part  I  it  was  shown  that  the  process  of  folding  always 
yields  a  concomitant  and  also  affords  the  means  of  expressing 
this  concomitant  as  a  determinant;  while  at  the  same  time  it 
presents  us  with  a  symbolic  form  of  the  concomitant  which,  by 
the  reasoning  of  Art.  6  (applicable  with  slight  change  to  con¬ 
comitants  in  general)  is  equivalent  to  the  ordinary  symbolic  form. 
In  the  next  article  I  shall  consider  one  phase  of  the  converse 
problem :  given  a  symbolic  expression  for  an  invariant,  to  interpret 
it  as  a  folding  operation  and  hence  to  develop  the  invariant  by  aid 
of  determinants, 

**  Weitienbock,  Invariantentkeorie,  S.  16. 

>«Von  Eacherich,  Denka.  d.  K.  Ak.  d.  W.  Wien.,  43,  11  (1882),  pp.  1-12. 
Die  Det.  hokeren  Ranges  und  ikre  Verwendung  tur  Bitdung  von  Invarianlen. 

“  The  folding  proceaa  ia  a  development  of  a  method  due  to  Lepine  Hall 
Rice,  DeterminankU  Expression  of  iitUtipU  Cross  and  Dot  Products  of  Poiyadics 
in  three  Dimensions,  thu  Joumaf,  Vol.  IV,  No.  2  (April  192S),  p.  IM. 
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7.  Determinant*!  formulation  of  inyariant*. 

I  shall  show  that  any  invariant  given  by  a  product  of  symbolic 
determinants  (symbolic  slug)  can  be  written  as  a  sum  of  deter¬ 
minants.  It  will  first  be  necessary  to  define  the  folding  process 
in  a  manner  slightly  more  general  than  already  done  {A  Theory  of 
Ordered  Determinants,  etc.,  this  Journal,  Vol.  IV,  No.  4,  July 
1925,  pp.  205-237,  to  be  referred  to  as  OD). 

Let  there  be  q  polyadics  (9  S  n)  A,  •  •  • ,  G  and  their  corre¬ 
sponding  matrices  A,-,...  I.,  •  ••G,,,.....,  where  o,  ’•*,'£  are  the 
classes  of  these  matrices.  Take  the  product  of  the  q  polyadics, 
and  let  it  be  multiple  on  the  first  r  indices  of  every'  F>olyadic  but 
direct  on  the  remaining  indices  (OD  p.  212).  Replace  each 
group  of  q  first  factors,  q  second  factors,  etc.  up  to  each  gioup 
of  q  factors  by  its  space  complement,  i.e.  fold  the  q  polyadics 
on  their  first  r  factors.  The  remaining  factors  remain  unaltered 
in  every  polyadic.  The  result  is  independent  in  Jact  of  the 
particular  manner  in  which  the  polyadics  were  written  as  sums 
of  polyads,  i.e.  it  is  diatributively  invariant  (Part  I,  p.  240).  But 
in  form  the  result  may  be  written  as  a  determinant  by  supposing 
the  polyadics  developed  in  the  following  manner:  expand  each 
of  the  first  r  factors  of  every  polyadic  in  terms  of  basis  vectors  ^ 
and  collect  terms;  the  first  polyadic  A  then  takes  the  form 

t 

A  *  "  *  ®o,®®a]Or2-”ar*  (26) 

the  M’s  being  (o-r)-adics;  replace  the  last  a-r  indices  by  a  single 
multipartite  index  running  from  1  to  n*~',  i.e.  treat  the  M’s  as 
vectors  in  space  of  dimensions.  If  we  set 

E„  “  ®'r+l*»r+2 

A  may  be  written 

A  *  ^a|^Ci2  ’  *  ®ar®i»A£,|fl,2...afi»  (28) 

where  u  is  the  (a-r)-partite  index,  summed  from  1  to 
Expanding  the  other  polyadics  B,  — ,  G  similarly,  with  multi¬ 
partite  indices  v,  ■**,<,  the  result  of  folding  is  a  determinant  of 
r  -f  /  directions  constructed  as  follows: 

1®.  The  first  n-q  layers  are  alike  and  have  r-ad  elements, 
precisely  as  in  OD  theorem  VII. 
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2“.  The  remaining  q  layers  consist,  layer  by  layer,  of  the 
respective  sets  of  multipartite  vectors  EwAa,..^,  etc.,  arising  from 
expansions  like  (28)., 

3*.  In  developing  the  determinant  the  order  in  the  first  n-q 
layers  is  multiple,  i.e.  all  first  factors  precede  all  second  factors, 
etc.  Otherwise  the  order  of  all  factors  is  that  of  the  original 
polyadics. 

4“.  The  determinant  is  of  full  sign.  If  r  +  1  is  odd  the  first 
direction,  i.e.  that  of  the  layers  as  above  defined,  is  non-signant. 

The  proof  is  identical  with  that  given  in  this  Journal,  Vol.  IV, 
No.  3,  p.  179,  by  Mr.  L.  H.  Rice  and  the  author,  scalar  com¬ 
ponents  of  that  proof  being  replaced  by  multipartite  vectors; 
for  the  proof  is  independent  of  the  commutativity  of  the  scalar 
components. 

If  the  integers  a,  *  *  *,  g  are  equal  we  recover  the  case  treated 
in  OD,  except  for  direct  development  now  taken  on  indices 
after  the  of  every  polyadic. 

To  take  first  an  example  involving  only  two-way  determinants, 
let  n  »  J,  g  2,  r  —  /,  a  «  J,  6  »  2,  i.e.  fold  a  triadic  into  a 
dyadic  in  three-space  on  the  first  factor  only.  Write 

A  *  6a|Ca2^03'A<i|a2Ci3  *  ®a®®a  (29) 

where  the  M's  are  dyadics,  and 

B  *  esi«S2B«iS2  “  (>50) 

where  the  b’s  are  vectors.  The  folding,  denoted  by  (A,  B]', 
gives  the  square  determinant 

Cl  Cj  Cj 

Ml  M,  M.3  (31) 

bi  ba  b} 

in  which  the  development  is  to  l)e  direct,  with  rows  ordinal.  By 
putting  for  the  M’s  and  the  b’s  their  values  we  have 

*1  *5  Ca 

®Of2®flt3Aiar2fl3  ®CB2®®3A#at20r3  (32) 
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which  develops  into  the  tetradic 

~  Asa2«iB<^)  +  •  •  •  +  •  •  •.  (33) 

If  we  prefer  matrices  to  polyadics  we  may  indicate  (33)  by  letting 
«„i  be  a  cubic  matrix  whose  elements  are  +  1  or  —  1  when 
formed  from  Cm  by  positive  or  negative  permutation  respectively, 
and  otherwise  zero;  the  components  of  (33)  are  then 

(33A) 

If,  on  the  other  hand,  we  are  dealing  with  algebraic  forms,  we 
may  suppose  the  basis  vectors  ea,,  Ca,.  and  to  denote  three 
sets  of  cogredient  variables,  while  the  basis  vectors  of  the  first 
row  in  (32)  denote  contragredient  variables:  then  (33)  is  a  con¬ 
comitant  of  a  trilinear  form  and  a  bilinear  form.  If  the  three 
sets  of  cogredient  variables  are  the  same  we  have  a  concomitant 
of  a  ternary  cubic  and  a  quadratic. 

To  take  an  example  leading  to  cubic  determinants,  let  the 
above  triadic  and  dyadic  be  folded  on  their  first  two  factors. 
The  result,  denoted  by  (A,  B]*,  may  be  written 

®/*l*  ®/®5  ^03^1303  B/ii  B/f?  B^j 

®f®it  ®»®#i  ®#®S  ®a3Af/a3>  ®a3A«Mr3i  ®a3A*sa3  B,„  B„.  B„  (34) 

®s®l*  ®5®**  ®5®S  ^a3^3/a3t  ®a3Ajfotj,  CajA^^ag  B3J,  B53,  B35 

and  develops  into  a  triadic  which  equals 

®/®/(®a3Af*a3B3s  —  ta3^»sa3^s»  ~  ^a3^sta3^ts  ”1"  ®a3As9a3B3*)  (35) 

plus  eight  similar  expressions.  In  matrix  language  (34)  is 

^fa|Si  *jc*3S3  Aor|a2i3BsjS2*  (36) 

The  first  twb  factors  of  (35),  corresponding  to  r  and  s  of  (36), 
have  contravariant  character. 

The  case  n  ^  3,  g  ^  2,  r  ^  2,  a  ^  3,  b  4,  i.e.  folding  a 
triadic  and  a  tetradic  in  J-sp)ace  on  two  factors,  gives  a  cubic 
determinant  in  form  like  OD  (28)  but  the  /S’s  are  dyadics. 

The  case  n  J,  9  *  J,  r  =  2,  a  =  J,  6  ■=  4,  c  =  4,  i.e.  folding 
a  triadic  and  two  tetradics  in  J-space  on  two  factors  gives  a  cubic 
determinant  in  form  like  OD  (27)  but  the  /3’s  and  7’s  are  dyadics. 
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The  case  n  »  4,  g  —  2,  r  —  2,  a  —  3,  6  —  4  gives  a  cubic 
determinant  like  OD  (31)  but  the  ^’s  are  vectors  instead  of 
dyadics. 

It  is  interesting  to  notice  that  the  "  general  term  ”  of  the 
development,  although  more  general  than  (38)  and  (39)  of  OD, 
can  be  more  simply  written,  by  virtue  of  the  direct  development 
on  the  indices  after  the  of  every  polyadic,  and  the  consequent 
possibility  of  employing  multipartite  indices.  With  the  notation 
of  OD  we  replace  the  indices  ri  •  •  •  si  by  m;  r*  •  •  •  Sj  by  v; 
up  to  fq  •  •  •  tq  by  s,  where  u,  •  •  *,  *  are  multipartite  as  above 
described.  Everything  that  concerns  the  first  r  indices  of  any 
polyadic  is  precisely  as  in  OD.  Thus  any  non-vanishing  com¬ 
ponent  of  [A,  •  *  G]',  that  is  of  the  ptolyadic  obtained  by  folding 

any  q  polyadics  on  their  first  r  indices  or  vector  factors,  will 
multiply  a  polyadic 


E‘‘> 

"oi.. 


Eir.. 


•tn-: 


E“>  .  •  • 


(37) 


and  the  component  will  itself  be  a  determinant  of  r  -|-  /  directions 
and  of  order  q  whose  layers  of  the  first  direction  have  the  respec¬ 
tive  elements 

Aa**.ou>  BA...av,  •••,  Ga-.-oi  (38) 


wherein  the  indices  a,  •  •  •,  g  (r.in  numljer)  are  respectively  com- 
*  plementary  to  the  o’s,  •••,  g’s  of  (37),  i.e.  run  through  the 
values  not  possessed  by  the  latter, — according  to  a  Laplace 
expansion.  The  values  of  the  multipartite  indices  are  fixed 
throughout  any  one  component.  Each  component  carries  also 
a  sign,  determined  precisely  as  in  OD,  since  it  concerns  only  the 
folded  indices;  the  sign  is  merely  a  matter  of  Laplace  develop¬ 
ment.  Finally,  we  may  express  [A,  •  •  • ,  G]'  in  matrix  language  as 

(39) 


The  expansion  (28)  is  equivalent  to  arranging  the  components 
of  A  in  a  rectangular  (r  +  /)-way  block  instead  of  in  a  “  cubical  ” 
o-way  block.  There  will  be  n  elements  in  each  file  of  the  first 
r  directions  but  elements  in  a  file  of  the  multipartite  direc¬ 
tion  u.  WTien  A  is  folded  with  q  —  1  other  polyadics  any 
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component  of  the  resulting  new  polyadic  (A,  •  •  • ,  G]',  that  is 
any  of  the  expressions  (39),  may  be  constructed  by  first  picking 
out  a  layer  of  the  multipartite  direction,  i.e.  giving  a  fixed 
value  to  u  in  we  then  pick  from  this  layer  (which  is 

an  f-way  “  cube  ”)  a  particular  9-rowed  block  as  given  by  the 
Laplace  development,  and  have  as  result  the  first  layer  of  the 
required  component:  the  other  g  —  I  layers  are  picked  in  like 
manner  from  B,  •  •  • ,  G.  Since  each  value  of  u  can  occur  with 
each  value  of  p,  ••*,  s  we  shall  have  in  general 
distinct  non-vanishing  components  for  each  term  in  the  Laplace 
development.  For  example  the  expression  which  is  explicitly 
written  in  (33)  is  the  first  of  three  terms  in  developing  (32),  and 
contains  ■»  27  components,  as  is  evident  since  it  in¬ 

volves  summation  on  three  indices,  at,  ai,  and  Again,  (35) 
involves  only  3<*+*-*x*>  —  3  components,  i.e.  summation  on  ot. 

It  may  be  remarked  that  there  is  no  logical  reason  for  confining 
folding  to  the  /irst  r  indices  of  every  polyadic.  But  there  is  a 
gain  in  simplicity  of  statement.  If  folding  is  on  any  r  indices 
we  may  usually  suppx>se  an  isomer  or  conjugate  of  the  polyadic 
to  be  taken  such  that  this  isomer  is  folded  as  described  above. 

I  now  assume  an  invariant  to  be  indicated  by  a  product  of 
symbolic  determinants.  Let  the  invariant  be  of  degree  a  in 
the  components  of  A,  and  denote  A  symbolically  by 

A  -  a,«,  •••■„*  a/a/  •  •  •  a,/  «...  -  a/->a/->  •  •  •  a„<-’  (39) 

and  similarly  for  B,  •••,  G,  the  other  "  ground-polyadics”. 
Out  of  the  k  symbolic  determinants  whose  product  indicates  the 
invariant  let  that  determinant  be  selected  which  contains  symbols 
of  the  greatest  number  of  the  polyadics  A,  •••,  G;  and  call 
this  number  g.  (If  g  <  n  it  is  obvious  that  symbols  of  at  least 
one  polyadic' occur  twice  or  more  in  the  determinant).  We  then 
fold  these  g  polyadics  on  a  set  of  g  indices  or  vector  factors 
(one  for  each  polyadic)  whose  symbols  occur  in  the  selected 
determinant:  if,  as  above  remarked,  these  are  not  the  respective 
first  factors  of  the  polyadics  we  can  bring  them  into  first  place 
in  every  case  by  isomerization.  If  it  happens  that  symbols  of 
the  same  g  polyadics  occur  also  in  another  symbolic  determinant, 
so  much  the  better:  we  fold  on  hi’o  sets  of  g  indices  each  (selectetl 
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ad  libitum  if  two  or  more  symbols  of  the  same  polyadic  occui 
in  one  determinant;  only  one  symbol  being  taken  for  each  poly¬ 
adic  from  any  one  determinant).  Similarly  if  symbols  of  all  q 
polyadics  occur  in  a  third  determinant  we  fold  on  three  sets  of  q 
factors  each,  and  so  on:  If  r  is  the  total  number  of  determinants 
in  which  all  q  of  these  fx)lyadics  occur  we  isomerize  so  that  the 
folding  is  on  the  first  r  indices  or  vector  factors  as  described 
above.  Call  the  result  Li. 

The  remaining  polyadics  are  treated  in  the  same  way,  but  with 
refetence  only  to  the  symbolic  determinants  not  involved  in  the 
first  operation.  Call  the  result  of  folding  the  largest  possible 
number  of  these  remaining  polyadics  on  the  largest  possible 
number  of  indices  Lj.  Proceeding  in  this  way  we  shall  either 
exhaust  the  ground  polyadics  or  there  will  remain  a  single 
polyadic  which  may  be  called  L.  We  thus  have  a  set  of  new 
polyadics  Li,  Lj,  •  •  • ,  L  fewer  in  number  than  A,  *  •  * ,  G,  the 
components  of  which  (excepting  perhaps  L)  are  determinants  as 
proved  above,  since  they  are  formed  by  folding. 

We  now  treat  Li,  •  •  •,  L  as  A,  •  •  •,  G  were  treated.  If  there 
is  more  than  one  polyadic  in  the  series  Li,  *  *  •,  L,  and  unless  the 
given  invariant  is  merely  a  product  of  two  invariants  of  lower 
degree, — a  case  here  to  be  regarded  as  trivial, — there  will  cer¬ 
tainly  remain  one  or  more  symbolic  determinants  not  so  far 
involved  in  the  selection  and  containing  factors  occurring  in 
two  or  more  of  the  polyadics  Lj,  •  •  •,  L.  Since  these  symbols 
have  not  yet  been  employed  it  is  obvious  they  are  not  yet  folded. 
We  accordingly  fold  Lj,  •  •  • ,  L  by  sets  containing  as  many 
polyadics  as  possible,  by  the  same  rule  used  to  form  Li,  •  •  ■ ,  L 
from  A,  •  •  •,  G.  Call  the  new  set  Mi,  •  •  • ,  M,  where,  it  may  be, 
M  is  one  of  the  original  polyadics  A,  •  *  • ,  G  unchanged  or  one 
of  the  series  Li,  •**,!<  unchanged.  Continuing  in  this  manner 
we  shall  finally  arrive  at  a  result  in  which  all  the  given  polyadics 
have  been  included  in  one  folding  operation. 

This  result  is  the  same  as  if  we  had  begun  with  a  symbolic 
source  (Art.  5)  and  had  introduced  various  space  complements  in 
place  of  groups  of  factors,  but  by  the  steps  employed  we  have  the 
result  in  form  of  a  determinant  which  may  be  called  a  folded 
source  and  denoted  by  D.  It  may  be  that  D  is  precisely  the 


102  HITCHCOCK 

required  invariant,  namely  when  it  agrees  in  symbolic  form  with 
the  given  symbolic  invariant.  But  in  general  some  of  the  folding 
operations  by  which  D  was  built  up  will  involve  fewer  than  n 
polyadics,  i.e.  we  shall  have  space  complements  of  fewer  than 
n  vectors.  It  follows  that  D  will  in  general  be  a  polyadic,  a 
concomitant  of  the  given  polyadics. 

The  required  invariant  is  Anally  to  be  obtained  from  D  by 
replacing  any  set  of  n  vector  factors,  some  of  which  may  already 
have  been  replaced  by  their  space  complements,  by  the  space 
complement,  i.e.  determinant,  of  all  of  them,  as  indicated  by  the 
given  symbolic  invariant.  This  is  equivalent  to  forming  an 
algebraic  sum  of  properly  selected  components  of  D.  Since 
these  components  are  determinants  we  have  obtained  the  in¬ 
variant  as  an  algebraic  sum  of  determinants. 

Take,  for  an  extremely  simple  example,  a  vector  a  and  a 
dyadic  B  in  3-space.  Let  B  »  bibj  symbolically.  Required  the 
invariant  (abibi)  as  a  sum  of  determinants.  First  construct 
(abi)b},  i.e.  fold  the  vector  with  the  first  factor  of  the  dyadic; 
yielding  the  determinant 


I  e^Bi^  e^Bf^  e^Bs^  | 

a  dyadic,  a  concomitant  of  a  and  B,  contravariant  on  the  pre¬ 
factors  and  covariant  on  the  postfactors;  the  nine  components 
are  the  elements  of  the  matrix 

aiB|i  —  aiBti  atBit  —  atBn  atBn  —  aiBji 

aiBii  —  aiBti  aiBn  —  aiBu  aiBu  —  aiBn.  (41) 

aiBjij—  a*Bii  aiBu  —  atBn  aiBti  •—  aiBu 

We  form  (abibi)  from  (abi)bi  by  retaining  in  (40)  only  the  values 
of  0  equal  to  the  subscript  of  the  contravariant  prefactors  by 
which  tf  is  multiplied, — as  is  seen  directly  from  the  definition  of 
a  space  complement.  The  required  invariant  is  therefore  the 
sum  of  the  elements  of  the  main  diagonal  of  (41). 

We  can,  if  we  prefer,  write  the  steps  in  matrix  language.  The 
symbolic  determinant  (abibj)  is  replaced  by 

<f*iarBj/ ;  (42) 
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the  matrix  (41)  is  the  same  as 

criiafBfii  (43) 

and  the  passage  from  (ab|)b:  to  (abibj)  appears  as  the  identity 
tiiiRiBn  -f-  (itiajBit  CisiaiBii  *  Cri^aiBir  “  eriiarBji.  (44) 

As  an  example  in  which  a  folded  source  D  (or  better  D)  is 
identical  with  the  required  invariant,  take  three  binary  dyadics 
A  —  aiOt,  B  ■>  bibi,  and  C  »  CiCi,  symbolically.  Required  to 
develop  the  invariant  (aibi)(ajCi)(bjCi).  Form  first  (aib|)a*bj, 
i.e.  fold  A  into  B  on  the  first  factor  only;  giving  the  determinant 

®€«A|a  ®aA«a 
e^Bi^  e^Bj^ 

a  dyadic  with  components  Ai^Bj^  —  A«aB|«  (o,  ^  i,  2).  We 
now  form  the  required  invariant  at  one  step  by  folding  this 
dyadic  into  C  on  both  factors  since  evidently  (aibi)Rtbt  thus 
folded  with  CiCi  gives  (aib|)(atCi)(biCt>.  By  the  rules  given 
above  it  is  the  cubic  determinant 

AiiBji  —  AjiBii  AiiBjj  —  AjiBis  Cn  Ci* 

AiiBii  —  AttBii  AitBjj  —  A]]Bij  Cti  Cm 

This  is  of  course  an  invariant  of  three  bilinear  forms  correspond¬ 
ing  to  the  three  given  binary  dyadics.  If  the  dyadics  or.  bilinear 
forms  are  all  symmetrical  it  is  well  known  in  the  classical  theory  '* 
that  (•b)(ac)(bc)  is  the  determinant 

All  Alt  Atj 

Bii  Bit  Btt  .  (47) 

Cii  Cit  Ctt 

It  follows  that  (46)  and  (47)  are  equal  in  case  Ait  Ati, 
Bit  Bti,  and  Cit  ■■  Cti,  as  may  be  verified  by  expansion. 

When  n  2  a  folded  source  can  always  be  found  identical 
with  an  invariant  given  by  a  single  product  of  symbolic  deter¬ 
minants,  i.e.  such  an  invariant  can  always  be  expressed  as  a 
single  determinant;  because  when  n  «  2  the  above  method 
calls  for  no  folding  with  fewer  than  n  symbds. 
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To  take  a  less  simple  example,  let  four  ternary  triadics  be 
A  —  aitjai,  B  —  bibtbi,  C  »  CiCjCt,  and  G  —  giSsga.  symbol¬ 
ically.  Required  the  invariant  (•ibiCi)(atbigi)(aaCtgi)(baCjgi)  as 
a  sum  of  determinants.  No  two  symbolic  determinants  contain 
symbols  of  the  same  three  triadics.  Perform  first  the  fdding 
indicated  by  (aibjCi),  i.e.  fold  ABC  on  the  first  factor  only 
yielding  symbolically 

(a,b,c,)ataib,biC2Ci  (48) 

keeping  for  the  moment  direct  order  on  the  factors  not  folded. 
This  gives  a  covariant  of  A,  B,  C,  namely  the  determinant 

^02^02^30^03 
®aj®«3®a*!i#j 

®72®T*C|T»>j  ®T2®7jC#Ya78  ®72®78^*7272 

a  hexadic  whose  729  components  are  the  square  determinants  of 
the  third  order 

^10303  ^30303  ^30303 

(5®) 

^/727*  ^*727$  ^*727i 

where  the  six  Greek  indices  have  the  values  1,  2,  3  each  with  each.  * 
In  matrix  notation  (48)  is  • 

(51) 

It  will  be  convenient  temporarily  to  denote  the  determinants 
(50)  by  La3a,^3727i  8®  expansion  of  (49)  is 

L  “  ®a2®a3®ft2®^®72®73^^2^3^2^37273’  (52) 

We  now  form  the  symbolic  isomer  of  (48) 

(aibiCi)atCtb3b2«3C3  (53) 

guided  by  the  fact  that  the  first  three  factors  KtCaba  are  to  be 
folded  with  gigag*  in  order  and  similarly  for  baftaCs.  The  actual 
isomer  may  be  called  L  and  is 

L  *  ®a2®72®*3®^®as®73l-«2<*3^2^7273* 


(54) 
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We  next  fold  L  into  G,  the  first  three  vector  factors  of  L  with 
the  three  vector  factors  of  G  respectively,  yielding  symbolically 

D  -  (a,b,Ci)(aigi)(cigs)(big»)bj«sCj  (55) 

which,  since  all  four  given  triadics  are  included,  is  what  was 
above  called  a  folded  source.  It  may,  as  shown,  be  written  in 
actual  form  as  a  4-way  determinant  of  the  third  order:  the  ele¬ 
ments  of  the  first  layer  are  contravariant  triads  eaCke*;  of  the 
second  layer  triadics  :  and  of  the  third  layer 

Ga'b'ct-  D  is  a  concomitant  of  A,  B,  C,  G,  a  hexadic  whose 
components  are  four-way  determinants  of  the  second  order. 
The  easiest  way  now  to  form  the  required  invariant  is  to  con¬ 
ceive  tatijte  as  a  tri[>artite  vector  E“  in  27-sp)ace  and  e^^CajC^j 
similarly  as  E,  giving  D  as  a  dyadic  (double  triadic,  i.e.  prefactors 
and  postfactors  triadics)  in  27-space.  Replacing  symbolically 
(atSi)bi  by  (ajgibi)  is  equivalent  to  retaining  only  those  values 
of  the  index  which  are  equal  to  the  index  of  t,  in  the  same 
term  of  D,  and  similarly  for  the  other  two  remaining  Greek 
indices.  This  is  the  same  as  saying  that  we  add  the  com¬ 
ponents  of  D  in  which  u  —  v,  i.e.  the  elements  of  the  main 
diagonal  of  the  matrix  of  D  when  written  as  a  dyadic  in  27  space. 
We  have  thus  the  required  invariant  as  the  sum  of  27  4-way 
f  determinants  of  the  second  order 

<«AA'<6BB<CCC'L.AbaCB<GA'B'C'  “  <1AA'*1BB'5icC'La11CBiGa'B'C' 

plus  26  similar  expressions,  (a,  b,  c  ^  J,  2,  3). 


THE  FOURIER  TRANSFORM  THEOREM 


Bv  Andrew  C.  Berry 
lNTR(H)UCnON 

The  Plancherel  theory  of  the  Fourier  transform  is  one  of  the 
cornerstones  of  modern  harmonic  analysis,  in  that  not  only  its 
theorems,  but  also  the  methods  used  in  establishing  them,  find 
frequent  application  in  the  problems  of  harmonic  analyris.  The 
present  paper  was  written  to  furnish  the  author  an  introduction 
to  the  vectorial  methods  of  n-dimensional  harmonic  analysis. 
The  paper  is  based  on  the  n-dimensional  form  of  the  Riesz- 
Fischer  theory  of  mean  convergence,  the  fundamental  theorem 
of  which  is  stated  without  proof. 

1.  Preliminary  Calculations.  Let  P  denote,  indiscriminately, 
either  an  arbitrary  point  of  a  real  n-dinien«onal  ^>ace,  or  the 
vector  extending  from  a  fixed  origin  to  this  point.  Let  /(P) 
be  any  integrable,‘  complex  function  of  P.  By 

f  AP)dVr 

Jy 

will  be  meant  the  n-dimensional  volume  integral  of  /(P)  extended 
over  the  region  *  V.  In  particular, 


will  be  the  vohime  integral  of /(P)  over  an  n-dimensional  "sphere  " 
whose  radius  is  R  and  whose  center  is  at  P  P*.  If  we  denote 
by  (r,  ^1,  •  •  • ,  9)  a  system  of  n-dimensional  spherical 

'Throughout  this  paper  “integrable”  will  mean  “integrable  in  the  tenie 
of  Lebeague”;  all  intemis  that  appear  will  be  Lebeague  integrala.  This, 
impliea,  among  other  tninga,  that  the  functiona  in  ^ueation  are  absolutely 
integrable.  Ci.  H.  Lebeaipie:  "Lecona  aur  I'intigration  ec  la  recherche  des 
fonctiona  primitivea,”  (Pans,  Gauthier-Villara,  1904). 

'Throughout  thia  paper  “region**  will  be  used  as  if  aynonymoua  with 
“meaauralM  a-dimenaional  point  aet.*' 
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coordinates  with  pole  at  the  origin,  then 

r  f(P)dVi>  “  r  r*~*dr  f  sin""*  f  sin"~*  ^fd<^ 
J\p\^R  Jo  Jo  Jo 

Xsin  f  J(f,  ^1,  ^K-l,  0)d0. 

A  relation  useful  in  the  evaluation  of  such  an  iterated  integral  is 

..1  IJo  I  *-i  I  +  + 


The  following  relations  concerning  Bessel  functions  will  also  be 
useful: * 

^  jT  sin*" 


(2) 

(3) 


JM 


2-VTr 


(«+i) 


w  ‘  >  “Ku  5). 

(5)  IS  J["— »j^if0<BS>l;m>0. 

Denoting  the  scalar  product  of  two  real  n-dimensional  vectors  P 
and  Q  by  {P‘Q)  we  shall  verify  the  three  following  facts: 


fl.if  |Pl  <R;  /\P\  >0.\ 

lo.  if  ip|  >  /?;  V  >0  A 


'  Cf.  Watioti:  “The  theory  of  Beaael  functkma,"  pp.  18,  25,  405,  406. 
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dVq 

1,  for  any  fixed  K,\i  Q  <  B  ^  A. 


The  integral  in  (I),  being  extended  over  a  sphere,  depends  only 
on  the  magnitude  and  not  on  the  direction  of  the  vector  Q. 
Hence,  in  evaluating  this  integral  we  may  assume  Q  to  be  directed 
along  the  ray  =  0.  Thus,  using  (1),  (2)  and  (3),  we  find: 


(2 


IPI£R 


(2ir)-/*X. 


gtlQlreot*ifiy^ 


=  / 


•\P\*R 

'  — .■/(.n.-idolf)  ,  _  Jg-'’/./.(«lQl) 


Next,  since 


we  see  that  (II)  is  a  direct  consequence  of  (4).  Finally,  since  * 

Q 

I /■•(*)  I  <  "F »  *  sufficiently  large,  m  ^  0, 

Vx 


it  follows  that  the  infinite  integral  (III)  is  absolutely  convergent, 
and  hence  that: 

r(^  + 

\Q  +  L\-  ® 

r(^-H  C j^,M\Q\)Jn,^(.B\Q\) 

j,  1^1- 

2(^_  p  JUAq)Jn,t{Bq) 

‘  p/»\  Jo 


*  Watton,  loc.  cit.,  p.  199. 
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Since  1’^^  +  ***  follows  from  (5). 

One  further  fact  that  will  be  useful  later  is  that  the  volume  of 
a  sphere  of  radius  R  is 

2.  The  Fourier  Transform  Theorem.  In  studying  the  behavior 
of  an  ff-dimensional  volume  integral  as  the  region  of  integration 
is  allowed  to  expand  indefinitely  we  shall  require  that  this 
expansion  take  place  in  accordance  with  the  two  following 
restrictions: 

(i)  Corresponding  to  any  stage  of  expansion  there  must  exist 
a  sphere  of  finite  radius,  center  at  the  origin,  which  wiH  contain 
in  its  interior  all  points  of  the  given  region  at  the  given  stage  of 
expansion. 

(ii)  Corresponding  to  almost  any  point  P  (.i-C-  any  point  not 
on  a  certain  set  of  zero  n-dimensional  measure)  there  must 
exist  a  stage  of  expansion  such  that  for  all  later  stages  the  region 
will  contain  P  in  its  interior. 

We  shall  write  that  a  function  is  q.i.  over  V  (“quadratically 
*  integrable"  over  lOi  C^r  q.i.  over  «  if  the  function  is  integrable 
over  any  sub-region  of  V,  [or  over  any  finite  region],  and  is  also 
of  integrable  (absolute)  square  over  V,  [or  over  the  entire 
n-dimensional  space]. 

We  state,  without  proof,  the  w-dimensional  form  of  the 
Riesz-Fischer  Theorem.* 

If  S\{P)  is  q.i.  over  »  for  all  values  of  the  parameter  X,  and  if 

Jn;n^jr|/x(P)  =  0 

where  X,  m  *  in  any  fashion,  then  there  exists  a  function /(P), 

•  The  theory  of  mean  convergence  is  discussed  by  Plancherel  and  by 
Titchmarsh  in  the  papers  referred  to  later.  Other  references  are:  E.  Fischer, 
Comptes  Rendus,  148  (1907),  pp.  1022  and  1148.  F.  Riesz,  Comptes  Rendus, 
148  (1907),  p.  615;  Afatk.  AnnaUn,  69  (1910),  p.  449.  H.  Weyl,  Math.  AnnaUn, 
68  (1909),  p.  225.  W.  H.  and  G.  C.  Young,  Quarterly  Journal,  44  (1913),  p.  49. 
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defined  uniquely  almost  everywhere,  q.i.  over  «,  and  such  that 

Jimj  j/(P)  -MP)l^dVp  -  0. 

The  function  /x(P)  is  said  to  converge  in  mean  over  all  space  to 
the  function  /(P)  as  X  ->  w . 

We  shall  imply  all  of  the  above  facts  when  we  write: 

/(P)  «  l.m.  /x(P). 

If  /(P)  *=  l.m.  /x(P)  and  if  g(P)  is  q.i.  over  « ,  Schwarz’s  in- 
equality  tells  us  that 

£U(P)  -  hiP)]g{P)dv£ 

sjTi/fP)  -h{P)\^dv^^  £\g{P)\'dVp, 

and  hence  that 

(i)  lim  ( h{P)giP)dVp^  {mg{P)dVp. 

In  particular,  setting  g(P)  equal  to  unity  when  P  lies  inside  a 
certain  finite  region  V  and  equal  to  zero  elsewhere,  we  find  that 

(ii)  lim  fMP)dVp^  f  /(P)dVp. 

Furthermore,  since 
1/(P)|*-  !/x(P)|* 

=  y(P)l/(P) -Up)\ 4-/(P)|/(P)  -/x(P))  -  |/(P)  -/x(P)|*. 

where  dash^  denote  conjugate  values,  we  have: 

(iii)  Jim  £jMP)\'dVp^  ^y{p)VdVp. 

If,  in  addition,  g(P)  “  l.m.  .?x(P),  then,  since 

mgiP)  -MP)gx(P) 

=  l/(P)  -/x(P)k(P)  +  {g(P)  -  «x(P)|/x(P). 
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(iii)  and  Schwarz’s  inequality  tell  us  that 

(iv)  \un  jjxiP)gx{P)d  Vp  =  j f(P)g(P)d  V^. 

Throughout  the  remainder  of  the  paper  we  shall  refer  to  this 
group  of  one  theorem  and  four  corollaries  as  the  “theory  of  mean 
convergence.” 

First  given  as  a  special  case  of  a  more  general  transform  theory 
by  Plancherel,*  the  Fourier  transform  theorem  was  later  estab¬ 
lished  in  simpler  fashion  by  Titchmarsh.’  The  following  is  the 
complex,  n-dimensional  form  of  the 
Fourier  Transform  Theorem. 

(i)  If  f(P)  is  q.i.  over  oo,  there  exists  its  Fourier  transform 

w)  - 1 

a  function  defined  uniquely  almost  everywhere,  q.i.  over  <x>, 
and  such  that 

%/m  %/m 

(ii)  If  /(P)  and  g(P)  are  each  q.i.  over  «  and  if  their  respective 
^Fourier  transforms  are  FiQ)  and  G(Q),  then 

•  f  F(Q)G{Q)dVQ  =  r  fiP)g(P)dVp. 

%/m  %/m 

(iii)  If  /(P)  is  q.i.  over  «  and  if  F{Q)  is  its  Fourier  transform, 
then  the  Fourier  transform  of  F{Q)  is  /(—  M),  i.e. 

(iv)  If  /(P)  is  q.i.  over  «,  an  explicit  formula  for  its  Fourier 

'  M.  Plancherel:  " ContributionB  4  I’etude  de  la  representation  d’une 
fonction  par  des  int^grales  d^finies,”  Rendiconti  del  Circ»lo  Matematico  di 
Palermo.  30  (1910),  p.  289. 

’  E.  C.  Titchmarsh:  “Hankel  transforms,”  Proc.  Cambr.  Philos.  Soc.,  21 
(1923),  p.  463;  ”A  contribution  to  the  theory  of  Fourier  transforms,”  London 
Math.  Proc.  (2),  23  (1924),  p.  279. 
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transform  is 


F{Q)  - 


Jnn{A\P\) 


this  limit  existing  for  almost  every  Q. 
Proof  of  (0 : 

Construct  the  approximating  function 


t  (P\  s  ^ 

'  1  0,  when  P  is  not  in  V. 

From  the  integrability  of  /(P)  over  any  finite  region  there 
follows  the  existence  of  FviQ),  the  Fourier  transform  of  /k(P) 


Fy{Q)  - 


It  is  important  to  note  that  this  and  other  similar  integrals  to 
follow  are  infinite  in  appearance  only;  we  may,  at  pleasure, 
invert  the  order  of  integration  of  iterated  integrals  of  this  type. 
We  shall  now  prove  the  important  relation 

fiFy(Q)iyv^=  flMF)l*dVj.=  fiAP)l*dVp. 

«/•  •/«  R/K 


We  have 
|Pk((?)|* 


Fv(Q)-Fv(Q) 

MP)f‘‘'’-^^dVp  J  fy(P')r-*<''-^^dVp, 
[fy(P)dVp£fy(P  - 


£MP)fy(P  -  M)dVp 


dVii. 


Let  F_*.a/  denote  the  region  obtained  from  a  given  region  V  by 
translating  V,  as  a  whole,  through  the  vector  M;  and  let  ( F* 
denote  the  region  common  to  V  and  to  F_*  v.  Then  we  see  that 
the  product  fy{P)fy{P  —  M)  differs  from  zero  only  when  P  is 
in 
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Chooee  a  radius  B  of  such  size  that  (F*  will  be  a  null 

region  for  all  vectors  AT  of  absolute  value  greater  than  B.  Then 

(F-  V^m)  «  0  .  when  1  Af  -  iV|  >  2B  and  liV|  S  B. 

Hence 

|MO)l*  “7^  r  I*''""®  {Sv^PMP  -  M)dVp\dVM, 

when  I  AT]  ^  B. 

Since  this  expression  is  constant  for  all  vectors  N  of  absolute 
value  not  greater  than  B,  its  value  will  not  be  altered  if  we  average 
it  with  respect  to  N  over  the  sphere  |  A^l  SB.  Therefore 

X  I  e‘'“®  J  fy<.P)Jy(P  -  M)dV,^  dVM. 

We  wish  next  to  expand  the  quantity  within  the  brace  into  a 
series  uniformly  convergent  for  all  Af  and  Q.  To  do  this  we 
introduce  the  auxiliary  function 

f  (p\  .  P  is  in  F; 

'  1  0,  when  P  is  in  n  but  not  in  F; 

defined  throughout  an  n-dimensional  “cube”  Q,  whose  center 
is  at  the  origin  and  whose  sides  are  of  length  8B.  We  shall 
define  /a(P)  outside  Q  by  requiring  that  /a(P)  be  an  »-tuply 
periodic  function.  We  note  that  in  each  cube  of  periodicity 
there  will  be  a  region  corresponding  to-F,  and  that  none  of  these 
regions  can  be  made  to  have  a  point  in  common  with  Q  by  trans* 
lation  through  a  vector  M  whose  absolute  value  is  not  greater 
than  3B.  This  being  so,  we  can  write 

^1.,. /.  /  dV„ 

X  J  J /□(P)/o(P  -  M)dVp^dVM. 


•«) 
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Now,  /□(/*)  is  q.i.  over  Q.  Hence,*  the  Fourier  series  corre¬ 
sponding  to/o(P)  converges  in  mean  over  Q  to Sa{P): 

fo(P)  •  l.m.  over  □  T]  Cjce'**''’ 

•  i*T<x 

where  the  vectors  K  all  have  components  in  the  directions  of  the 
edges  of  □  which  are  integral  multiples  of  r/SB.  Since  the 
functions  are  orthogonal  in  Q,  we  have,  by  the  theory  of 

mean  convergence,  that 


f^\fiP)\*dv^  •  fjupyyvp 

=  lim  L  T  axiL  f 
|jcT<x  uTkX  Jo 

this  last  series  being,  therefore,  absolutely  convergent.  In  similar 
fashion  we  find  that 

fjaiP)Ia(P  -  Af}dVp  =  (85)-L|o*!V<*-*«. 


Hence 


f  foiP)JaiP  -  mdVp 

•/a 


This  series  is  uniformly  convergent  for  all  M  and  all  Q  since  it  is 
dominated  by  the  absolutely  convergent  series  (SB)" 

Thus,  we  find  that 

I  '  ' 

X  r  dVs  f  etf '«+*). jfirfV’j, 

*'\N\£B  J\li4-N\£2B 


A-2+') 

t">'B"(2x)" 


(85)- Lk*! 


*  By  the  n-dimenuonal  form  of  the  theorems  given  by  E.  W.  Hobson: 
'Theory  of  functions  of  a  real  variable,”  2d  ed.,  2,  pp.  573-578. 
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r(^+ i)(25)-'* 


(85)*ElaA 


X 


+  K\)J,„i2B\Q  +  K\) 
l(?-f /el¬ 


and  this  series  is  uniformly  convergent  for  all  Q. 

Relation  (III),  proven  at  the  beginning  of  the  paper,  now 
yields  us  our  desired  result: 


JjFyiQ)\^dV, 


0=  (85)-E|a* 


r(2+i)(2B,. 


w  rA/*(5|<?  +  /c|)y.„(25|(2  +  /i:|),,, 


=  (85)-LlaA|* 

^  ^  Jjfy(P)\^dV^. 


Consider,  now,  the  function 


fvm-fy.iP) 

where  Vi  and  Vt  are  any  two  regions  each  of  which  we  shall 
presently  allow  to  expand  indefinitely  according  to  the  restric¬ 
tions  previously  laid  down.  The  Fourier  transform  of  this 
function  is 

Fv,{Q)  -  Fy,(Q) 

where  Fy^Q)  and  Fy^{Q)  are  the  respective  Fourier  transforms 
of/K.f/*)  and  fy^iP).  We  see  at  once  that  the  preceding  analysis 
applies  to  these  two  functions.  Hence 


JT I  FyJQ)  -  FyM  VdVQ  =  \fy,{P)  -  fy,(P)  \  H 

=  r  !/(P)l*dVp+  f  lf(P)l'dyF 

•/k,-(K,-K,)  Jy,-(y,.y,) 

^:2f  l/(P)l*dVf.. 

•'Pou»ad«(K,-K») 
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But,  since /(P)  is  q.i.  over  oo,  this  last  expression  converges  to 
zero  as  Vi  and  Vt  expand  indefinitely.  Thus 


lim  f\Fy,iQ)-Fy,{Q)\*dVQ^O. 


V,-*m 


Therefore,  by  the  theory  of  mean  convergence,  there  exists 


F{Q)  »  FyiQ)  - 

a  function  defined  uniquely  almost  everywhere,  q.i.  over  w, 
and  such  that 


f \F(Q)\*dV<f  lim  r \Fy{Q)YdVg 

“  “  jyW'dVp. 

Proof  of  (»*) : 

Let  /(P)  and  g{P)  each  be  q.i.  over  oe.  Denote  their  Fourier 
transforms  by  F{Q)  and  G(Q),  respectively.  Then,  if  a  and  b 
are  any  two  complex  constants,  the  function 


am  +  h{P) 


will  be  q.i.  over  «e ,  and  will  have  for  its  Fourier  transform,  the 
function 


Hence 


aF{Q)  +  bC{Q). 


J  laF(Q)  +  bG(Q)l*dV«  =  fjaf(P)  +  bg(P)l*dV,. 
Now,  sincq 

/(P)i(P)  -  5i/(P)  +  j(P)!’  +i|/(P)  +  .*(P)|> 

-^l/W 

with  a  similar  relation  for  F(Q)G(Q),  it  follows  that 
jf  F{Q)G{Q)dV^  -  jj{P)g{P)dV^. 
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It  is  important  to  note  the  fact  that  the  Fourier  transform  of 
g(P)  is  not  G{Q)  but  G{—  Q). 

Proof  of  (Hi) : 

Let  f(P)  and  g(P)  each  be  q.i.  over  <» .  Denote  their  Fourier 
transforms  by  F(Q)  and  G(Q),  respectively.  Denote  the  Fourier 
transforms  of  FiQ)  and  G(Q)  by  ^(M)  and  ^(M),  respectively. 
Applying  the  second  part  of  our  theorem  we  see  that 


J J  F(0G«?)dF<,-  ff(P)g(P)dVp. 

Now,  consider  the  special  function 

f  1,  when  |P  +  A/o|  <  F; 

”  1  0,  when  jP  -f  Mo\  >  R. 

It  is  q.i.  over  «,  and  its  Fourier  transform  is 

and  (II)  tells  us  that  the  Fourier  transform  of  G(Q)  is 

5f(A0  -  l™  (^J-7 


10155 

1,  when  I  AT  —  Afo|  <  R', 
0,  when  Af  —  Mo  I  >  R. 


For  this  g(P)  and  its  S?(Af)  we  find,  then,  that 


r  ^(M)dV^^  f  /(P)dF, 

*'IF+U,l£R 


Therefore 


I  f(-M)dV^ 


f 


'\U-U,\*R 

\^(M)  -/(-  Af)jdF.-  0 


for  every  radius  R  and  every  center  Mo.  In  other  words,  the 
functions  ^(M)  and  f(—  M)  can  differ  only  on  a  set  of  zero 
measure,  which  is  what  we  wished  to  prove 
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Proof  of  (iv) : 

Let  /(P)  be  q.i.  over  «  and  let  F(,Q)  be  its  Fourier  transform 

F{M)  -  l.m.  Fy{M)  «  l.m.  7:^  f  fiP)e*^'-^dVp. 

V-*  •  r-*  m  UR’;  Jv 

By  the  theory  of  mean  convergence 
f  F(M)dV^^  lim  f  Fv(Jlf)dV^ 

*^IU~Ol£A  •'lU-OlSA 


V-*«i(2t)  Jy  *'\U-0l^A 

=  A  ■/«  £f(P) Vp, 


an  absolutely  convergent  integral.  Since  FiAf)  is  integrable, 
it  follows  that  the  limit  of  the  average  of  FiM)  over  a  region  as 
the  region  shrinks  around  a  point  M  =  ^  is  almost  everywhere 
equal  to  F{Q).  Hence,  almost  everywhere 


P{Q)  =  lim  ■ 

>•-►0 


(i^') 


/ 

J\U-i 


U-Q\£A 


FiM)dV^ 


=  lim — ^  f  gHP  Q)dVp. 

A— ►o  '  |Pl-« 


Note. — To  be  strictly  accurate  in  discussing  the  mean  conver¬ 
gence  of  a  volume  integral  as  the  region  V  of  integration  expands 
indefinitely  one  should  require  V  to  belong  to  a  one-parameter 
family  of  regions.  Thus  more  than  one  Fourier  transform  can 
be  constructed.  However,  Schwarz’s  inequality  shows  at  once 
that  any  two  such  transforms  are  equivalent,  i.  e.  differ  only  on 
a  set  of  zero  measure. 


By  Pkbscott  D.  Ceout 

1 .  Euler’s  Formula  and  a  Formula  Analogous  to  That  of  Euler 
for  the  Approximate  Calculation  of  Integrals.  In  the  first  paper  ^ 
the  discussion  of  Euler’s  formula  (1')  for  the  approximation  of 

fix)dx  was  carried  to  the  point  where  a  system  of  linear 

equations  was  obtained  by  which  the  coefficients  could  be 
determined. 

This  paper  has  two  objects  in  view.  The  first  is  to  continue 
the  discussion  of  Euler’s  formula,  finally  obtaining  the  coefficients 
expressed  in  terms  of  the  Bemoullian  numbers.  It  will  be  shown 
that  these  coefficients  are  identical  with  the  corresponding  terms 
of  the  expansion  of  6  coth  $  in  powers  of  $,  or  that  they  differ 
only  in  sign  from  the  corresponding  terms  of  the  power  series 
expansion  of  $  cot  6. 

The  second  object  of  this  paper  is  to  derive  a  certain  formula 

(19’)  for  the  approximation  of  J*  fix)dx  which  is  analogous  to 

that  of  Euler,  the  difference  being  that  Euler’s  formula  involves 
derivatives  of  order  0,  1,  3,  5,  •  •  •,  2ife  —  3  at  the  end  points  of 
the  interval  of  integration,  whereas  this  formula  involves  deriva* 
tives  of  order  0,  2,  4,  6,  •  •  • ,  2ifc  —  2  at  the  end  points  of  that 
interval.  It  will  be  shown  that  the  coefficients  of  (19’)  may  be 
expressed  very  simply  in  terms  of  the  Bemoullian  numbers; 
also  that  these  coefficients  are  identical  with  the  corresponding 
terms  of  the  exf>ansion  of  tanh  d  in  powers  of  6,  or  that  they 

*  This  paper  was  prepared  under  the  supervision  of  Prof.  George  Rutledge, 
of  the  Massachusetts  Institute  of  Technology,  who  offered  many  valuable 
suggestions. 

'  Crout:  A  Method  for  Derieini  Formulas  for  the  A  pproximate  Calculation  of 
Integrals,  this  Journal,  vol.  7,  p.  126. 
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differ  only  in  sign  from  the  corresponding  terms  of  the  power 
series  expansion  of  tan  $. 

Throughout  this  paper  the  methods  and  the  notation  will  be 
that  of  the  first  paper,  to  which  all  section  numbers  and  equation 
numbers  refer.  To  avoid  ambiguity,  the  equation  numbers  of 
this  paper  will  be  followed  by  a  prime. 

2.  Euler’s  Formula.  Euler’s  formula  for  k  elements  is  of  the 
form 

J* f(x)dx  -  «[{/(:-,«)/(-  6)  +  {/(:,•)/(«)] 

+  0)  +  {/(:,•)/■(«): 

+  *)/»(-  0)  + 


+  0)  +  {/c, 

or  (fO 

f  /(x)dx  -  0aK.m- 9)  +  \Km9)i 

i-t 

+ « 

where  k  >  \.  From  Section  9  we  have 
{/(:_,•)  -  -  1 

-  [K-i**-]  -  {/(:,«-•)  I  -  2,  3,  4,  . .  ^  ^ 

and 

1  -  j/i:.*||i,o} 

1-  {/i:,*}{3,on- 1} 

1  -  {/i:i«){3,0}  +  {/i:,')|5, 1)  +  {/i:i*){5,3} 

1  -  {K^*\{2k  -  1,0)  +  {/C,'){2*  -  1,  1) 

4-  {Kr»\[2k  -  1, 3)  +  •  •  •  +  lit,**-*)  {2*  -  1,  2*  -  3). 

The  determinant  of  the  first  j  +  I  equations  of  (3’)  is  the 
product  of  the  elements  of  the  principal  diagonal,  or 
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hence  we  can  solve  these  i  +  1  equations  for  j  >  0, 

and  thus  have 


{K^ 


1 


fl 


2»-|-l! 


11.01 

0 

0 

0 

1 

{3.0} 

{3.1} 

0 

0 

1 

{5.0} 

{5.1} 

{5.3}  .. 

0 

1 

{2i-l,0j 

{2i-l.l} 

{2i-1.3}  . 

■  \2J-U2j- 

-3} 

1 

|2j+l,0| 

{2i+l.l} 

{2j4-1.3}  . 

•  {2i+l,2j- 

-3} 

1 

(40 


Noting  that  {n,  m]  ”m-hl!^^^j^,we  have  from  (40 


\K 


n2i! 

n2*+i! 


1  0  0 

0 

1 

3  3  0 

0 

1 

’  (D'  * 

0 

1 

»-(V)(V) 

...  2i-l 

1 

/2j+l> 
r  \2j-2j 

I' 

(50 


Di 


2j!n(2t-|-l) 

i=i 


j-  1,  2,  3,  1  (60 


where  Df  denotes  the  determinant  in  (50> 

We  now  consider  the  recursion  formula  * 

2A-  L2«(^*2t A-  1.2.3, 


(70 


*  SaalKhtUt:  Vorksungen  iber  die  BemouUiuken  Zakkn,  p.  12,  formula  V. 
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where  Bt,  B*,  B*,  •••  are  the  Bemoullian  numbers  (13');  and 
write  (7')  in  the  form 

-  1  -  .4  ^  (80 

-  J  -  (2*  +  l)-4  +  r  P'  (  )  B„  »  -  1,  2,  3.  . . .. 

Since  the  determinant  of  the  first  ;  +  1  equations  of  (S')  is  the 
product  of  the  elements  of  the  principal  diagonal,  or 

Ay+i  »  ri2*‘(2*  +  i)9^0  -  1.  2,  3. 

<-i 

we  can  determine  B^  from  these  j  +  I  equations;  thus 


1 

0 

0 

0 

1 

3 

3 

0 

0 

1 

-1 

5 

(D 

.s 

0 

1 

2*>  11(21+1) 
lal 

2,-1  I 

{vy 

.  2j-\ 

1 

2;  +  li 

^2j+l\ 
^  2  / 

("D- 

■m) 

1 

or 

Z),  »  11(21  +  1)  j»l.  2.  3,  ....  (10') 

iml 

Sut>stituting  (10')  in  (6'),  noting  (2'),  we  have 

-  {/!:-,«>-■}  »  -  ~  >=  1,2,3,  ..../fe-l;  (11') 

thus  finally  * 

J* f{x)dx^eU{-  0)  +/(»)] 

t— I  ytiB  in 

+  e)  -/*^‘(fl)] 

>-t  2j! 

+  «.  (12') 

*  This  expression  was  to  be  expected  due  to  Section  12,  d,  since  (12')  is  a 
familiar  form  of  Euler's  formula.  La  ValUe  Poussin,  Cours  d’ Analyse  Infini- 
Usimale,  vol.  2,  p.  343.  Jordan,  Cours  d’ Analyse,  vol.  2,  p.  119. 
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due  to  (110  and  (10.  where  the  Bernoullian  numbers  Ba  are 


Bt  -i,  B4 

Since 


1 

30’ 

B»  - 

1 

30’ 

691 

B„  = 

3617 

2730’ 

510 

9  coth  9  — 


+  L 


/-I 


Tj\  ’ 


(130 


(140 


it  is  evident  that  the  coefficient  of  [/’'~'(—  9)  —  /*^“'(®)D  (120 

15  the  j  +  1**  term  of  the  expansion  *  of  9  coth  9  in  powers  of  9; 
similarly  since 


9  cot  9 


m 

1  +  i: 

>-i 


(- 

2j\ 


(150 


it  is  evident  that  the  coefficient  of  [/*^*(~  ~  /*^“'(^)3  (120 

is  (—  1)^  times  the  j  +  1**  term  of  the  expansion  *  of  9  cot  9  in 
powers  of  9;  thus  we  have  relations  involving  the  ^  terms  of 
(120,  (140,  (150*  For  example,  since 


„  L  9*  ,  29^  r  . 

9  coth  9  1  +  ^  ^^25  + 


9  cot  9  » 
(120  niay  be  written 


_29^ _ ^ 

*  3  45  945  4725 


(160 


J^mdx  =  9U{-  9)  +m:\+jU'-(- »)  -/'(»)] 

at  2/9 

-  ^  c/'(  -»)-/•(«]+ In 

+  ^  -  [/**-«(-  e)  - /»-»«?)]  -f  «■  (170 

*  The  aeries  (14')  and  (15')  have  the  same  region  of  convergence, 
—  V  <  F  <  r;  however,  it  is  evident  that  these  aeries  are  used  here  in  such 
a  way  that  their  convergence  is  of  no  importance. 
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From  (84)  we  see  that  Q  >«  2k;  thus  (12'),  or  (17'),  gives  exact 
results  when  applied  to  any  polynomial  of  degree  2k  — 

In  using  a  formula  of  approximate  integration,  it  is  obvious 
from  (68)  that  c  can  be  reduced  by  breaking  the  interval  of 
integration  up  into  subintervals  and  by  then  applying  the 
formula  to  each  partial  integral,  the  results  being  finally  added; 
however  Q  remains  unaltered.  Simpson’s  rule  is  an  example  of 

this  process;  as  another  example  let  us  approximate  I  f{x)dx 

•/o 

by  applying  (12'),  or  (17'),  to  each  of  the  partial  integrals  forme<l 
by  breaking  the  interval  of  integration  (0,  2n$)  up  into  n  equal 
subintervals.  We  then  have 

£^f(x)dx  =  e  1^/(0)  +  2Zn2ie)  +/(2««)  j 


+  <>. 


(18') 


The  substitution  2d  ^  h  places  (18')  in  the  usual  form  of  Euler’s 
summation  formula.* 

3.  Formula  Analogous  to  That  of  Euler.  The  formula  of 
integration  which  we  shall  consider  is  of  the  form 

j* Kx)dx  -  ellK-m-  6)  +  {A, »}/(«)] 

+  fl»[{/i:-,*j/*(-  0)  +  l/c, *)/*(«)] 

**-*}/**-*(-  e)  + 

+ «.  (19') 


r fix)dx  -  L  0)  +  {A'i*‘-*)/*'-«(tf)] 

+  *; 

*  La  ValUe  Poussin:  Cows  d' Analyse  InfinitisimaU,  vol.  2,  p.  344.  Pier- 
Pont:  Functions  of  a  Complex  Variahte,  p.  318. 


APPROXIMATE  CALCULATION  OF  INTEGRALS  125 

hence,  applying  the  theory  developed  in  Section  8,  we  have 

5-  !:«•*-»[ I /(:-,**-•  )/**-«(-  e)  +  {/!:,«-*}/»*-•(«)].  m 

tml 

from  which  it  follows,  due  to  (65),  that 

*  =  1,  2,  3,  •  •  •,  *.  (21') 

The  following  system  is  due  to  (60),  (56),  and  (57), 

1  -  {2i:,»}|l,  0H-|A-,*j|l,  2)  +  .-.  +  {A:,**-*){1,  2*-2} 

1  -  {/i:,®|j3,  Oj-f  |A:,*}{3,  2}  +  ..-  +  {/i:,**-»|{3,  2ife-2} 

1  =  |/i:»‘||5,0)  +  {A:,*}|5,  2) +  ...  +  {/!:, **-*115,  2*-2}  (22') 

1  -  {K^•\\2k-^,0]  +  \Kr*\{2k-l,  2}  +  --- 

■f  {A", **-*}! 2*- 1,  2*-2}. 

Noting  that  {n,  mj  =«  0  if  n  <  w  +  1,  we  see  that  all  terms  of 
(22')  which  lie  above  the  principal  diagonal  are  zero;  hence  the 
determinant  of  the  first  j  equations  of  (22')  is  the  product  of  the 
elements  of  the  principal  diagonal,  or 

A,  =  ^2n=T!  0  j  -  1,  2,  3,  •••,  *.  (23') 

It  is  thus  evident  that  may  be  determined  from  the  first 

j  equations  of  (22') ;  then,  using  determinants,  we  have 

--7-J - 

n2i-i! 

•1 

{1,0}  0  •••  0 

{3,0}  {3,2}  •••  0 

|5,  Oj  {5,2}  ...  0 

|2j-3,0|  i2j-3.  2}  ...  |2j-3.  2j-4| 

|2j-1.0|  |2j-l,  2}  ...  j2j-1.2j-4| 


.  (24*) 
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Noting  that  |n,  m) 


m  +  1! 


^  ^  j  ^  ,  we  have  from  (240 


also 


where 


and 


1 

0 

0 

1 

(0 

1 

0 

1 

1 

(i) 

(0  - 

0 

1 

2>-l! 

(V) 

• 

1  . 

1 

1 

rr‘) 

("rO  - 

1  1 
Cft  ►- 

1 

1 

0 

0 

1 

(0 

1 

0 

1 

-  iy-‘ 

(i) 

(0  - 

0 

1 

(V) 

(V)  - 

1 

1 

("TO 

("rO  - 

(|:0 

1 

•  Jc*^“‘  r  r 

tan>t-i;A,==  -2<*<2' 


_  (-  l)i-'2j 
2*»(2*'  -  1) 


(250 


(260 


(270 


where  Bt,  Bi,  Bt,  •  •  •  are  the  Bernoullian  numbers  (130.* 
Substituting  (260  (270  in  (250i  noting  (21 0i  we  have 


*i-t| 


2»/(2*^  -  1) 


1.2,  3.  (280 

2j\ 


*  Pascal:  Die  Determinanlen,  p.  136. 
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thus  from  (28')  and  (19')  we  have  finally 

f t)  +/•<-(»)] 

J-0  f~l 

+  «.  (29') 


where  the  Bemoullian  numbers  Bti  are  given  by  (13').  Since 
tanh  d  -  £  l)g«,  ^3^ 


it  is  evident  that /Ac  o/ Q/*^~*(—  $)  +  /*^~*(fl)]  in  (29') 

ij  Ihef^  term  of  the  expansion'  of  tanh  0  in  powers  of  9;  similarly, 
since 


tan  *  21 
/-I 


(-  l)^-»2»^(y^  -  \)B,i 

2j\ 


(310 


it  is  evident  that  the  coefficient  of  [/**“*(—  0)  +  /*^~*(tf)]  in  (290 
is  (—  1)^“‘  times  the  term  of  the  expansion'  of  tan  0  in  powers 
of  9.  For  example,  since 


t 


tanh  9 


0>  1th  17^  62g* 
3  15  315  2835 


*  i.  -  ^  .  62^  , 

tan  9  =  0  +  3  +  +  3J3  +  2335  + 


(29')  may  be  written 


(320 


r/(*)rfi  - «[/(- »)  +/(»)]  -  «)  +/«(»)] 

+  ^  [/•(  -  *)  +/•(*)]-  -^  □*(  - «)  +  A»)] 


’The  leries  (30')  and  (31')  have  the  same  region  of  convergence, 
—  ^  <  9  <  ^ ;  however,  it  is  evident  that  these  series  are  used  here  in  such 
a  way  that  their  convergence  is  of  no  importance. 
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Also,  we  have 

/  -  2*  -  2 
r  -  *  for  (69) 
T~  k+’l  for  (70) 

2i  -  0 

Q  -  2,  «  2k; 


(340 


thus  (29'),  or  (33'),  gives  exact  results  when  applied  to  any  poly¬ 
nomial  of  degree  2k  — 


EQUIMOMENTAL  SYSTEMS* 

By  Philip  Franklin 


1.  Introduction.  The  object  of  this  note  is  to  discuss  certain 
simple  geometric  relations  between  rigid  systems  of  mass-points 
which  are  equimomental,  i.e.  have  the  same  moment  of  inertia 
about  every  axis  in  space. 

While  some  of  these  results  are  in  the  literature,*  they  are 
relatively  so  little  known  that  their  interest  justifies  a  connected 
account  from  an  elementary  standpoint.*  Our  introduction  of 
the  elementary  equimomental  operation  of  “sliding,”  and  deduc¬ 
tions  therefrom,  are  believed  to  be  new. 

2.  Fundamental  Properties  of  Moments  of  Inertia.  Related 
ellipsoids.  For  future  reference,  we  recall  some  of  the  well-known 
elementary  properties  of  moments  of  inertia.*  From  the  theorem 
on  piarallel  axes,  and  the  dependence  of  the  moments  of  inertia 
for  one  point  on  the  coefficients  for  that  point,  there  follows: 
Two  systems  are  equimomental  if  and  only  if  they  have  the  same  total 
mass,  center  of  gravity,  and  coefficients  of  inertia  for  the  center  of 
gravity. 

When  the  coordinate  planes  are  taken  to  be  the  principal 
planes  for  the  center  of  gravity,  we  have 

(1)  Zmx  =  0,  Zmy  =  0,  Smr  =  0; 

Xmyz  =  0,  2m2x  =  0,  Smxy  =  0, 

and  the  only  essential  coefficients  of  inertia  are 

(2)  A  =  lm(y  -b  2*),  B  =  2m(2*  +  **),  C  >=  2m(x*  +  y»). 

From  these  quantities,  we  may  build  up  various  ellipsoids,  each 
of  which  determines  the  inertial  properties  of  the  system.  In 

'  Presented  to  the  American  Mathematical  Society,  December,  1928. 

*  See,  in  particular,  Reye,  Cretle,  vol.  72  (1870),  p.  302  ff. 

'Perhaps  the  most  complete  accessible  account  is  E.  J.  Routh,  “Rigid 
Dynamics,”  London,  1877,  vol.  I,  Chap.  1,  and  he  confines  himself  to  special 
cases  of  our  theorems. 

'Cf.  e.g.  Routh,  l.c.  or  Appell,  "Mecanique  Rationelle,”  vol.  2,  chap.  1. 

9  129 


130 


FRANKLIN 


the  first  place,  we  have  the  ellipsoid  of  inertia, 
(3)  >1**  +  By*  +  Cs*  =  1, 


for  which  if  r  is  the  radius  vector  in  any  direction,  1/r*  is  the 
moment  of  inertia  about  the  corresponding  axis.  Secondly  we 
have  the  ellipsoid  of  gyration. 


(4) 


JC*  V*  s* 

~~  ^  ~  ~  1 


for  which,  if  the  perpendicular  on  the  tangent  plane  in  any 
direction  is  p,  the  moment  of  inertia  about  the  corresponding 
perpendicular  is  p*.  Geometrically,  (3)  and  (4)  are  polar  recip¬ 
rocals.  Thirdly  we  have  the  less  known  class  of  ellipsoids. 


(5) 


+ 


+ 


s* 


B-\-C-A  '  C->rA-B  '  A+B-C 


If  1,  a  solid,  homogeneous  ellipsoid  with  this  equation  and 
mass  M,  the  total  mass  of  the  system,  is  equi momenta!  to  the 
system,  so  that  we  may  call  it  the  equivalent  ellipsoid.  If 
k  »  5/M,  the  ellipsoid  has  the  property  that  the  perpendicular 
on  any  tangent  plane  is  equal  to  the  "moment  of  inertia”  for 
the  parallel  plane  through  the  center,  i.e.  the  sum  of  each  mass 
times  the  square  of  the  perpendicular  from  it  to  the  latter  plane. 
Geometrically,  the  relation  of  (5)  to  (3)  is  given  by  the  fact  that 
the  locus  of  points  from  which  three  mutually  perpendicular 
tangent  lines  can  be  drawn  to  (5)  is  an  ellipsoid  *  similar  to  (3;, 
equal  to  it  if : 


(6) 

If  ik 


AkMjS  -  2BC  +  2CA  +  2AB  -  yl*  -  B*  -  C*. 
—  5,  the  imaginary  ellipsoid  (5)  is  confocal  to 

i 


(7) 


A^  B^  C  M 


similar  to  (4).  The  ellipsoids  confocal  to  (7)  may  be  character¬ 
ized  as  the  envelopes  of  planes  for  which  the  "moment  of  inertia” 


*Cf.  G.  Salmon,  "Analytic  Geometry  of  three  dimenaiont,"  Sth  edition, 
reviaed  by  A.  P.  Rogera  (1912),  vol.  1,  p.  177;  or  American  Mathematical 
Monthly,  vol.  34  (1927),  p.  467. 
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of  the  system  is  constant.  The  lines  through  which  two  per¬ 
pendicular  tangent  planes  can  be  drawn  to  one  of  these  confocals 
are  a  set  of  lines  for  which  the  moment  of  inertia  of  the  system  is 
constant. 

3.  Elementary  Equimomental  Operations.  Let  us  consider  a 
finite  number  of  mass-points,  of  various  masses,  rigidly  connected. 
What  operations  may  we  perform  on  the  points,  in  the  sense  of 
replacing  certain  points  by  certain  other  points,  with  different 
masses,  so  as  to  leave  the  new  system  equimomental  to  the  old? 
For  a  single  point,  we  may  evidently  not  do  anything,  except 
regard  it  as  several  coincident  points,  since  no  set  of  more  than 
one  point  has  all  the  moments  of  inertia  for  axes  through  the 
center  of  gravity  aero. 

For  two  points.  Pi  with  mass  mi  and  Pt  with  mass  mj  distant, 
respectively,  kmt  and  kmi  from  their  center  of  gravity,  we  may 
perform  an  operation  of  “sliding,"  i.e.  replace  them  by  a  second 
pair  of  points  on  the  same  straight  line,  equimomental  to  the 
first  pair.  If  the  new  points  are  Pi  with  mass  m/  and  P\ 
with  mass  m*',  distant  respectively  k'nti  and  ik'm/  from  the 
same  center  of  gravity,  we  evidently  must  have 


(8) 


mi  +  mj  «  m/  +  m/;  k^ntimt  *  ife'*mi'm,'. 


It  should  be  noted  that  these  restrictions  leave  but  one  degree  of 
freedom.  That  is,  we  may  select  arbitrarily  one  mass,  m/, 


0  <  m/  <  mi  -H  m,. 


or  one  distance,  k'mt  >  0,  or  the  ratio  of  the  masses  (or  dis¬ 
tances)  titilmt  >  0;  and  the  remaining  primed  constants  will 
be  uniquely  determined  from  (8),  with  the  new  masses  positive. 
In  particular,  one  of  the  new  particles  may  be  given  any  position 
on  the  line  except  the  center  of  gravity  of  the  pair. 

Now  consider  four  mass  points  in  a  plane.  A,  B,  C,  D.  If 
AB  \%  parallel  to  CD,  or  meets  it  in  the  center  of  gravity  of  the 
pair  C,  D,  a  slight  sliding  of  the  pair  B,  D  will  disturb  these 
relations.  Hence  we  may  assume  that  AB  meets  CD  in  E,  not 
the  center  of  gravity  of  the  latter  pair.  We  slide  the  pair  C,  D 
to  a  new  pair  E,  F.  Of  the  three  A,  B,  E,  at  least  one  of  the 
points  A,  B,  say  A,  will  nqt  be  between  the  other  two,  and  hence 
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not  the  center  of  gravity  of  them,  so  that  we  may  slide  B,  E  to 
a  new  pair  A’,  G,  the  first  of  which  coincides  in  position  with  A. 
We  may  now  coalesce  the  two  masses  at  A  into  a  single  mass 
at  that  point,  and  we  have  reduced  the  system  to  three  points. 
If  we  start  with  more  than  four  ptarticles  in  a  plane,  we  may 
repeat  the  process  just  described  with  sets  of  four  until  only  three 
points  remain,  and  we  have: 

Theorem  I.  For  any  finite  set  of  mass-points  in  a  plane  an 
equimomental  set  of  three  points  may  be  found  by  slidings. 

Corollary.  One  of  the  three  points  may  be  given  an  arbitrary 
position  in  the  plane,  not  the  center  of  gravity  of  the  given  set  (as¬ 
sumed  to  be  not  all  on  a  single  line). 

For,  let  ABC  l)e  the  triplet  we  first  arrive  at,  and  D  the  new 
position.  Since  D  is  not  at  the  center  of  gravity  of  A,  B,  C, 
there  is  at  least  one  median,  say  that  from  A,  on  which  it  does 
not  lie.  If  this  median  cuts  BC  in  E.,  by  sliding  B,  C  prop>erly, 
one  of  these  points  may  l)e  brought  so  close  to  E,  that  D  is  outside 
of  the  triangle  ABC.  suitably  lettering  the  triangle,  and 
possibly  a  slight  sliding  of  B,  C  to  avoid  parallelism,  we  may 
arrange  matters  so  that  DB  cuts  AC  \n  F  outside  of  AC,  with  D 
outside  of  BF.  Consequently,  we  may  slide  A,  C  to  F,  G,  and 
then  B,  F  to  D,  H,  so  that  the  triplet  A,  B,  C  are  replaced  by 
D,  G,  //. 

If  two  plane  systems  of  three  points  (not  all  on  a  single  line) 
are  equimomental  and  have  one  point  A  of  the  first  set  in  the 
same  position  as  one  point  A'  of  the  second  set,  the  correspond¬ 
ing  masses  must  agree,  as  well  as  the  line  of  the  remaining  pairs, 
.  B,  C  and  B',  C\  For,  suppose  the  mass  at  A,  m„  less  than  that 
at  A\  mj.  If  h  is  the  perpendicular  distance  from  A  (or  A')  to 
BC,  the  mqment  of  inertia  for  the  axis  BC  is  mji^  for  the  first 
system,  while  it  is  at  least  w.'A*  for  the  second.  Thus  an  in¬ 
equality  in  the  masses  at  ^4,  >4'  contradicts  the  equimomentality. 
Furthermore,  if  B'  or  C  were  not  on  the  line  BC,  the  moment  of 
inertia  about  this  axis  would  be  greater  for  the  second  system. 

If  two  finite,  plane  sets  of  mass-points  are  given,  not  all  on  a 
line,  we  may  reduce  the  first  set  to  three.  A,  B,  C  and  then  using 
the  corollary,  the  second  set  to  three  A',  D,  E  such  that  the 
position  of  i4'  is  the  same  as  that  of  A.  It  follows  then  that  the 
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masses  are  the  same,  and  the  line  of  D,  E  coincides  with  that  of 
B,  C.  These  pairs  are  clearly  equimomental,  and  may  be 
brought  to  coincidence  by  slidings,  so  that  both  sets  may  be 
reduced  to  the  same  triplet.  If  the  slidings  and  combinations 
for  one  set  are  reversed,  we  get  a  series  of  slidings  talcing  us 
from  the  first  to  the  second  set.  If  all  the  points  of  one  set  are 
on  a  line,  those  of  any  equimomental  set  must  be  on  the  same 
line  and  they  may  be  reduced  to  the  same  pair  by  slidings.  This 
proves : 

Theorem  II.  A  series  of  slidinf>s  and  combinations  may  be 
found  for  any  given  finite,  plane  set  of  mass-points,  which  will  take 
it  into  any  other  equimomental  set. 

Now  consider  five  mas.s-points  in  space,  A,  B,  C,  D,  E.  If  the 
first  four  lie  in  a  plane,  we  apply  theorem  I  to  them.  If  not, 
we  may  assume,  or  get  by  sliding  B,  D,  that  ED  meets  plane  A, 
B,  C  in  a  point  F  not  the  center  of  gravity  of  A,  B,  C.  By  the 
corollary  to  theorem  I,  we  may  reduce  A,  B,  C  to  a.  triplet  of 
which  F  is  one  point,  and  by  sliding  reduce  the  three  points 
D,  E,  F  to  two.  Thus  our  five  points  are  reduced  to  four.  As 
the  process  may  be  repeated  if  the  set  we  start  with  contains 
more  than  five  points,  we  have: 

*  Theorem  III.  For  any  finite  set  of  mass-points  in  space  an 

*  equimomental  set  of  four  points  may  be  found  by  slidings. 

By  reasoning  analogous  to  that  for  tw'o  dimensions,  we  also 
have: 

Corollary.  One  of  the  four  points  may  be  given  an  arbitrary 
position  in  space,  not  the  center  of  gravity  of  the  given  set  {assumed 
to  be  not  all  in  a  single  plane). 

The  geometrical  position  of  one  of  the  four  points  determines 
the  mass  at  that  point  as  well  as  the  plane  of  the  other  three. 
We  prove  this  as.for  the  plane  case,  using  the  “  moment  of  inertia” 
for  the  plane  of  the  other  three.  Evidently  systems  equi¬ 
momental  for  all  axes,  are  also  equimomental  for  all  planes. 
This  leads  to 

Theorem  IV.  A  series  of  slidings  and  combinations  may  be 
found  for  any  given  finite  set  of  mass-points  in  space,  which  will 
take  it  into  any  other  equimomental  set. 

The  dependence  of  mass  on  position  for  the  minimum  equi- 
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momenta!  set,  i.e.  with  the  minimum  number  of  points,  gives 
the  number  of  disposable  parameters.  The  position  of  the  first 
point  in  space  gives  three,  the  second  in  a  plane  two,  and  the 
third  on  a  line  one.  This  proves 

Theorem  V.  In  the  construction  of  a  minimum  equimomental 
set,  the  number  of  arbitrary  parameters  is  6,  3,  1  or  0,  [«(»  —  l)/2]] 
according  as  the  number  of  points  in  the  set  is  4,  3,  2  or  1,  [n]. 

We  note  that  any  discrete  or  continuous  distribution  is  equi¬ 
momental  to  its  equivalent  ellipsoid,  and  this  in  turn  is  equi¬ 
momental  to  a  finite  set  of  mass-points,  e.g.  to  six  masses  each 
M/6  located  respectively  at  the  points: 


Thus  theorems  I,  III  and  their  corollaries  are  applicable  to  any 
distributions  of  masses. 

Instead  of  considering  the  parameters  for  a  minimum  set 
as  determined  by  the  position  of  the  points,  we  may  regard  them 
as  coming,  in  part,  from  their  masses.  The  mass  of  one  point 
may  be  made  small,  by  sliding  it  far  from  the  center  of  gravity; 
and  as  large  as  any  quantity  less  than  the  total  mass  by  sliding 
the  other  three  points  far  from  the  center  of  gravity.  It  follows 
that  at  least  one  minimum  set  may  be  found  with  any  desired 
ratio  of  the  masses.  To  investigate  what  happens  when  the 
masses  are  Axed,  but  the  positions  vary  subject  to  this  condition 
we  turn  to  the  appropriate  transformation. 

4.  Aflkie  Transformations.  Temporarily  using  Xu  x^,  x,  for 
X,  y,  z,  we  may  write  as  the  equations  for  an  affine  point  trans¬ 
formation  : 

(9)  Xi'  «  ^  OijX/  -f  bi  i,j  =  1,  2,  3. 
where  the  determinant 

(10)  M  0. 
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We  add  an  equation  of  transformation  for  densities: 

(11)  p'- A:p/ia.y|. 

so  that 

(12)  dm'  »  Kdm, 

or  m'  Km  for  mass-points.  On  applying  this  transformation 
to  a  distribution  of  masses  with  total  mass  M  =  co¬ 

ordinates  of  center  of  gravity  £<,  and  products  of  inertia 
A  ,7  »=  J'xiXjdm,  we  find : 

Jl/'  *  KM,  ii  =  ^  Oi/fy  -f-  bi,  and 

(13)  A  a'  *=  iC[L  +  bjMY.  <*.>*»  4-  *.A/L 

p.t  p  I 

+  bib,MJ. 

These  relations  show  that,  if  tw'o  systems  have  the  same  total 
mass,  center  of  gravity,  and  products  of  inertia,  their  transforms 
will  also  have  these  quantities  equal  and  we  may  state: 

Theorem  VI.  The  affine  transforms  of  equimomental  systems 
are  equimomental. 

Since  any  system  has  a  uniquely  determined  equivalent  ellip¬ 
soid  to  which  it  is  equimomental,  it  follows  that 
Theorem  VII.  An  affine  transformation  takes  a  given  system 
•  into  an  equimomental  one  if  and  only  if  it  leaves  the  corresponding 
equivalent  ellipsoid  invariant. 

The  affine  transformation: 


x'-  * 


+  C  -  A)' 


'  2M 
5(C’  +  A  -  B) 


.  I  2M 
.  ^\S(A  d-if-O’ 

is  of  particular  interest  since  it  takes  the  equivalent  ellipsoid 
(5)  into  the  unit  sphere.  The  affine  transformations  which  leave 
this  "  ellipsoid  ”  invariant  are  the  rotations,  K,  about  the  center 
of  gravity.  Evidently  the  general  transformation  of  theorem 
VII  may  be  written: 

(15)  7=  U-^K’U, 
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90  that,  like  the  rotations,  it  depends  on  three  parameters. 
These  three  parameters,  together  with  the  ratios  of  the  four 
masses,  make  up  the  total  of  six  for  a  minimum  set.  We  obtain 
a  canonical  form  for  a  minimum  set  with  given  masses  mi,  m^, 
Wi,  mi,  with  sum  M,  by  using  two  of  the  additional  parameters 
to  put  mi  on  the  s-axis,  and  the  third  to  put  mi  in  the  acx-plane. 
These  conditions,  together  with: 

=0;  (»■  =  1,  2,  3,  4) 

(16)  I  ^  ^ 

=  T,miXiyi  =  0; 

I  <  T 

yield  the  following  coordinates: 


X 

y 

z 

mi 

0 

0 

(mi  +  mi  +  mi)s 

m, 

0 

(m»  -I-  mi)t 

—  mts 

mi 

umi 

—  mil 

—  miS 

mi 

—  umt 

—  mi/ 

—  miS 

A  suitable  choice  of  the  constants  s,  t,  u  will  give  any  required 
equivalent  ellipsoid,  since  from  (17): 

^m<x,^  =  u*m»mi(mt  +  mO, 

(18)  '^miy?  *=  /*mi(mi  -f  m4)(m,  +  mi  +  m^, 

^miZi*  =  J*mi(mi  +  m*  +  mi)imi  +  m,  +  mt  mi). 


If  the  equivalent  ellipsoid  is  a  sphere,  these  three  sums  are 
equal,  and  we  find  from  (17)  and  (18)  that  the  opposite  edges  of 
the  tetrahedron  in  question  are  perpendicular,  and  the  altitudes 
intersect  iq  the  center  of  gravity.*  This  property  is  not  dis¬ 
turbed  by  a  rotation,  R,  and  since  an  affine  transformation  f/'* 
takes  perpendicularity  into  conjugacy’  with  respect  to  the  trans¬ 
forms  of  spheres,  i.e.  the  equivalent  ellipsoid,  we  have: 

Theorem  VIII.  If,  through  each  vertex  of  the  tetrahedron 
formed  by  the  four  mass-points  of  a  minimum  set,  lines  be  drawn 

'  For  the  properties  of  such  orthoKonal  tetrahedra,  cf.  e.g.  J.  L.  Coolidge, 
“A  Treatise  on  the  Circle  and  the  Sphere,"  Oxford,  1916,  p.  234;  or  American 
Mathematical  Monthly,  vol.  26  (1919),  p.l49. 
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conjugate,  with  respect  to  the  equivalent  ellipsoid,  to  their  opposite 
faces,  these  lines  will  intersect,  and  at  the  center  of  gravity  of  the 
four  mass-points. 

Corollary.  ’  When  the  ellipsoid  is  a  sphere,  the  tetrahedron  is 
orthogonal,  and  its  ortho-center  is  the  center  of  gravity  of  the  mass- 
points 

For  the  plane  case,  these  theorems  have  analogues  about  the 
location  of  the  orthocenter,  or  intersection  of  conjugate  lines  at 
the  center  of  gravity,  but  place  no  restriction  on  the  shape  of 
the  triangle,  since  every  triangle  is  “  orthogonal  ’’  with  resp>ect 
to  a  circle,  or  any  ellipse. 

A  special  case  of  the  corollary  is  that  in  which  the  masses  are 
equal,  and  the  tetrahedron  is  regular. 

By  considering  the  spherical  case,  or  directly,  we  see  that  the 
ratio  of  the  masses  fixes  the  minimum  set  to  within  an  affine 
transformation  leaving  the  equivalent  ellipsoid  invariant,  and 
that  we  may  find  such  a  transformation  taking  any  point  of  this 
ellipsoid  into  any  other  point.  Furthermore,  if  one  mass  is  kept 
fixed,  changes  in  the  ratios  of  the  remaining  three  will  not  affect 
its  position.  That  is 

Theorem  IX.  If  one  of  the  mass-points  of  a  minimum  set  has 
given  mass,  its  locus  is  an  ellipsoid  similar  to  and  similarly  situated 
*  with  respect  to  the  equivalent  ellipsoid. 

When  the  equivalent  ellipsoid  is  the  unit  sphere,  from  (18) 
we  have 

^m^t*  =  M/5  =  ismi)s{mi  -j-  mj  +  mi)M, 

so  that  mi  and  the  reflection  of  the  foot  of  the  altitude  from  mi 
are  inverse  pwints  in  a  sphere  of  radius  l/Vs.  By  applying  the 
transformation  I/~',  which  preserves  polar  relations,  we  have: 

Theorem  X.  If  one  of  the  mass-points  of  a  minimum  set  is 
fixed  in  position,  the  plane  of  the  other  three  is  the  polar  with  respect 
to  the  ellipsoid  (5),k  =*  5,  of  the  reflection  of  this  point  in  the  origin. 

The  reflection  may  be  dispensed  with  by  using  the  imaginary 
ellipsoid,  k  =  —  5,  already  mentioned  in  section  2.  The  fact 
that  the  plane  is  fixed  has  already  been  shown  in  section  3. 

By  going  back  to  the  sphere,  or  by  combination  of  the  last  two 
theorems,  we  obtain: 
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Theorem  XI.  If  the  sum  of  three  of  the  masses  of  a  minimum 
set  is  given,  the  envelope  of  the  plane  of  the  corresponding  mass- 
points  is  an  ellipsoid  similar  to,  and  similarly  situated  with  respect 
to  the  equivalent  ellipsoid. 

When  the  equivalent  ellipsoid  is  the  unit  sphere,  we  find  for 
the  square  of  the  perpendicular  from  the  origin  to  the  line 
joining  mt  and  fn4: 


+  /*m,* 


W|  4-  nt, 
5(»Mr)  +  mt)  ’ 


from  (18).  Thus  if  mt  -f-  mt,  and  hence  mi  +  m*,  is  fixed,  the 
line  of  mt  and  mt  is  tangent  to  a  sphere,  and  by  a  suitable  rotation 
may  be  turned  into  any  such  line.  An  application  of  proves; 

Theorem  XII.  If  the  sum  of  two  of  the  masses  of  a  minimum 
set  is  given,  the  lines  of  the  corresponding  pair  of  mass-points  are 
the  tangents  to  an  ellipsoid  similar  to,  and  similarly  situated  with 
respect  to  the  equivalent  ellipsoid. 

The  last  four  theorems  deal  with  minimum  sets  of  four  points. 
For  plane  distributions,  where  there  are  three  points  in  the 
minimum  set,  three  analogous  theorems  may  be  formulated. 

5.  Further  Conditions  for  Equimomental  Sets.  For  complete¬ 
ness,  we  add  a  few  further  conditions  for  two  sets  to  be  equi- 
momental.  We  begin  with  two  sets  which  have  the  same 
moments  of  inertia  for  three  distinct  co-planor  lines  through  a 
point.  As  the  plane  section  of  the  ellipsoid  of  inertia  for  the 
point  in  question  by  the  plane  of  these  lines  has  its  center  and 
three  radii  given,  it  is  determined,  and  the  two  systems  are 
equimomental  for  all  axes  in  this  plane.  When  the  systems  have 
the  same  mass  and  center  of  gravity,  we  may  use  parallel  axes, 
and  so  may  state: 

Theorem'  XIII.  Two  systems  with  the  same  total  mass  and 
center  of  gravity,  and  the  same  moments  of  inertia  for  the  three  sides 
of  a  triangle,  are  equimomental  for  all  axes  in  the  plane  of  this 
triangle. 

Corollary.  If  the  systems  are  plane,  and  the  triangle  is  in. 
their  plane,  they  are  equimomental  for  all  axes  in  space. 

We  shall  also  prove: 

Theorem  XIV.  Two  systems  with  the  same  total  mass  and. 
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center  of  gravity,  and  the  same  moments  of  inertia  for  the  six  edges 
of  a  tetrahedron,  are  equimomental. 

For,  by  the  preceding  theorem,  they  have  the  same  moments 
of  inertia  for  all  axes  in  any  of  the  planes  of  the  faces  of  the 
tetrahedron,  and  also  for  the  parallel  planes  through  the  center 
of  gravity.  Since  their  ellipsoids  of  inertia  have  three  distinct 
central  sections  identical,  they  coincide. 

These  theorems,  together  with  principles  of  symmetry,*  such 
as  that  a  plane  or  axis  of  symmetry  is  necessarily  a  principal 
plane  or  axis  of  inertia  for  the  center  of  gravity,  frequently 
simplify  the  determination  of  minimum  or  other  sets  of  points 
equimomental  to  a  given  system. 

6.  Illustrations.  The  earliest,  and  perhaps  best  known  ^  ex¬ 
ample  of  a  minimum  set  is  that  for  a  homogeneous  triangular 
laminor.  Such  a  triangle,  of  mass  M,  is  equimomental  to  three 
particles,  each  of  mass  Af/3  located  at  the  midpoints  of  the  sides. 
It  is  also  equimomental  to  four  particles,  three  at  the  vertices, 
each  of  mass  Af/12  and  the  fourth  at  the  center  of  gravity,  of 
mass  3Af’/4.  This  is  easily  verified,  either  by  calculating  the 
moment  of  inertia  for  a  side,  and  using  the  corollary  to  theorem 
XIII ;  or  by  verifying  for  an  equilateral  triangle,  which  symmetry 
shows  is  equimomental  to  a  circle,  and  applying  theorem  VI. 

*  For  most  figures,  no  one  minimum  set  will  be  singled  out  by 
coordinates  simpler  than  the  rest.  As  a  fjbssible  set  for  a  sector 
of  a  circle,  with  angle  at  the  vertex  A,  and  radius  r,  homogeneous 
of  mass  M,  we  mention  that  composed  of  one  mass 


where 


A  /  A  ,  A 

.  aI  .  .4  ■*■^2 

2  sin  y  y  2  sin  y 


at  the  vertex,  and  two  masses,  each  equal  to  SMI9P,  symmet¬ 
rically  situated  with  respect  to  the  axis  of  the  sector,  the  lines 
joining  them  with  its  vertex  being  of  length 


3rV2P  ,  .  .  ,  _  /  sin  i4  \ 

— g —  and  making  an  angle  cos  '  I  —  1 


•  Appell,  I.  c. 
’  Routh,  L  c. 
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An  equimomental  minimum  set  for  a  tetrahedron  of  mass  M, 
is  obtained  by  taking  four  particles  each  of  mass  M/4,  forming  a 
tetrahedron  l/VS  times  the  given  one  and  similar  to  it  and  simi¬ 
larly  placed,  the  center  of  similitude  being  the  common  center 
of  gravity  of  the  two.  A  tetrahedron  is  also  equimomental  to 
five  particles,  four  at  the  vertices,  each  of  mass  M/20,  and  the 
fifth  at  the  center  of  gravity,  of  mass  4M/S. 

As  a  further  illustration  we  note  that  a  cone  of  revolution, 
with  altitude  h,  radius  of  base  a,  and  mass  M,  is  equimomental 
to  four  particles,  one  of  mass  M/16  at  the  vertex,  and  three  each 
of  mass  SM/16  at  the  vertices  of  an  equilateral  triangle  whose 
plane  is  perpendicular  to  the  axis  of  the  cone,  at  distance  4h/5 
from  the  vertex,  and  the  radius  of  whose  circumcircle  is  2V2o/S. 

The  replacement  of  sy’stems  of  masses  by  equimomental  sets 
of  p>oints,  minimum  or  other  sets,  is  piarticularly  useful  when  the 
moments  of  inertia  of  figures  are  obtained  by  dissecting  them 
into  simpler  figures.' 

'Cf.  Ameruan  Mathematical  Monthly,  vol.  33,  1926,  p.  257,  259. 
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HYPERSURFACES  FOR  WHICH  THE  CODAZZI  EQUA¬ 
TIONS  TAKE  THE  SIMPLEST  FORM 


By  C.  L.  E.  Moore 

1.  In  a  space  of  constant  curvature  the  equations  of  Codazzi 
take  the  simple  form 

(1)  •  hr.t  -  hr,.  =  0 

where  are  the  coefficients  of  the  second  fundamental  form 
and  br,i  are  the  derivatives  with  respect  to  the  element  of  arc  of 
the  hypersurface.  Many  properties  of  hypersurfaces  in  a  space 
of  constant  curvature  depend  on  this  simple  form  of  the  equation. 
It  is  the  purpose  of  this  note  to  investigate  some  of  the  properties 
of  hypersurfaces  in  a  more  general  space  for  which  the  same 
simple  equation  holds. 

2.  We  wish  to  investigate  the  case  when  equation  (1)  is  satis¬ 
fied  by  a  one  parameter  family  of  hypersurfaces.  Choose  the 
orthogonal  trajectories  of  the,  family  as  one  set  of  parameter 
lines  (x"  say).  Then  the  element  of  arc  of  U,  is 

(2)  ds*  =  Or^x'dx,,  r,  s  =  1,  2,  •  •  « 

and  that  of  the  hypersurface  is 

(3)  =  a''’dx'dx*,  r,  j  =  1,  2,  •  •  •,  n  —  1. 

Let  br,  be  the  components  of  the  second  fundamental  tensor 
Choose  an  orthogonal  »-tuple  in  which  to  express  all  tensors 
and  let  X,|  be  the  congruence  of  orthogonal  trojectories  of  the 
hypersurfaces.  Then  as  usual  we  can  write 
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The  hypersurface  component  of  a  tensor  X„t 
by  contracting  it  with  ' 


is  obtained 


The  Gauss-Codazzi  equations  can  then  be  written,' 

(4)  Br$lu  “  bribtu  —  brub,l  “  Rrtt*  —  Rrttu/* 

(5)  bnl  ~  brU  ™  2?«ar»X«i* 

where  Rt,u  are  the  Riemann  symbols  formed  from  (2)  Rr,tJ  are 
those  formed  from  (3)  and  RntJ*  are  the  hypersurface  components 
of  Rrtiu-  It  is  known  that  if  for  every  hypersurface  (5)  takes 
the  form  (1),  the  space  K.  must  be  of  constant  curvature. 

In  terms  of  the  orthogonal  n-tuple  the  Riemann  tensor  takes 
the  form 

Rr»tu  “  YJWy*Xik|rX<|»X/||X4|», 


where  tkitk  satisfies  the  identities* 

"rkuk  “  —  fkiki 


fihki- 


From  these  identities  it  is  evident  that  if  (5)  takes  the  form 
(1)  it  is  necessary  and  sufficient  that 

(6)  Kkiin  -  0,  h  ^n,i  n. 


The  Ricci  tensor  is 


Rr, 


'■  ^  7*i*yX<|A<l# 

*.i.y 


and  the  Ricci  principal  directions  are  defined  by 
(£  7*<*yX<|rXy|«  pOr«)X*  ■■  0. 

t  *.<.y 

From  this  it  is  seen  that  if 

P  “  Ifknknt 

the  congruence  X,|  is  one  solution.  Hence,  if  F,  contains  a  one 

'  Struik,  “  Mehrdimensionalen  DilTerentialgeometrie,’’  pp.  124,  135. 

*  Ricci  et  Levi-Civita,  Methodts  de  cakul  differtnliel  ahsolu.  Math.,  Ann. 
Vol.  S4,  page  157. 
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parameter  family  of  hypersurfaces  for  which  the  Codasti  equations 
take  the  form  (1),  then  the  congruence  normal  to  these  hypersurfaces 
is  a  Ricci  principal  congruence. 

It  is  evident  that  if  there  is  a  single  hypersurface  of  this  kind 
then  the  normals  to  this  surface  are  Ricci  principal  directions. 

2.  The  tensor  R'  satisfies  the  Bianchi  identity 


■f"  Rmtm  4"  Rrmtu 


where  the  derivatives  are  taken  with  respect  to  the  form  (3). 
If  (1)  is  satisfied  it  is  easily  seen  that  Bntu  satisfies  the  same 
identity, 

Bntnw  Brntm  +  “  0, 


and  consequently  from  (3) 

Rr.-."  +  4-  Rr„,r  -  0 


that  is,  the  hypersurface  component  of  the  Riemann  tensor  of 
Vn  satisfies  the  Bianchi  identity  when  differentiated  with  respect 
to  Or/.  If  the  Riemannian  curvature  of  at  each  point  of  the 
hypersurface  and  for  each  orientation  lying  in  it  is  constant, 


R-Ort" 


n—l 

«.y-i 


K$(amy'ae$'  —  au'a^O* 


Now  applying  the  Bianchi  identity  *  we  obtain  the  following  form 
of  Schur’s  theorem:  In  a  space  Vn  if  (1)  is  satisfied  for  a  hyper¬ 
surface  and  if  at  each  point  of  such  a  hypersurface  and  for  each 
orientation  lying  in  it  the  Riemannian  curvature  of  Vn  is  constant, 
then  the  constant  is  the  same  for  all  points  of  the  hypersurface. 

3.  The  coefficients  of  the  second  fundamental  form  can  be 
written 

•—1 

brt  *  51  w<y^<|Ay|f 
i.y-1 


and  making  use  of  this  the  Codazzi  equation  can  be  written  in 
the  following  form  * 


dsk 


dsp 


S  wyiii(7y*»  tipk)  4"  E  (wytTyM^  wy»Yy«*)* 

y  y 


'  Bianchi,  "Geometria  differenziale,”  2d  Ed.;  Vol.  1,  page  351. 
*  Ricd  et  Levi-Civita,  loc.  cit.,  page  170. 
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For  a  congruence  of  lines  of  curvature  «<>  “  0,  *  ^  j.  Then 
for  such  a  congruence,  putting  p  ^  m,  mtc  have 

*  («**  —  Umm)ykmm- 

as  k 

Then  for  hypersurfaces  for  which  (1)  is  satisfied  we  have 

(a)  If  a  congrtunce  of  linrs  of  curvature  is  also  geodesic  {ynmm  ■=  0) 
then  the  curvature  of  the  lines  of  this  congruence  at  i  points  on  another 
line  of  curvature  is  constant. 

(b)  If  Umm  “  0,  uitk  ^  0,  then  ytmm  =  0  and  the  lines  of  curva¬ 
ture  are  geodesics. 

(c)  If  the  curvatures  uu  are  all  equal  ta  all  points,  they  are 
constant 

If  we  choose  the  directions  of  the  lines  of  curvature  as  the 
orthogonal  n-tuple 

brt  “  ^ 

< 

and  consequently 

6  *=  |frr,|  =  In  W„X,I,X,I,|  “  WllCOn  •••  U..i|ar«| 

or 

b 

“  ■“  WllWM  •  •  •  0).,  *=  W. 

a 


If  f*  is  the  unit  normal  vector  to  the  hypersurface* 


dsi 


WjiX.i*. 


Now  if  for  the  congruence  X,-,  m  =  0,  we  see  that  the  normals 
to  the  surface  along  a  line  of  this  congruence  are  all  parallel, 
these  lines  are  then  asymptotes.  If  an  asymptotic  line  of  a 
hypersurfade  is  also  a  geodesic  of  the  hypersurface,  it  is  also 
a  geodesic  of  the  enveloping  space  K,,  We  see  from  (b)  that 
these  lines  are  geodesics  of  Vn.  Hence,  if  equation  (1)  is  satisfied 
and  u)  *  0,  the  hypersurface  has  a  geodesic  of  passing  through 
each  point  and  the  tangent  planes  at  points  of  such  a  geodesic 
are  all  parallel.  Conversely,  if  a  hypersurface  contains  an  (n  —  2) 
parametered  family  of  lines,  such  that  the  tangent  hyperplanes 
*  Eiaenhart,  “  Riemannian  Geometry,”  page  173,  formula  (51,  19). 
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alont^  any  one  of  them  are  parallel,  then  t/  (1)  is  satisfied  the  lines 
will  be  geodesics  of  V». 

The  generalization  for  the  vanishing  of  any  number  of  the 
coefficients  Wti  is  evident. 

In  case  the  V„  is  a  Vt  the  above  theorem  becomes.  If  equation 
(1)  holds  and  the  determirtant  of  the  second  fundamental  form  of  a 
surface  vanishes,  then  the  surface  contains  a  pencil  of  geodesics. 

If  n  =  3  the  Riemann  symbols  can  be  written  in  the  form* 

Oft  ** 

and  the  principal  directions  of  a,,  which  coincide  with  the  Ricci 
principal  directions’  are  given  by 

('y**^*|r^*l*  “  part)\^  “  0. 


It  is  at  once  evident  that  the  necessary  and  sufficient  condition 
that  X||  be  a  principal  congruence  is 

7i*  *=  0,  h  9^  3. 


If  we  take  Xu  and  Xu  as  principal  congruences,  the  Riemann 
*  symbol  takes  the  form 

0 

Otr,  =  ^  TAAXjklrXAla. 


Now  if  Xt|  is  a  normal  congruence,  the  surfaces  perpendicular 
to  it  will  have  Codazzi  equations  of  the  form  (1).  Hence; 
In  a  Riemannian  space  Vt,  the  necessary  and  sufficient  condition 
that  there  exist  a  set  of  surfaces  whose  Codazzi  equations  are  of  form 
(1)  M  that  one  principal  congruence  be  normal. 

For  such  a  Vt  (1)  can  be  written* 


0, 


0. 


*  Ricci  et  Levi-Civita,  loc.  dt. 

’  Ricd,  Direzioni  e  invariant!  principeli,  AUi  Veneto,  Vol.  63,  pp.  1233-1239. 

*  Bianchi,  "Geometria  Differenziale,”  2d  Ed.,  page  491. 
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d  /bu\ 

ax*\Vi/  l  2 

2  JVS  ’ 

_d./M 

1 

rt-^{ 

1  JVS 

The  Gauss  equation  takes  the  form 

k  =  K  -Kp 
a 


where  K  is  the  Gaussian  curvature  of  the  surface  and  Kt  Rie- 
mannian  curvature  with  respect  to  Vt  and  k  is  the  relative 
curvature. 

If  now  we  consider  a  surface  of  negative  relative  curvature 


~  “  0, 

and  equations  (7)  become 


Va  P 


t 


d  log  P  _  ,  f  1  2  1  a  log  p  _  f  1  2  I 

“w —  M  2  }•  —  M  I  )■ 


For  a  surface  of  constant  relative  curvature 

{V}-{V}-0 

and  consequently  on  is  a  function  of  Xt  only  and  ait  a  function 
of  Xt  only.  Making  change  of  variables  the  element  of  arc  can 
then  be  put  in  the  form 

(8)  dj*  -  (dx*)*  +  2  cos  <pdx«dx»  +  (dx*)*. 

If  the  surface  has  zero  curvature,  that  is  /iC  =  0,.  and  also  k 
constant  this  would  require  that  Ko  *=  const.  In  this  case  the 
condition  that  the  surface  whose  element  of  arc  is  (8)  have 
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curvature  zero  is 


d*ci> 

dx'dx* 


0. 


and  consequently  (8)  can  be  written 

dj*  =  (dxi)*  +  ([/+  V)dx‘dx*  +  (dx*)* 

where  Uis  a  function  of  x‘  only  and  V  a  function  x*  only.  Now 
if  the  tangent  to  the  asymptote  x‘  is  moved  along  the  asymptote 
X*.  That  is,  moving  the  vector  (dx‘,  0)  in  the  direction  (0,  dxi) 

5*dx‘  21 1  I  dx*dx»  =  0 

and  consequently  the  asymptotes  are  parallel  according  to  Levi- 
Civita. 

If  one  of  the  set  of  asymptotic  lines  are  also  geodesics,  then 
they  must  be  parallel. 


HARMONIC  ANALYSIS  AND  GROUP  THEORY 


t  By  Norbert  Wiener 

Weyl  '  has  developed  in  some  detail  the  relations  between 
the  theory  of  unitary  groups  agd  the  theory  of  periodic  and 
almost  periodic  functions.  The  groups  which  he  introduces  are 
one-parameter  groups  of  linear  functional  transformations  which 
leave  invariant  the  expression 

J|im^^  J*  /(x)/(jc)dx  (1) 

(which  we  shall  abbreviate  A  similar  theory  of 

functions  expansible  in  Fourier  integral  form  would  involve  the 
invariancy  of  the  integral  quadratic  form 

f^y(x)f(x)dx.  (2) 

The  author  *  has  shown  that  the  theory  of  almost  pieriodic 
functions  may  very  satisfactorily  be  established  on  the  basis  of 
the  Fourier  integral.  If  this  treatment  is  to  be  associated  with 
the  theory  of  groups,  it  becomes  necessary  to  consider  trans¬ 
formations  which  leave  both  (1)  and  (2)  invariant. 

If  (1)  exists,  the  author  has  shown*  that 

is  finite.  In  what  follows,  we  shall  consider  only  measurable 
functions  fulfilling  this  condition,  and  such  that 

is  finite.  All  integrals  are  of  course  understood  in  the  sense 
of  Lebesgue. 

'  H.  Weyl,  "Integralgleichungen  und  fastperiodiache  Funktionen,”  Math. 
AnnaUn.,  97  (1926),  33»-356. 

*  N.  Wiener,  “The  Spectrum  of  an  Arbitrary  Function,**  Proc.  Land.  Math. 
Soc.,  Ser.  2,  27,  483-496. 

*  N.  Wiener,  “On  the  repreaentation  of  Functiona  by  Trigonometrical 
Integrala,**  Math.  Ztschr.  24  (1925),  577. 
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Let  F  be  a  transformation  defined  for  all  functions  of  this 
class,  and  preserving  (2)  invariant  for  all  the  functions  for  which 
it  is  defined.  Let  Sa  be  the  transformation  leading  from  f(x) 
to  the  function  /ii(*),  where 


fA(x) 


Oif|x|>^ 
fix)  if  1*1 


There  will  be  certain  transformations  T  keeping  (2)  invariant 
and  such  that  for  all  functions  /  of  our  class  for  which  Af,i  |/(x)  |*) 
exists, 


-  5,»D/(*)l»d*  =  oiA).  (3) 


For  such  a  transformation,  we  may  readily  deduce  from 


and 

that 


lim  if 

-4  J.., 


TSaUx) 


^A 

..  r“iw(*)  SATfix) 

■  — S' 


d*=  A/,(|/(*)l») 


d*  »  0 


dx  -  M,i\fix)\*). 


These  transformations  form  a  group,  for 
J\m 

«  J*  |[(r,F^Sx  -  T,SATt)  +  (r,5„r,  -  5xr, r, )]/(*) l*d* 


:£  2  J’  Kr.r^s,*  -  r,5,*r,)/(*)|»d* 

+  2  J*  l(r,54r,  -  54r»r,)/(*)l*d* 

-  2  JT*  -  5„r,)/(*)|»d* 

-h  2 jT*  ht^Sa  -  SArt)rtfix)\*dx. 
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Furthermore, 

«  |'j(5x-r5xr->)/(*)|yx 

Thus  the  product  of  tu'o  transformations  satisfying  (3)  and  the 
inverse  of  a  transformation  satisfying  (3)  also  satisfy  (3). 

An  example  of  a  transformation  satisfying  (3)  is 

rv(x)  =  f{x  +  X). 
for 

J’  -  SAT^)f{x)\^dx 

=  jr"[!/(*  -  >1  -  X)*  +  /(x  +  /!  -  X)|*]rfx  =  oiA). 

We  shall  call  a  transformation  satisfying  (3)  and  keeping  (2) 
invariant  properly  unitary.  Let  us  consider  the  one-parameter 
group  of  properly  unitary  transformations  U^,  where 

U^V‘. 

Let  fix)  be  such  that 

ait)  =  M.liU>fix))Jix)J  (4) 

exists  for  every  /.  Clearly  by  the  Schwarz  inequality 

Kit)  ^  ^M.(\  Ufix)\*)Mri\Ax)\*) 

=  \j Jf (0) Jim^  I'  1 5^  Ufix)  1  *rfx 

=  ^4(0)Jim 

=  «(0). 
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It  fdlows  that  g(t)  is  a  bounded  function,  and  that 

^(«if  «*)  “  l.i.m.-  f  g(<)  — — — e*^*i+*%/*>*dt 

^  J—M  * 

exists  when  (ui  —  u^jl  is  given  as  a  quadratically  summable 
function  of  («i  +  ttj)/2.  For  this  one  only  need  apply  Plan- 
cherel’s  theorem/ 

Let  us  put 

gA{.t)  “  ^  J[[  [ U*SJ{x)-^J{^)dx.  (5) 

Under  condition  (4)  for  every  /,  we  have 

g(/)  «  Jim^  ^  j  [5^  {/'/(*) ]5^/(x)dJc, 

which  one  readily  reduces  to  the  form 
g(/)  =  lim  gA{t) 

by  means  of  (3).  We  may  easily  prove  gii(/)  to  be  less  than  or 
etjual  to  ga(0),  and  hence  to  be  uniformly  bounded  in  t  and  A, 
as  gyi(0)  -♦  g(0)  as  ^  >  00.  • 

Let  us  now  introduce  a  new  assumption  concerning  U*.  Let . 
the  transformation  W  taking  f(x)  into  /)  (a  fixed),  where 

<pix,  t)  =  Wfix) 

preserve  (2)  invariant.  Then  if  ^(x)  =  lF5x/(jc), 

gA{t)  =  ^  J  +  0^ix)dx. 


It  follows  readily  that  gxiO  is  absolutely  integrable  over  ( —  oo ,  oo) 
and  ‘  that  '* 


Pa(u)  “  ^  r  ga (/)«*"'<// 

"  •/~ae 


*  Hobson,  “The  Theory  of  Fun^ions  of  a  Real  Variable,”  2d  edition 
2  (1926),  742-752. 

•  N.  Wiener,  "The  Spectrum  of  an  Arbitrary  Function,"  p.  48S. 
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exists  and  is  real  and  positive.*  Thus 

Ra{uu  ut)  -  ^  ~  ~  - 

exists,  is  monotone  in  Ui  and  Ut,  and  has  the  property  that 

Ra(Uu  Ut)  +  RAiUi,  Ml)  «  /?;«(Mi,  Ml). 

To  see  this,  we  need  only  reflect  that 


Now 


so  that 


Ra{uu  Ut)  “  PA(.u)du. 

*  A-^m  t 

R{u\,  Ml)  -  l.i.m.  Ra{ui,  Ut). 

A-*m 


From  this  we  may  readily  conclude’  that 

^(«l,  Ut)  +  Riut,  Ut)  -  R(Uu  Ml), 

and  that  R{ui,  Ut)  may  be  so  defined  as  to  be  monotone  in  both 
arguments  and  increasing  in  M|. 

We  have 

Ra{-  M,  m)  -  l£“gA(t) 

Hence 

1  r"  n  /  s  j  1  r*  z.'.  *  —  cos  M/ 

-  I  /?x(-  M,  u)du  »  -  I  gA(()  - - - dt. 

“Jo  'J— 

Now, 

<  1  r“ 

Ra(—  00,  oo)  a=  lim  -  I  Ra{—  m,  u)du 

“  ./O 

-  lim  r  gA{t)  ^  ~  p^*dt  -  gAiO). 
A-^m  rU  I 

•  Indeed,  we  might  aioume  directly  that  ~J'^  e''*dt  J  ^  (i/*/(x))7(x)dx  io 

pooitive  definite  and  exiats  for  every  quadratically  Mimmable/(x). 

’  N.  Wiener,  loc.  dt.,  p.  489. 
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by  a  Fejer  theorem.  Hence  in  the  limit, 

R{-  CO,  Qc)  <  g(0). 

In  the  same  way,  we  can  show*  that 

Hence 

/?(-  oc,  x)  »  lim  *  r  - ^^dt. 

It  follows  by  a  Tauberian  theorem*  that 

R{—  X,  x)  *  lim^  R{i)dt. 

The  theory  of  almost  periodic  functions  may  also  be  generalized 
to  more  general  groups  of  transformations  than  the  translation 
group.  It  is  an  interesting  fact  that  the  conditions  on  this 
group  are  somewhat  different  from  those  of  spectrum  theory. 
This  is  connected  with  the  fact  that,  as  Franklin  has  shown,'*  all  of 
the  theory  of  almost  periodic  functions  and  of  their  extensions 
follows  by  elementary  means  from  the  classical  Bohr  approxima¬ 
tion  theorem  for  almost  periodic  functions  of  the  usual  sort. 

Let  ir^l  be  a  set  of  linear  transformations  into  itself  of  the 
class  of  all  functions  /(x)  of  summable  square  modulus  ovei  any 

1  C* 

finite  interval,  and  such  that  ^  I  \f{x)\'dx  is  bounded  in  A. 
Let 

T^T'^Uix)))  -  r^+'‘(/(x)). 

Let  the  transformations  be  unitary,  and  let 
Afxr^/fx,  X))  -  r'*3/v/(x,  X). 

We  shall  say  that  the  function  f{x)  has  a  T  transformation- 
number  r,  with  respect  to  c  when  for  all  x  and  X, 

|r'./(*) -/(x)|  <«. 

•  Ibid.,  p.  489. 

*Cf.  N.  Wiener,  "A  New  Method  in  Tauberian  theorems,”  this  Journal, 
vol.  6  (October,  1928),  p.  163. 

'•  P.  Franklin,  Math.  Zeitschr.,  29  (1928),  pp.  70-86. 
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In  case  for  every  c  >  0  there  is  an  L,  such  that  for  every 
mod  A,  {A,  A  +  I'«)  contains  at  least  one  T  transformation - 
number  r.,  and  in  case  T^f(,x)  is  equally  continuous  in  X  for  all  x 
we  shall  say  that  /(x)  is  almost  periodic  with  respect  to  the 
group  ir^j. 

The  arguments  of  the  author’s  previous  paper  "  hold  sub¬ 
stantially  without  change  to  show  that  we  can  approximate 
uniformly  in  X  and  x  to  T^/ix)  by  polynomials  of  the  form 

N 

These  polynomials  may  l)e  obtained  from /(x)  by 

1 

a  series  of  steps  from /*_i  to/*  of  the  form 

/*(x,  X)  -  A/*|rv*_,(x.  o)Ki\  -  m)I 

-  Mx\T'^^fk-i(x,  0)K(\)} 

-  r'-^xirv*_,(x,  o)A'(x)}. 


and  by  a  similar  process,  we  can  write 

1 


lotting  A«  *“  0. 

>l,(x)  -  A/x|r>^[^>l.(x)>-“-N. 

and 


/l,(x)e“‘^  =  T-Anix), 

or  in  particular, 

TAnix)  =  e‘*">l.(x). 

Thus  «**•  is  an  Kigenwert  of  T  possessing  i4«(x)  as  an  Eigen- 
funktion,  anyl  /(x)  may  l)e  approximated  uniformly  by  the  sum 

AT 


h(x)  of  Eigenfunktionen  of  the  transformation 


T. 


"The  Spectrum  of  an  Arbitrary  Function,”  494-6. 


NOTE  ON  THE  STATISTICAL  INTERPRETATION  OF 
MAXWELL’S  EQUATIONS* 

By  M.  S.  Vallarta 

It  has  often  been  trivially  noted  in  the  literature  that 
SchrOdinger’s  relativistic  equation  in  a  force-free  field  ‘  reduces 
for  m  ~  0  to  the  equation  of  propagation  of  light  in  free  space. 
In  accordance  with  the  general  principles  of  quantum  mechanics 
SchrOdinger’s  equation  is  obtained  from  the  energy-momentum 
relation  —  Po*  +  />,*  +  P'  +  p'  +  »»*<:*  «  0  by  substituting 
for  the  components  of  the  four-vector  p  the  operators  Pa 
“  {hl2iru)dldt,  Pt  =  {h:2iri)dldx,  etc.  For  a  photon  the  proper 
mass  vanishes  and  the  coefficients  h!2iri  divide  out  of  the  corre¬ 
sponding  wave  equation.  In  this  sense  the  equation  of  propaga¬ 
tion  of  light  can  be  regarded  as  the  wave  equation  of  the  photon 
just  as  Schrodinger’s  equation  is  the  wave  equation  of  the 
electron  without  spin.* 

In  the  statistical  interpretation  of  the  non-relativistic  wave 
function,  which  alone  is  consistent  with  the  duality  between 
particle  picture  and  wave  picture  so  ably  discussed  by  Heisenl)erg 
and  Bohr,  the  quantity  gives  the  probability  of  an  electron 
being  at  an  assigned  point  (*,  y,  z).  This  interpretation, 
thoroughly  satisfactory  from  the  point  of  view  of  observed 
physical  facts,  dep>ends  essentially  upon  the  existence  of  normal 
and  orthfjgonal  characteristic  functions  satisfying  the  non-rela¬ 
tivity  equation,  which  existence  in  turn  depends  upon  the 
fact  that  the  latter  is  linear  in  the  energy  E.  This  is  not 
true  of  the  Schrbdinger  relativistic  equation  when  there  is  an 

*  Presented  to  the  American  Physical  Society,  Washington,  April  18, 
1929. 

*  E.  Schrtidinger,  Ann.  d.  Phys.  81,  139,  1926.  See  Equation  (36),  p.  163, 
with  A  “  0  and  K  —  0. 

’  Compare  H.  Weyl,  (iruppentheorie  und  Quantenmechanilc,  p.  46,  Leipzig, 
1928. 
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electromagnetic  field  present,  and  for  a  while,  in  spite  of  the 
efforts  of  Gordon  and  Klein,  it  remained  a  serious  difficulty  in 
quantum  mechanics.  It  was  first  removed  by  the  brilliant  work 
of  Dirac  who  as  a  matter  of  fact  starts  from  the  requirement 
that  the  relativistic  wave  equation  of  the  electron  shall  be  linear 
in  the  energy.* 

If  one  considers  the  duality  between  photon  and  electro¬ 
magnetic  wave  in  the  same  way  as  the  duality  between  electron 
and  De  Broglie  wave,  the  question  arises  as  to  whether  any  such 
probability  considerations  as  apply  to  the  Schrodinger  wave 
function  are  also  applicable  to  the  electromagnetic  vectors.  In 
other  words,  is  it  possible  to  interpret  the  Maxwell  equations  in 
a  statistical  sense The  results  of  the  present  note  show  that 
such  an  interpretation  is  possible  at  least  for  those  electromagnetic 
quantities  which  like  the  energy  density  and  the  Poynting  vector 
depend  quadratically  upon  the  electric  and  the  magnetic  vectors. 
Since,  except  at  low  frequencies,  none  except  these  quantities  are 
experimentally  accessible,  they  alone  can  have  a  direct  physical 
meaning.*  _ 

If  we  introduce  the  complex  vector  M  ^  E  +  iH  (i  «  V—  1), 
where  E  and  II  are  the  electric  and  magnetic  held  vectors, 
Maxwell’s  equations  in  free  space  are  written  in  ordinary  Gibbs’ 
vector  notation 

c  oi 

Assuming  now  a  dummy  function  A/4  »  0  (or  const.)  these  equa¬ 
tions  can  be  written 

(P«  +  ^\P\  +  &tPt  +  $iPt)M  “  0,  (1) 

where  the  have  the  same  meaning  as  before  (note  that  the 
common  factor  hllri  divides  out)  and  the  ^’s  are  four-rowed 

*  P.  A.  M.  Dirac,  Proc.  Royal  Soc.  of  London,  117,  p.  610,  1928;  118, 
p.  351,  1928,  hereinafter  referred  to  as  "  Dirac  I "  and  *'  II.’’  See  also  Dirac’* 
Leipxig  lecture  in  “Quantentheorie  und  Chemie,"  p.  85  (collected  by  Falken- 
hagen,  Leipzig,  1928). 

*  Compare  Norb^  Wiener,  Jour,  of  Franklin  Inatitute,  p.  526,  April 
1929. 
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Hermitian  matrices 


0  0 

0 

—  * 

0  0  * 

0 

0  0 

— * 

0 

’  -*  0  0 

—  t 

0  * 

0 

0 

0 

t  0 

0 

0 

0*0 

0 

0  -»■  0  0 

»  0  0  0 

“  0  0  0  -*’ 

0  0  *  0 

which  satisfy  the  relations 

/3A  +  Mi  -  0,  «  1.  I,  2,  3) 

By  multiplying  (1)  by  —  Po  +  P\P\  +  "b  one  obtains 
the  equation  of  propagation  of  light 

(-  po*  +  px'  +  />,*  +  pi')M  =  0. 

Equation  (1)  bears  a  striking  formal  resemblance  to  Dirac’s 
equation  of  the  spinning  electron 

(Po  +  aiPi  +  otiPi  +  ojPi  -b  a\mc)}lf  =  0 

,  when  the  electron  mass  m  vanishes.  Here  the  p's  are  the  same 
as  above  and,  with  Dirac’s  choice  of  the  a’s: 


0  0  0  1 

0 

0 

0 

— * 

0  0  10 

0 

0 

t 

0 

Oi  ” 

0  10  0 

9 

0  - 

t 

0 

0 

10  0  0 

t 

0 

0 

0 

0  0  1 

0 

1  0 

0 

0 

0  0  0 

-1 

0  1 

0 

0 

at  * 

1  0  0 

0 

’  “  0  0 

- 

■  1 

0 

0-10 

0 

0  0 

0 

-1 

which  satisfy  the  relations 

ajOk  +  o*a/  “  0,  a,*  »  1.  (J  ^  k,j,  k  ^  1,  2,  3,  4) 

Dirac  (I.  c.  I,  pp.  616/617)  has  further  shown  that  all  sets  of 
four-rowed  matrices  satisfying  these  relations  can  be  obtained 
from  one  another  by  applying  a  suitable  canonical  transformation. 
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In  Dirac’s  theory  and  —  ZI^y(a,V')y  are  interpreted  as 

(Dirac  II,  pp.  352/354)  the  probability  per  unit  volume  of  the 
electron  being  within  that  volume,  and  the  probability  of  the 
electron  crossing  unit  area  perpendicular  to  the  three  cobrdinate 
axes  respectively.  Dirac  further  proves  that  these  four  quantities 
transform  like  a  four-vector  under  a  Lorentz  transformation,  of 
which  vector  •*  the  time  component,  and  that  they  satisfy 

a  continuity  equation 

They  can  therefore  be  interpreted  as  the  electric  density  and  the 
electric  current  density,  respectively. 

In  the  case  of  the  Maxwell  equations  written  in  the  form  (1), 
the  corresponding  quantities  are  A/*  A/  and  —  J^A/y(^yA/)y.  The 
diagonal  matrix  «  1  which  may  be  taken  as  multiplying  the 
operator  Pn,  and  /9i,  0t,  are  the  c<^ponents  ^  a  four-vector,  of 
which  ^0  is  the  time  component.  M'M  “  2^A/y(/3*A/)y_i8  there¬ 
fore  the  time  component  of  a  four  vector,  of  which  — 
are  the  three  sptace  components.  Our  operator  in  Equation  (1) 
is  the  Hermitian  operator 


didt 

—  ididz 

‘ididy 

—  idjdx 

idjdz 

djdl 

— idjdx 

—  idjdy 

—  ididy 

idjdx 

djdt 

-idjdz 

idjdx 

idjdy 

idjdz 

djdt 

but  we  are  not  at  liberty  to  assume  it  to  be  always  Hermitian, 
for  if  we  apply  a  Lorentz  transformation  and  divide  out  by  the 
new  coefficient  of  Pn,  the  resultant  operator  will  not  be  Hermitian, 
although  it  can  be  brought  back  to  Hermitianness  by  a  suitable 
canonical  transformation.  If,  without  the  assumption  of  Her¬ 
mitianness,  we  consider  the  transposed  operator 

(~  &f>Po  ~  h\Pi  ~  0tPi  ~  0tPi)N  **  0,  (2) 

the  above  quantities  are  replaced  by  and  —  HA^y 

X  (/3<Af)y.  Multiply  now  (1)  by  N  and  (2)  by  M  and  subtract. 
We  obtain 

N{09po  +  +  Afi^oPo  4-  ^0iPi)N  *  0, 
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^  (<*4  -  ^'*4. ) " +74*-'^  -  ^  f -  “• 

and  we  have  immediately  the  conservation  theorem 

0, 

which  for  an  Hermitian  operator  reduces  to 


(3) 


-  z;  ^  -  0.  (3-) 

These  quantities  may  therefore  be  interpreted,  as  in  the 
Dirac  theory,  as  the  probability  per  unit  volume  of  n  photons 
being  within  that  volume,*  and  the  probability  of  n  photons 
crossing  unit  area  perpendicular  to  the  three  axes  respectively. 
The  continuity  equation  expresses  then  that  the  change  in 
probability  of  n  photons  being  within  a  boundary  is  equal  to 
the  probability  of  their  having  crossed  the  boundary. 

In  Dirac’s  theory  it  is  shown  (I.  c.  Ill)  that  the  matrix 

Pmn  *  J'Y.^im4'iw4v 
t 


can  have  only  the  characteristic  values  —  1  or  0.  That  is  the 
charge  within  a  closed  region  can  be  either  a  multiple  of  —  e  or 
0,  a  theorem  which  expresses  in  the  most  direct  way  the  funda¬ 
mental  fact  of  the  atomicity  of  electricity.  We  should  expect 
an  analogous  theorem  in  the  statistical  interpretation  here  given, 
which  will  be  discussed  below. 

The  meaning  of  the  components  of  the  four  vector  found  above 
in  the  Maxwell  theory  is  immediately  found.  We  have,  with 
Mi  -  0: 


ZAfiiffM)/  «  M-  (£  -  ill)  •  (£  +  i/I)  -£*  +  //*»  W, 

-  -  MtM,) 

•JiM  X  M).  -  2(£  X  //).  -  KS., 

-  -  Mx\U) 

_  “ X  “  2(£  X  //),  -  KS^, 

-  »  i{MxMt  -  MtMy) 

-  X  M),  »  2(£  X  //),  «  KS„ 

*  Compare  J.  C.  Slater,  "Light  Quanta  and  Wave  Mechanics,”  Phyt.  Rev. 
31,  p.  895,  1928. 


160 


VALLARTA 


where  W  is  the  energy  density  and  5,,  5,  the  components 

of  the  Poynting  vector.  We  have  thus  found  the  statistical 
interpretation  of  these  quantities.  The  continuity  equation 
(vV)  is  the  well-known  equation  of  electromagnetic  theory  V-S 
+  dW/dt  »=  0.  A  difficulty  might  be  encountered  in  the  fact 
that  under  a  I^rentz  transformation  the  electric  density  and 
the  electric  currejit  transform  like  a  four  vector,  whereas  the 
energy  density  and  Poynting  vector  transform  like  the  space- 
time  components  of  the  symmetrical  energy-momentum  tensor,* 
But  it  must  be  remembered  that  we  are  dealing  here  not  with 
the  energy  and  the  Poynting  vector  at  a  point,  but  per  unit 
volume  and  unit  area.  The  energy  and  electromagnetic  mo¬ 
mentum  per  unit  volume  transform  like  a  four-vector  (Pauli, 
I.  c.  p.  641).^ 

In  order  to  complete  the  proof  of  the  statistical  interpretation 
of  the  energy  density  and  the  Poynting  vector  it  would  be 
required  to  show  that  the  energy  contained  within  a  closed 
volume  is  either  nhv  or  zero,  where  n  is  an  integer  and  v  may  or 
may  not  be  continuous,  corresptonding  to  the  fact  that  the 
characteristic  values  of  the  wave  equation  form  a  continuous 
enumerable  set.  The  proof  is  difficult  on  account  of  the  appear¬ 
ance  of  continuous  matrices.  For  the  case  of  a  monochromatic 
radiation  the  theorem  l)ecomes  trivial. 

If  instead  of  the  Hermitian  matrices  in  Equation  (1)  we 
introduce  the  real  matrices  /3/  “  (l/t)^>  which  satisfy  the  re¬ 
lations 


p;*  -  -  1,  +  /3/^y'  -  0.  (i  J,  *  =  1,  2,  3) 

Maxwell’s  equations  may  be  written 

(*Po  +  $iPi  +  &tPi  +  fitPi)M  *  0,  (4) 

and  it  is  immediately  seen  that  the  algebra  of  the  operator 
Po  +  ^\Pi  +  $tPi  +  ^t'Pi  is  precisely  quaternion  algebra.  In- 

•  W.  Pauli,  "  Relativitfttstheorie,”  Enz.  d.  math.  Wiis.,  Vol.  V,  19,  p.  639. 
Compare  D.  j.  Stniik  and  M.  S.  Vallarta,  Jour,  of  Franklin  Institute,  p.  501, 
ApriC  1929. 

^  I  owe  this  remark  to  a  conversation  with  Professor  Heisenberg. 
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stead  of  the  operator  in  Equation  (4)  we  may  use  the  operator  * 

where  i,j,  k,  V—  1  satisfy  the  multiplication  rules  of  quaternion 
algebra  _ 

,•*  «  =  *»  =  -1,  (V^)*  =  -  1. 

fV—  1  =  V—  l»,  iV—  1  =  V-  ij,  AV—  1  =  V—  lit, 

y  =  -  ji  =  k,  jk  -  -  kj  =  *,  H 

Maxwell’s  equations  are  then  simply  written 
OM  =  0, 

and  we  note  that  again 

^0^'/  =  -  V*A/  +  {\!c*)S*M!dt'  =  0. 

It  is  a  pleasure  to  acknowledge  my  indebtedness  to  the  memliers 
of  the  Seminar  on  Quantum  Mechanics  for  helpful  discussions 
and  suggestions. 

'Compare  F.  Klein,  "VorlesunKn  Uber  die  Entwicklung  der  Mathematik 
im  19.  Janrhundert,”  Vol.  II,  p.  85,  Berlin,  1927, 
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Introduction 

The  theory  of  almost  periodic  functions  was  founded  by 
Harald  Bohr  *  in  a  paper  which  treated  of  the  functions  of  one 
variable.  The  general  theory  was  then  treated  by  him  in  two 
later  papers,*  finally  resulting*  in  the  theorems  for  n  variables. 
Other  early  work  was  done  by  Bochner  *  who  developed  the 
theory  for  an  infinite  number  of  variables,  P.  Franklin,*  H. 
VVeyl,*  W.  Stepanoff  *  who  extended  the  notions  to  include 
functions  not  summable  in  the  ordinary  sense,  and  N.  Wiener  * 
who  developed  theorems  for  almost  periodic  functions  as  part 
of  a  paper  treating  of  function  spectra.  This  list  is  not  at  all 
intended  to  be  exhaustive,  and  a  more  complete  bibliography 
will  be  found  as  an  appendix,  but  it  serves  as  an  introduction  to 
a  type  of  function  which,  while  the  theory  has  been  very  fully 
considered  and  worked  out,  has  not  been  definitely  applied  to 
physical  problems. 

Consequently,  as  a  step  in  this  direction  it  is  the  intention  of 
the  present  paper  to  treat  finite  vibrating  systems  of  an  infinite 
number  of  degrees  of  freedom  through  the  medium  of  almost 
periodicity,  and  so  attempt  to  bring  out  the  advantages  and 
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difficulties  of  the  method,  to  systematize  and  generalize  the 
attack,  and  to  classify  fields  where  such  proceedure  is  fruitful. 

Specifically,  the  first  problem  taken  up  is  that  of  the  vibrating 
loaded  string.  An  insight  into  the  fundamental  workings  of 
such  a  system  is  gained  from  the  application  of  this  mode  of 
approach,  and  the  relations  of  various  factors  seen,  as  it  were, 
from  a  different  vantage  F>oint.  It  is  hoped  that  the  com¬ 
plexities  of  procedure  will  not  cloud  the  insight  afforded,  when 
other  systems  are  encountered.  However,  as  will  be  pointed 
out  later,  the  difficulties  arise  from  the  nature  of  the  problems 
themselves,  and  not  from  the  method,  and  there  is  no  apparent 
reason  for  this  relation  to  be  altered,  so  the  particular  advantages 
of  the  method  should  remain. 

We  use  only  such  systems  as  are  representable  by  linear 
differential  equations,  the  difficulties  of  non  linear  systems  being 
too  great  for  elementary  development.  Consequently  all  coef¬ 
ficients  are  free  of  the  time  variable,  and  the  physical  constants 
of  the  system  do  not  change.  It  is  entirely  possible  that  certain 
classes  of  non  linear  systems  of  almost  periodic  character  can  be 
treated  by  means  of  almost  periodic  functions,  but  they  will  not 
be  considered  at  present. 

The  method  seems  particularly  adapted  to  systems  of  an 
infinite  number  of  degrees  of  freedom.  Almost  periodic  systems 
of  a  finite  number  of  degrees  of  freedom  have  a  finite  basis,  and 
are  well  treated  by  other  means,  so  will  not  be  taken  up  for  the 
time  being. 

In  general  the  physical  problem  must  be  of  finite  extent,  for  in 
systems  noE  so  constituted,  all  the  elements  might  be  well 
behaved,  and  yet  the  energy  be  infinite.  This  energy  con¬ 
sideration  is  of  prime  importance  in  the  following  method  of 
almost  periodic  functions,  and  gives  a  grasp  on  the  problem.  ()f 
course  infinite  systems  can  be  so  set  up  as  to  have  finite  energy, 
and  these  can  be  handled.  When  the  energy  is  finite  in  a  finite 
system,  the  displacements  and  derivatives  must  also  be  so, 
except  possibly  at  a  set  of  points  of  measure  zero,  and  the  con- 
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verse  is  also  true.  This  gives  us  the  key  in  the  following  method. 
In  the  infinite  system,  finite  displacements  and  derivatives  do 
not  at  all  necessitate  finite  energy,  and  as  will  be  seen,  a  necessary 
condition  for  the  existence  of  an  almost  periodic  system  is  the 
existence  of  a  finite  integral  invariant  of  the  energy  type.  Thus 
throughout  the  work  dissipative  forces  are  assumed  absent,  and 
there  can  be  no  friction,  resistance,  radiation,  or  other  energy 
loss. 

It  is  also  necessary  to  note  that  for  physical  problems  we  are 
not  dealing  with  almost  periodic  functions  of  the  pure  type. 
Periodicity  in  any  case  rests  only  in  the  time  variable,  while  the 
space  variables  appear  as  parameters.  This  compels  the  replac¬ 
ing  of  ordinary  differences  by  differences  in  the  mean,  and  con¬ 
sequently  the  functions  will  be  called  functions  almost  periodic 
in  the  mean  to  distinguish  from  the  regular  almost  periodic 
functions.  The  theory  of  functions  almost  periodic  in  the  mean 
is  worked  out  in  Chapter  I,  up  to  the  proof  of  the  existence  of  a 
polynomial  of  trigonometric  terms  which  approximates  a  given 
function.  This  is,  of  course,  a  direct  analogue  of  Bohr’s  approxi- 
^  mation  formula  for  almost  periodic  functions,  and  is  of  funda¬ 
mental  importance  in  the  application  of  functions  almost  periodic 
in  the  mean  to  physical  problems. 

The  chief  assumptions  are  those  of  hniteness  of  total  energy 
of  the  system,  and  of  the  existence  of  such  derivatives  as  may  be 
necessary.  Such  assumptions  will  be  seen  to  be  not  entirely 
arbitrary,  for  they  are  intimately  connected  with  the  permanence 
and  possibility  of  existence  of  the  system. 

With  linearity,  finite  energy,  and  permanence,  we  then  show 
the  existence  of  a  finite  time  in  which  the  system  will  return  to 
within  c  of  its  original  condition;  and  then  by  showing  the  energy 
of  the  difference  of  these  two  positions  to  be  small,  we  prove  the 
displacement  must  remain  small  for  successive  vibrations. 
These  assure  the  almost  periodicity  in  the  mean  of  the  system, 
and  the  applicability  of  the  method. 

The  latter  parts  of  the  method  show  the  existence  of  the 
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solution  of  the  system  under  the  given  boundary  conditions,  and 
result  in  the  proof  of  the  closure  of  the  eigenfunktionen  or  char¬ 
acteristic  functions. 

The  difficulty  in  the  method  lies  almost  entirely  in  the  bound¬ 
ary  problem,  and  this  is  so  well  appreciated,  and  so  much  met 
with  in  all  branches  of  mathematical  physics  that  it  need  not 
be  enlarged  upon.  It  is  not  a  difficulty  unique  to  any  particular 
mode  of  attack  upon  physical  problems,  but  arising  in  the  very 
nature  of  the  problem  itself,  must  invariably  be  met,  whatever 
the  avenue  of  approach. 

The  author  gratefully  acknowledges  the  guidance  and  assist¬ 
ance  of  Professor  Norbert  Wiener  in  the  preparation  of  this  thesis. 

Chapter  I.  Theory  of  Functions  almost  Periodic  in 
THE  Mean 

As  has  been  pointed  out  in  the  introduction,  the  functions 
which  occur  generally  in  physical  problems  are  not  purely  almost 
periodic,  a  given  y  =  f{t,  x)  being  uniformly  continuous  in  i, 
but  continuous  in  the  mean  in  x. 

We  will  find  it  advantageous  to  assume  all  our  functions  to  be 
real,  but  capable  of  assuming  complex  values,  since  we  can  write 

/(/,  X)  »  R(l,  X)  +  i/(t,  X). 

The  advantage  of  this  conception  is  to  allow  the  use  of  exponen¬ 
tials  in  place  of  trigonometric  functions.  Usually  only  R  will 
appear  in  physical  problems. 

The  displacement  vectors  are  all  parallel  to  the  /  axis,  and  are 
defined  as  follows.  A  displacement  vector  r  of  /(/,  x),  belonging 
to  c  is  a  number  such  that 

jT  l/(f  +  T,  x)  -  fit,  x)  \*dx^t 

for  all  values  of  /,  and  for  all  values  of  x  between  Xo  and  xi. 
A  function  of  two  variables  x  and  /,  for  values  as  above  stated. 
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will  be  called  almost  periodic  in  the  mean,  if  for  every  <  there  is 
a  number  r,  such  that  in  every  region  bounded  by  Xo  and  Xi, 
and  two  lines  parallel  to  the  x  axis  and  of  distance  apart  r,  such 
region  being  placed  anywhere  desired  along  the  t  axis,  there  is 
at  least  one  displacement  vector  r  with  initial  point  on  the 
X  axis,  and  terminus  within  this  region.  Such  a  region  placed 
symmetrically  about  the  origin  is  called  the  fundamental  region. 
Placed  elsewhere  it  is  called  an  outer  region.  The  distance  r  is 
called  a  displacement  distance. 

The  following  theorems  will  be  proved  for  a  function  in  two 
variables,  t  and  x,  but  they  are  valid  for  /  and  any  number  of 
space  parameters,  as  can  readily  be  seen  by  noting  that  only 
the  displacement  region  is  changed  in  sf>ace  dimensions  by  the 
introduction  of  more  such  parameters. 

Theorem  I.  Every  function  almost  periodic  in  the  mean  is 
bounded  in  the  mean. 

We  wish  to  show  that 


|/(/,  X)  \*dx^B. 

We  can  use  a  finite  region  along  the  /  axis,  since  this  can  at  once 
be  extended  by  means  of  our  displacement  vectors.  The  func¬ 
tions  are  assumed  quadratically  summable  in  x  for  every  t. 
We  know  that 

!/(/  -I-  r,  X)  -fit,  X)  |»dx^*. 


In  a  finite  length  r  we  know /(/,  x)  is  bounded  by  definition.  Say 


|/(/,  x)  \*dx  A. 

Then  by  an  inequality  of  the  type  (a  ±  fr)*  ^  2a*  +  26*,  we  have 
from  the  original  equation 

I  fit  +  T,  x)  I*  dx  ^  2i4  4-  2«. 
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Now  by  means  of  translation  vectors  we  can  bring  any.  other  / 
inside  the  r  region,  so  therefore 

I  /(^  x)  \*dx  ^  B  and  /(/,  *) 

is  everywhere  bounded  in  the  mean. 

Theorem  II.  Every  function  almost  periodic  in  the  mean  is 
uniformly  continuous  in  the  mean. 

This  conception  of  uniform  continuity  in  the  mean  is  derived 
from  the  usual  definition  of  continuity  in  the  mean,  and  an 
analogy  to  ordinary  uniform  continuity.  The  Borel  theorem  is 
instructive  in  the  following. 

Let  r  be  the  displacement  distance  for  «/9  for  /(/,  *).  Let  i 
be  less  than  r,  and  such  that  for  any  two  strips  of  width  dt, 
parallel  to  the  x  axis,  and  included  between  and  Xt,  within  the 
double  fundamental  region  (f  *  ±  r;  x  =  xo,  Xi),  whose  distance 
apart  is  less  than  6,  the  function  f(t,  x)  has  values  differing  by 
less  than  c/9.  This  is  possible  since  /(/,  x)  is  continuous  in  t, 
and  in  the  mean  in  x  in  this  closed  region.  We  may  thus  say 
th^it  for  this  region  the  function  is  uniformly  continuous  in  t,  * 
and  uniformly  continuous  in  the  mean  in  x  (see  Borel  theorem,  # 
as  above).  Now  take  two  vertical  strips  of  width  dt  as  before, 
but  outside  the  initial  region.  Their  distance  is  again  less  than 
h.  W'e  can  find  a  displacement  vector  to  take  the  strip  at  say 
/'  inside  the  initial  region  to  say  o'.  The  same  vector  then 
takes  the  second  strip  at  say  T'  inside  the  region  to  A* ,  the 
distance  between  o'  and  A'  being  less  than  i.  Then  we  have 

'  jT* *)Nx=S«/9, 
jT  \Rl\x)  -/(o',x)|*(/x^./9, 

J  (o  +  6  +  c)*  :s  3  J  (o*  +  6*  +  c»). 


Now 
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Call  the  first  bracket  above  a,  the  second  b,  and  the  third  c. 
This  gives  at  once 

jTl  fl  -I-  6  +  c  l*dx  =  jT !/(/'.  X)  -/(r,  X)  |*dx  :s  « 
which  proves  the  theorem. 

Corollary.  If  ti  is  a  displacement  vector  for  /(/,  x)  per¬ 
taining  to  <1,  there  exists  a  positive  number  5  depending  on  ci 
and  cj  >  Cl  such  that  if  |  ri  —  ri  |  <  5,  then  rj  is  a  displacement 
vector  of  c*. 

For  let  b  be  such  that  for  any  two  strips  at  distance  less  than 

the  function  differs  in  the  mean  by  less  than  cj  —  ci.  Then 

P |/(f  +  T,,  x)  - /(/,  x)  1* dx  =  r  I/O  +  Tt,  x) 

-  /(f  +  Ti,  x)  +  f(t  +  Ti,  x)  -  /(/,  x)  1*  dx 

—  |/(f  +  *)  ~/(^  +  ’’1. -f  2  ^  |/(/  Ti,  x) 

-  /(f.  *)  1*  dx  ^  2(cj  -  Cl)  +  2ci  »  2cj. 

Theorem  III.  Any  two  functions  almost  periodic  in  the  mean 
are  simultaneously  almost  periodic  in  the  mean,  that  is,  we  may 
find  an  r  such  that  in  every  displacement  region'  there  is  a  single 
displacement  vector  r  belonging  to  c  for  both  functions. 

Let  6  be  selected  according  to  the  Corollary  to  Theorem  II, 
so  that  if  ri  is  a  displacement  vector  for  the  first  function 
fi{t,  x)  belonging  to  c/2,  and  |  ti  —  ti  |  <  5,  then  t*  will  be  a 
displacement  vector  for  c.  Let  ri  and  fi  be  displacement  dis¬ 
tances  belonging  to  c/4  for  /i(/,  x)  and  /*(/,  x)  respectively. 
Construct  the  outer  regions  formed  by  drawing  parallels  to  the 
X  axis  through  the  points  /  “  r,  2r,  3r,  •  •  •.  In  each  of  these 
regions  Qi  we  may  find  a  vector  ti»  belonging  to  c/4  for  /i(/,  x), 
and  a  vector  ti^  belonging  to  c/4  for  /*(/,  x).  Now  consider  the 
set  of  vectors  T>  =  ti»  —  ti^  all  drawn  so  that  they  have  one 
extremity  on  the  x  axis.  Their  other  extremities  all  lie  within 
the  double  fundamental  region  (/  «  ±:  r;  x  «  Xo,  Xi).  Draw 
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lines  parallel  to  the  x  axis  to  divide  this  region  into  N  rectangles 
qu  each  of  length  *i  —  xo.  and  breadth  2r/N  <  6.  Some  of 
these  Qi  will  not  contain  any  of  the  points  Tk  For  each  of  the 
qi  which  contains  any  of  these  points,  pick  out  the  large  rectangle 
Qk  nearest  the  origin  with  its  F*  in  qi.  Now  take  ^4  >  r  so 
large  that  a  rectangle  with  the  x  axis  for  its  middle  line,  and  of 
breadth  2A  contains  all  of  the  Qk  selected.  We  shall  show  that 
in  every  rectangle  between  xo,  Xj,  and  of  breadth  4A  there  is  at 
least  one  displacement  vector  belonging  to  c  for  both  functions. 

Consider  such  a  rectangle.  In  the  rectangle  of  side  2A  and 
the  same  middle  line  there  is  contained  one  of  the  rectangles 
Qj.  Find  the  T>  for  this  rectangle,  and  note  the  in  which  it 
lies.  There  is  a  Qk  with  its  F*  in  this  same  ?<.  W'e  may  take 
T  =  —  Tj*  as  the  common  displacement  vector  sought.  It 

is  clearly  inside  the  rectangle  of  breadth  4i4,  since  t*'  is  within 
A  of  its  middle  line,  while  t**  is  numerically  less  than  A.  Since 
it  is  the  difference  of  two  displacement  vectors  for  /i(/,  x) 
belonging  to  f/4,  it  is  also  a  displacement  vector  to  c/2,  and 
hence  to  <  for  /t(/,  x).  Finally  the  vector  r'  ==  ti>'  —  t/  being 
the  difference  of  two  displacement  vectors  for  fi(t,  x)  belonging; 
to  c/4  is  a  displacement  vector  for  fi{t,  x)  belonging  to  c/2- 
But  we  have 

I  T  -  /  I  =  I  T,>  -  T,*  -  T,»  +  T,*  I  »  1  T>  -  r*  1  <  i. 

Consequently  from  our  choice  of  4,  the  vector  t  is  a  displace¬ 
ment  vector  for  fi{t,  x)  belonging  to  c. 

Corollary.  Any  n  functions  almost  periodic  in  the  mean  are 
simultaneously  almost  periodic  in  the  mean,  that  is  we  may  hnd 
an  r  such  that  in  any  region  constructed  from  it  there  is  a  single 
displacement  vector  r  which  belongs  to  c  for  all  n  functions. 

Theorem  IV.  The  sum  of  N  functions  almost  periodic  in  the 
mean  is  almost  periodic  in  the  mean. 

Let  r  be  the  displacement  distance  belonging  to  4  holding 
simultaneously  for  all  n  functions,  «i,  ut,  *  *  *  u..  r  is  the 
common  displacement  vector  belonging  to  c/n*.  Both  r  and  r 
exist  by  the  Corollary  to  Theorem  III. 
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Then  r  is  also  the  displacement  distance  for  53  «*  considered 

t.i 

as  a  function  of  t  and  x,  for  at  two  strips  of  width  dt,  F>arallel 
to  the  X  axis,  and  differing  by  r,  each  Uk  differs  in  the  mean 
by  less  than  e/n*,  so  we  have 

\'dx 

1  «/  -  «l  +  Mj'  -  Mj  +  •  •  •  +  Un  -  Un  1*  dx. 

Using  an  inequality  of  the  type 


+  a*  + 


+  a,*  +  •  •  •  +  o,*) 


r  1  —  »  P  \ui  —  Uil'dx 

Jx% 

+  n|  \ut  —  Ui\*dx  +  n  j  \ui  —  Ui\'dx -{■ 
4-  n  I  Un  —  Un\'dx  ^  n  •  n  ’  t/n*  =  t. 


This  proves  the  theorem 

Theorem  V.  The  product  of  a  function  almost  periodic  in  the 
mean  with  a  pure  almost  periodic  function  of  one  variable  is  almost 
periodic  in  the  mean. 

The  pure  almost  periodic  function  is  defined  only  in  the  t,  y 
plane,  that  is  y  =  fi(t).  Hence  the  restriction  of  the  function 
almost  periodic  in  the  mean  between  Xo  and  Xi  has  no  effect 
on  the  fi(t).  The  almost  periodicity  of  each  function  resting 
alone  in  t,  we  can  again  by  the  Corollary  to  Theorem  III  find 
a  common  r,  and  a  common  t  belonging  to  t  for  the  two  simul¬ 
taneously.  Then  r  is  the  displacement  distance  for  the  product 
fiiOfiit,  x)  considered  as  a  function  of  t  and  x.  For  as  before 
take  two  strifes  of  width  dt,  parallel  to  the  x  axis,  and  separated 
by  the  distance  r. 
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The  integral  we  must  examine  is 


jT  !/,(/  +  r)Mt  +  r,  *)  X)  \*dx. 


We  know 


!/■«  +  ’)  -Ml)  I  =  <• 


Subtracting  and  adding  /i(t)/i(t  +  t,  x),  the  integral  becomes 

£ !/.(/  +  r)Mt  +  r.  X)  -  /,(/)/»(/  +  r.  x) 

+  /.(/)/*(/  +  r.  X)  X)  \*dx 

=  r  I  Mt  +  r.  x)Mt  +  r)  -  /,(/)]  -  /.(/)[/,(/  +  r.  x) 

Jtt 

-  Mt,  *)]  \*dx:S2  r  \Mt  +  T.  X)  .  « \*dx 
•h% 

+  2  jr‘|/.W[/.(/  +  r,  X)  -/,(/,  X)]|»(/X. 

The  first  integral  on  the  right  becomes  vanishingly  small  with 
c  since /i  is  bounded  in  the  mean.  The  second  integral  we  attack  * 
through  the  boundedness  of  fiit).  Let  max  /i(/)  *=  A.  Then 

2  jT'  I  /,(/)[/.(<  +  r.  X)  -  /,(/.  X)]  I*  dx 

—  2A  £  |/j(/  +  T,  x)  -/»(/,  x)  |*dx  ^  2a4«. 
Therefore  we  have 

r  !/>(<  +  -b  r.  X)  -  /,(/)/,(/,  X)  l*dx  :£  2Bt  +  2a4€, 

where  B  is  the  upper  mean  bound  of  /*(/,  x).  This  completes 
the  proof. 

Note.  The  product  of  two  functions  almost  periodic  in  the 
mean  will  not  in  general  be  almost  periodic  in  the  mean.  This 
is  easily  seen  from  the  foregoing  proof,  since  integrals  of  the  type 
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I  ftO  x)ifi(t  +  r,x)  -  flit,  x)]  I*  dx 

will  not  be  vanishingly  small  unless  /i(/  -f  t,  x)  is  bounded  in 
the  ordinary  sense  for  all  t,  and  all  x  between  xg  and  xi. 

Corollary.  The  product  of  a  function  almost  periodic  in 
the  mean  with  n  pure  almost  periodic  functions  successively  is 
almost  periodic  in  the  mean. 

For  the  theory  of  pure  almost  periodic  functions  shows  the 
product  of  any  n  almost  periodic  functions  to  be  itself  almost  t 

periodic. 

Corollary.  The  absolute  value  of  any  function  almost 
periodic  in  the  mean  is  likewise  almost  periodic  in  the  mean. 

This  follows  from  the  same  type  of  argument  as  used  in  The¬ 
orems  IV  and  V,  for  the  same  r  and  t  will  hold  for  the  absolute 
value  as  for  the  given  function. 

Theorem  VI.  Any  uniformly  convergent  series  of  functions 
almost  periodic  in  the  mean  is  almost  periodic  in  the  mean. 

Take  N  so  large  that  the  remainder  after  N  terms  in  the  series 
is  less  than  f/9.  By  Theorem  IV  the  sum  Sn  of  the  first  N 
0  terms  is  a  function  almost  periodic  in  the  mean.  So  we  may 
find  a  displacement  distance  r  for  it  belonging  to  c/9.  This 
will  then  be  a  displacement  distance  for  S,  the  sum  of  the  series 
to  infinity,  belonging  to  e.  For  if  t  is  the  displacement  vector 
for  Ss  belonging  to  c/9  w'e  have 

I  Ssit  -f  T,  x)  -  Ssit,  x)  I  'dx  ^  c/9. 

But 

I  Sit,  x)  —  Ssit,  x)  |*dx  ^  c/9, 
and 

I  Sit  +  T,  x)  -  Ssit  +  r,  x)l*dx  :s  c/9.  . 

Therefore 

1 5(/  -H  T,  x)  -  Sit,  x)\'dx  ^  c. 


I 
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Corollary.  A  uniformly  convergent  *86068  of  continuous 
function8  (continuou8  in  a  region  including  the  upper  mean 
bound8  of  the  arguments)  of  functions  almost  periodic  in  the 
mean  is  almost  periodic  in  the  mean. 

Corollary.  If  the  series  k{x)A converges  uniformly 

A* 

for  all  values  of  x  between  xo  and  xi,  and  hence  in  particular  if 
2I|i4*F*(x)|  converges  for  the  same  values,  it  represents  a  func- 

tion  almost  periodic  in  the  mean. 

Theorem  VII.  If  /(/,  x)  is  almost  periodic  in  the  mean,  then 


x)dt  exists.  IVe  call  if  the  mean  value  of  f{t,  x) 


1 

lim  fit, 

and  abbreviate  if  by  A/{/(/,  x)}.  It  is  to  be  noticed  that  it  is  a 
function  of  x  alone.  Also  the  ordinary  mean  value  as  given  by 
1  rr 

lim  ■=  I  fit,  x)dt  exists,  and  we  have 
r— 

lim  j:.  f  fit,  x)dt  =  lim  :=  f  fit,  x)dt. 

*  %/o 

Let  r  be  the  displacement  distance  pertaining  to  c  for  fit,  x). 
Let  the  first  displacement  vector  that  is  greater  than  r  be  r,. 


(2)  (1) 


(3)  (4) 


♦-r-» 

< — — » 


A  V  A  +  t, 


Take  any  region  along  t,  starting  say  at  A,  and  ending  at 
A  +  T„  as  shown.  We  will  now  consider  the  integral 


r  7  -  7  r 


dx. 


Let  K  be  a  displacement  vector  carrying  some  interior  poinP 
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of  the  A,  A  +  T,  region  back  to  the  origin.  We  now  split  the 
above  integral  up  as  follows 


1 


r-r 


1 

/(/,  x)dt - I  /(/,  x)dt 

(4)  (2) 

+-  r f{t,x)dt--  r  f{t,x)dt 


(3) 


(1) 


dx. 


Small  numbers,  corresponding  to  the  region  of  integration 
marked  on  the  figure,  are  placed  under  each  of  the  above  inte¬ 
grals  for  clarity.  It  is  evident  that  the  region  at  O,  and  that  at 
A  have  each  been  divided  into  two  parts. 

Since  r,  >  r,  its  existence  is  assured,  and  since  the  outer  region 
at  A  also  has  a  length  r„  then  V  exists.  From  our  fundamental 
definition  of  a  function  almost  periodic  in  the  mean  the  points 
\n  A,  A  T,  can  be  translated  into  O,  O  +  with  the  mean 
squared  difference  between  the  two  positions  less  than  €,  or  4€, 
depending  on  whether  «e  must  employ  one  translation  or  two 
in  order  to  move  the  points  back.  The  above  integral  can  then 
be  written 


r  -/ 

4/jii  ^44/0 


[/(/+  F.x)  -/(/.x)]d/ 


-  r  uit 


+  -  I  Uit+V-  r„  X)  -  fit,  x)yt 

'A+r,-r 


dx 


"f.fir 


Uit  +  v,x)-fit,  x)yt 


dx. 


Now  since  I  d/  ^  r„  using  the  Schwarz  inequality  on 
Jo 

this  last  integral  above  reduces  it  to 


:S  2/r.  r  dx  f 
Jh  4/0 


x4^€-f 


!/(/-!-  V,x)  -fit,x)\'dt 

M+r.-r 


r 

r»Jo 


iU)dt  ^  8d€, 
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where  b  is  the  breadth  of  the  region  considered,  along  the  x  axis. 
Therefore  we  have  proved 


fi  1  pA+u  J  pr* 

fit.  x)dt  -  -  fit,  x)dt 

^  c/i4  %/o 


dx  ^  €i, 


for  an  arbitrarily  chosen  region  along  t. 

If  now  we  take  any  length  of  time  desired,  we  may  divide  it 
into  an  integral  number  of  intervals  of  length  r«,  for  all  of  which 
the  above  relation  holds,  and  a  remainder  interval.  For  the 
first  part  then  we  know  that 


p*t  1  /*-*+«»«  1 

I  —  Jit,  x)dt  -  -  Jit,  x)dt 


s 

dx  ^  Cl 


by  an  exactly  similar  proof  to  the  above,  for  the  points  in  the 
interval  A,  A  nr*  can  be  brought  back  to  the  interval  0, 
O  +  Tt  such  that  the  mean  squared  difference  of  the  p>ositions 
can  be  made  as  small  as  desired  by  properly  choosing  r,  and 
hence  c. 

Now  consider  the  remainder  piece.  Call  its  length  dr,,  where 
O  <.  6  <  1.  Using  the  same  attack  as  before  we  set  up 


r-f 


A+UU 


Jit,  x)dt  - 


1 


tlT, 


-I 


'4+iirr+*r, 


/(/.  x)dt 


dx. 


The  latter  integral  we  are  not  prepared  to  handle,  so  we  will 
change  both  integrals,  though  still  covering  the  same  region. 
Let  the  first  become 


-f 


A+nrr^t 


Jit,  x)dt. 


Then  the  second  changes  to 


,  g-  I  x)dt  -  —  I  Jit,  x)dt 

Wr,  "I"  "^f/A  ^^*vA 

-  s. 


’A+»U 


nTtinr,  +  , 


Jit,  x)dt. 


Placing  these  two  expressions  in  the  original  one,  and  using 
the  inequality  \ia  +  6)*  a*  +  ft*  we  get 


r 
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r*'  I  1  1  /*Aiuu\»rt  ] 

II--X 

^  I  j  pA+mTr+*T,  |t 

X*i  I  a  ^A+urt 

- 7 - *,  a  \  I  /(^ 

j  |«t.(wt,  +  »t,) 

The  interval  in  each  case  now  being  nrt,  each  integral  on  the 
right  is  less  than  or  equal  to 

^maxj*  \fit,x)^dx 

and  the  whole  original  expression  is  less  than  or  eq  al  to 

^max  r  \f{t,x)\*dx. 
n 

Since /(/,  x)  is  bounded  in  the  mean,  the  value  here  approaches 
zero  as  n  approaches  infinity.  Thus  it  follows  at  once 

l.i.m.  r  |-  r  /(/.  x)dt  -  g  A  f  fit.x)dt\*dx-^\t. 

Therefore 

l.i.m.  I  fit,  x)dt  exists. 

B-A—’mJA 


Also,  since  we  have  used  the  integral  of  form 


1 

7.x 


throughout  in  our  differences  in  the  mean,  the  sharper  mean 
value  is  established.  That  is  we  have  proved  the  existence  of 

1  ..  .  . 


1 

l.i.m.  -  I  fit,  x)dt. 

a-*»  ®  vA 


We  must  now  show  that  any  function  almost  periodic  in  the 
mean  can  be  expressed  by  means  of  a  trigonometric  series.  The 


i4n  Jl 
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method  is  that  of  N.  Wiener,^  The  first  parts  of  the  method  can 
be  taken  over  at  once  as  they  stand.  We  see  that  the  whole 
energy  of  the  spectrum  of  such  a  function  is  contained  in  a 
denumerable  set  of  lines,  this  idea  of  spectrum  being  the  one 
given  in  the  ptaper  mentioned.  Finally  we  employ  the  Parseval 
theorem  to  prove  the  existence  of  the  trigonometric  polynomial 
approximation. 

Starting  with  a  given  function  almost  periodic  in  the  mean, 
/(/,  x),  we  form  the  function 

^(0  ^  *  J**  I/O  +  -  f(z,  x)  1  * dx. 

Employing  the  translation  number  t  of  /(/,  x) 


|^(/  +  t)  —  0(0  1  —  2  z  J*'  {  I /(/  +  «+  T,  x)  —  /(«  +  T,  x)l 

-  |/(/  +  z,  x)  -  fiz,  x)  1 )  •  { !/(/  +  2  +  r,  x)  -  /(z  +  T,  x)  I 

-I-  1  /(/  +  z,  x)  -  /(z,  x)  1  \dx. 

Using  the  Schwarz  inequality  this  becomes 


1  <t>0  +  t)  -  0(0  I  2  yjT  { I  /(z  +  t  +  T,  x)  -f(z -h  T,  x)  1 

-  l/(/  +  z,x)  -f(z,x)lrdx  -TjT' 11/(2  +  / +  r.x) 

-  /(z  +  T,  x)  I  +  1  /(/  +  Z,  X,  -  /(z,  x)  J*  uX. 

To  evaluate  this  let  us  consider  each  integral  under  the  radical 
separately.  <  The  first  is 

2  J”'  {  1  /(/  +  2  +  T,  X)  -  /(Z  +  T,  X)  1  -  I  /(/  +  Z,  X) 

-/(z.x)|)*dx  r‘||/(/  +  2+  r.x)  -/(z+  r,x)l 

J*t 

+  \f(i  +  t.x)-nt.x)\\'dx 

-  4  I  I  /(*  +  f .  *)  -  /(».  *)  I’  dx. 
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The  second  integral  may  be  handled  as  it  stands,  for 

J**  { I  /(<  +  *  +  r,  at)  -  /(*  +  T,  x)  I  +  I  /(/  4-  *,  x) 

-/(*.  x)\]*dx  <  4  s  |/(s  +  T,  x)  -/(«,  x)l*dx  • 

-  4  «  x)\*ax. 

Therefore  we  may  now  write  the  original  expression  as 


I  +  r)  -  I  2  ^4  z  I  /(r  +  T,  x) 


-/(s,  x)  |*dx  •  4  2  |/(*.  x)|*dx. 

But  since  r  is  a  translation  number  for  f(t,  x) 

4  2  I  /(s  +  T,  x)  -  /(*,  x)  1  *  dx  4e. 

Since  /(/,  x)  is  bounded  in  the  mean  we  may  write 

mai  /**i  J  i 

4  z  J  I  /(2,  /)  1  *  dx  =  »  const. 


Therefore 


l0(/  -f  t)  -  ^(/)1  ^  2V4e  •  ylV16  =  i4V7 


and  we  see  that  any  translation  number  r  of  /(/,  x)  pertaining 
to  c,  is  also  a  translation  number  for  ^(/)  pertaining  to  Vc  mul¬ 
tiplied  by  a  constant  which  depends  only  on  the  function /(/,  x). 

Now  any  polynomial  in  functions  almost  periodic  in  the  mean 
is  almost  periodic  in  the  mean.  Moreover  the  uniform  limit 
of  such  functions  is  almost  periodic  in  the  mean,  and  any  con¬ 
tinuous  function  of  them  is  almost  periodic  in  the  mean. 

Let  i/(tt)  be  a  continuous,  non  negative  function  of  u  which 
is  1  when  0  ^  u  ^  «/2,  between  1  and  0  when  tl2  ^  u  ^  «, 
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and  0  for  all  u  >  t.  From  our  previous  function  ^(/)  set  up 

//[♦(■■)] 

where  M  signifies  the  mean  value. 

Since  is  somewhere  positive,  and  everywhere  non 

negative,  can  not  vanish.  Then  from  the  discussion 

above  is  almost  periodic.  Now  form  the  function 

/,(/,  x)  =  Mlfiz,  -  z)], 

where  as  before  z  is  a  time  variable.  The  existence  and  almost 
periodicity  in  the  mean  of  /,(/,  x)  are  also  easily  established  as 
above.  The  definition  of  ensures  that 

provided  —  z)  0.  Here  X(«)  ->  0  as  €  ->  0.  Now  since 
from  the  definition  of  /,(/,  x)  we  see  that  it  is  a  mean  of  these 
values  of  /(z,  *)  we  have 

/  \f{t,x)  -/,(/,  x)l*dx  ^  X(€). 

Similarly  define  the  function 

/«(/,  X)  =  -  z)]. 

Then  as  before  exists  and  is  almost  fieriodic  in  the  mean. 
Then  we  have  at  once 

T  jT  |/“(l.  »)  =  X(.). 

From  this  relation  there  results 

T  J*‘  !/•>(/,  X)  -  fit,  x)\*dx:s  4X(e). 
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Now  let  us  substitute  the  value  of  /,(/,  x)  into  the  equation 
for/^(/,  x). 


r  (f.  *)  =  f  -  t)  f  l/(r.  x)Ut  -  r)  ] 


Due  to  the  uniformity  properties  of  functions  almost  periodic 
in  the  mean  we  may  interchange  as  follows 


/“(/.  *)  -  "[/(r,  X)  y  !*,((  -  -  ,)|  ] 


Referring  to  part  4  of  Professor  Wiener’s  paper  we  see  that 
M 


{^.(/  -  r)^,(r  -  t))  =  La*  cos  X*(/  -  r). 


where  all  the  coefficients  are  positive,  and  L  o*  converges.  So 

0 


x)  L  a*  cos  X*(/ 
0 


-'>] 


/"(<.  X) 

*  Now  since  we  know  that 

*  1  /**■ 

I  2f  I  *)  1  ^  max  |/(t,  x)  |. 

we  can  invert  the  order  of  M  and  L*  This  gives 


/*’(/,  x)  =  Lotjcos  X*/A/[/(t,  x)  cos  Xtr] 


and  inasmuch  as 


+  sin  X*/A/[/(t,  x)  sin  X*t]), 


\MU{t,  x)-i  X*r]|:£|/(r.x)|, 


then  /(/,  x)  is  the  sum  of  an  absolutely  convergent  series  of 
trigonometric  terms.  That  is  we  can  choose  N  so  large  that 


^  f*  x)  -  Lo*{co8  X*/3/[/(t,  x)  cos  Xtr] 

Jh  1 

+  sin  X*/A/[/(t,  x)  sin  X*T]j  |*</x  ^  X(«) 


\ 
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Therefore,  using  the  equation  previously  obtained 
“  j['  l/”«.  *)  -  f(l.  x)\<dxS  4X(.). 

We  get  the  final  result 

nmi  ^*1  I 

t  I  /(/,  x)  —  J3a*{co8  X*/A/[/(t,  x)  cos 
I  1 

7 

+  sin  X*/A/[/(t,  x)  sin  X*t])  dx  ^  1()X(0. 
That  is,  given  an  «,  there  is  a  polynomial 


such  that 


P.(/.  x)  =  EA,(x)e*^‘', 

1 

jT'l/a  X)  -  P,(/,  X)  I  ^dx  ^  e. 


This  proves  Bohr’s  approximation  theorem  for  a  function 
almost  periodic  in  the  mean,  and  shows  we  may  approximate 
uniformly  to  any  desired  degree  of  accuracy  to  a  /(/,  x)  by  means  / 
of  a  trigonometric  polynomial.  ^ 

Chapter  II.  Proof  of  the  almost  Periodicity  in  the  Mean 
OF  A  Loaded  Vibrating  String 

Let  us  now  consider  a  vibrating  string  whose  mass  and  tension 
are  functions  of  the  length,  but  not  of  the  time.  Call  the  mass 
function  m(x),  and  the  tension  r(x).  Then  from  F  *  ma  we 
have 


For  stability  m(x)  and  T(x)  are  always  finite  and  greater 
than  0.  Then  the  kinetic  energy  of  the  system  is,  for  distance 
Xo,  X|  between  the  ends 
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Similarly  the  potential  energy  is 

Thus  the  total  energy,  assumed  finite,  is 


(3) 


(4) 


Knowing  that 
d 


dt 


[u(a:)]l  =  0,  and 


^C7’(*)]=0 


Substituting  from  (1) 


3Eo 

nr 


Now  at  X  =  Xo,  and  x  =®  Xi,  dyfdt  «  0,  therefore  dEoldt  =  0 
and  the  energy  is  invariant,  as  we  could  have  predicted  since 
there  is  no  dissip>ation. 

Following  the  general  outline  of  the  method  just  used  we  will 
now  assume  the  first  and  second  energies  to  be  finite.  Taking 
the  first  derivative  of  (1)  with  respect  to  time,  and  forming  the 
energy  equation  we  have 


Similarly  the  second  energy  is 


(8) 


(9) 
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We  now  wish  to  show  these  invariant. 


(d^y 
[dt*  , 

^  dxdl* ) 

]dx.  (10) 

The  first  two  derivatives  of  (1)  are 

d  1 
dx  1 

d*V 

(11) 

and 

-\ 

r 

(12) 

Using  (11)  in  (10)  we  obtain 


f-ri(9).i[™a] 

-["■>(S)(S)t-"  o» 

as  before  since  =  0  when  x  “  Xo  and  x  =  Xi.  The  same 

will  hold  for  the  second  energy  and  any  higher  which  we  may 
assume  to  exist  and  be  finite,  for  we  always  have 

Therefore  all  the  energies  are  invariant. 

We  now  wish  to  show  that  the  integral  of  the  squares  of  certain 
elements  of  our  system  is  bounded.  The  square  is  used  since 
we  must  later  work  in  the  mean  with  these  elements.  We  will 
assume  the  existence  of  various  derivatives,  which  will  be 
introduced  as  the  need  arises. 

The  energy  £o  is  finite,  and  n{x)  and  T{x)  are  positive: 


\ 
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These  will  be  used  in  the  next  step  of  the  development.  We 
now  prove 

Lemma 

If  /(/,  x)  is  developable  in  a  Fourier’s  series,  and  if 

j  dx  is  finite,  then  the  remainder  of  the  series  is  less 

than  a  quantity  depending  on  (d//dx)*,  and  on  the  number  of 
terms  of  the  series,  and  vanishes  uniformly  as  the  number  of 
terms  becomes  infinite. 

Proof:  Let  f(t,  x)  be  expanded  in  the  series 
Then  differentiating : 


/[ 


dfjt,  x) 
dx 


Now 


dx  is  bounded  by  hyr>othesis,  and  the  ao  term 


is  bounded  since  it  is  an  average.  Therefore  we  may  write  that 
X^A,*a«*(0  <  A,  where  the  constant  A  depends  only  on 
(dfidx)*  since  the  maximum  values  of  are  1  and  —  1. 

Therefore  La.HO  <  A/N',  and  L  a,*(/)  <  A/N*. 

AT  -AT 

,  N 

Consequently  ‘s  uniformly  bounded,  and  the  re- 

-Af 


mainder  is  less  than  lAjN'. 


Q.  E.  D. 


Equation  (14)  shows  the  invariance  of  any  energy  we  wish  to 
assume  existent  and  finite.  From  this,  by  means  of  the  pro¬ 
cedure  leading  to  results  (15),  etc.,  we  have  shown  the  bound¬ 
edness  of  any  expression  of  the  type  me?)!  dx,  or  of 

the  type  mi  dx.  Our  Lemma  applies  at  once  to  all  of 

the  former  kind.  We  are  now  in  a  position  to  prove  that  the 
system  returns  to  its  original  position  (within  <)  in  a  finite  time. 
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We  will  then  later  show  that  it  so  remains,  or  that  the  energy 
of  the  difference  of  the  two  positions  after  a  finite  time  remains 
small. 

VV'e  dehne'as  the  distance  between  two  functions 


5 


dx 


djf  I  at 

jdx.  (18) 


That  is,  by  distance  we  mean  the  differences  in  the  mean 
between  the  position,  slope,  velocity,  and  acceleration  of  the 
system. 

AT 

We  have  shown  that  is  uniformly  bounded  for  the 

-JV 

ordinate  series.  We  can  now  expand  the  other  elements  of  the 
distance  function  (18)  in  similar  series,  and  then  by  differenti¬ 
ating  and  using  the  lemma  can  show  that  their  respective  series 

ff 

are  also  bounded  for  23* 

-AT 

Now  for  any  of  these  we  may  consider  the  (2JV  -|-  1)  a’s  to 
be  the  coordinates  of  a  point  in  hyperspace,  and  since  they  are 
bounded,  as  lying  on  or  in  a  sphere  in  this  space.  Consider  this 
sphere  to  be  divided  into  compartments  of  dimensions  €,  where 
lengths  are  defined  by  5  in  (18). 

The  definition  of  5  shows  each  compartment  to  be  a  com¬ 
bination  of  the  compartments  of  y,  dyjdx,  dyjdt,  and  d^yfdt' 
respectively,  that  is,  with  every  value  of  one  of  the  elements  is 
associated  a  value  of  each  of  the  others.  Now  give  each  com¬ 
partment  a  number  such  that  this  number  shows  the  time  for 
the  vector  A  to  reach  it,  starting  from  f  =*  0.  If  then  we  take 
the  largest  time  of  all  these,  the  vector  will  have  been  in  all  the 
spaces  it  will  ever  enter.  So  there  is  a  finite  time  during  which 
A  will  have  approached  every  px>int  of  its  trajectory  closer  than 
€.  Thus,  given  any  e,  a  finite  time  exists  in  which  A  will  be 
closer  than  <  to  any  p>oint  it  p>ossibly  can  approach.  That  is. 


I 


li 


\ 

♦ 


188 


MUCKENHOUPT 


all  the  elements  will  have  returned  simultaneously  to  within 
(  of  their  original  values,  in  the  mean.  Consequently,  from  (4) 
the  energy  will  also  return  to  zero,  for  the  difference  of  the  two 
positions. 

We  must  now  show  that  once  all  the  elements  have  returned 
to  very  near  the  original  position,  they  will  so  remain  during 
successive  vibrations  of  the  string.  The  method  is  to  show  that 
the  energy  of  the  difference  of  any  one  of  the  elements  stays 
always  small.  We  will  use  the  ordinate  y. 

Take  equation  (1),  divide  through  by  n{x),  square  both  sides, 
and  integrate  with  resjject  to  x.  Then  we  have 

fWh  <"') 

W'e  know  from  our  previous  discussion  that 


and  r 

^1  ^ 

dx  dx  J 

dt  dt 

dx  <  «, 


Then 


and  also 


/  [rwj 


jjO'-j'.) 


dx  <  0i(e), 


(20)  , 


/[illi 


Tix) 


^iy  -  yi)  1 1* 


dx 


=/ 


dx 

^(y  -  y») 


a/* 


dx  <  ^i(e)  (21) 


where  0i(()^  and  0i(c)  approach  0  as  <  approaches  0. 
We  now  dehne  the  potential  energy  function 


m(x) 


nx)-iy-y,). 


Using  this  expression  (21)  becomes 


(22) 


(23) 
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We  will  now  express  u(x)  as 

Then 

£  =  £'\£££y.'^dx.  (25) 

Using  the  Schwartz  inequality  we  obtain 


rHf«r(s)« 


^  (x  I  -  XoY 


(26) 


Then  from  (23)  we  see  that  the  potential  energy  is  small  for 
the  differences  of  position  of  the  system  during  successive  motions 
separated  by  a  translation  vector.  In  the  same  way  we  can 
handle  the  kinetic  energy,  so  that  it  is  seen  that  the  total  energy 
of  the  differences  of  position  of  the  system  is  small  for  all  repeated 
motions. 

Now  considering  our  definition  of  a  function  almost  periodic 
in  the  mean,  we  see  that  from  the  argument  of  the  return  of  the 
elements  of  the  distance  between  two  positions  of  our  system, 
that  the  largest  time  for  the  vector  A  to  reach  each  point  of  its 
trajectory  corresponds  to  the  displacement  distance  r  for  the 
given  dimension  c  of  the  compartments.  The  fact  that  the 
energy  of  the  difference  of  positions  remains  small  for  the  suc¬ 
ceeding  motion  of  the  system  establishes  the  existence  of  the 
displacement  vector  r. 

That  is,  taking  the  largest  time,  r,  as  above,  we  know  there  is 
a  time  equal  to  it,  or  less  than  it,  when  all  the  elements  of  the 
initial  p>osition  are  simultaneously  within  c  of  that  position  in 
the  mean.  Thus  we  have  ti  ^  r,  and  using  this  ti  we  know  that 


-W  t  -r. .  ■  .;w «w-' y  rw 


190  MUCKENHOUPT 

If  we  wish,  we  may  now  start  from  this  new  position  /(/+T|,  *) 
and  repeat  the  same  argument.  The  largest  time  from  this 
position  will  of  course  be  r  again,  provided  we  keep  the  same  c. 

Thus  there  will  be  a  new  u  such  that 

|/(/  +  Ti,  x)  -  fit  +  Ti,  x)  \'dx  ^  c, 

or  carrying  back  to  the  original  state 

jT  \fit  +  r,,  x)  -  fit,  x)\*dx  =  J’  \fit  +  T,,  x)  -  fit  +  Ti,  *) 

+  /(/  +  ri,  x)  -  fit,  jc)  ^  2  !/(/  +  Ti,  jc) 

-  fit  +  Ti,  x)\*dx  +  2  J  \fit  +  T,,  *)  -  fit,  *)  |*dx  ^  4«. 

Or  using  the  fundamental  definition  of  a  function  almost 

periodic  in  the  mean  we  may  go  directly  from  the  last  state 
above  to  the  initial  one  by  letting  A  make  the  circuit  of  its  path 
twice.  This  amounts  to  taking  the  region  from  r  out  away 
from  the  origin.  Then  we  have  a  vector  rt  in  this  region  such  * 
that  *  I 

I/O  +  x)  -  fit,  x)  l*</x  ^  «.  I 

Since  this  can  evidently  be  carried  out  for  all  t,  it  proves  the 
given  system  to  be  almost  periodic  in  the  mean. 

Chapter  III.  Existence  of  the  Solution  of  the  Problem 

We  have  ^hown  that  if  a  solution  exists  for  the  system  under 
consideration  it  will  be  almost  periodic  in  the  mean.  We  will 
now  consider  the  differential  equation  to  prove  this  existence, 
for  any  initial  position  of  the  string  desired,  if  only  this  position 
be  often  enough  differentiable  in  x. 

Our  original  equation  is  linear,  and  of  the  hyperbolic  type. 

We  know  the  solution  for  /  0,  for  it  reduces  to  the  initial 

position.  We  also  know  the  value  of  the  ordinate,  velocity,  and 
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acceleration  along  the  two  lines  x  »  xo.  Xi,  for  ail  values  of  t. 
Assuming  the  string  to  be  at  rest  before  /  »  0,  to  have  the  values 
y  =  /(x)  at  f  *  0,  and  then  to  be  released,  the  whole  motion  is 
included  in  the  region  x  ^  x«,  xi,  /  =  0,  <*>. 

In  order  to  handle  the  equation  better  we  will  transform  it  by 
a  rotation  of  the  axes  through  45  degrees,  and  a  suitable  dis¬ 
tortion  of  the  parametric  direction.  This  will  eliminate  the 
d^yldt*  and  d^yjd:^,  and  introduce  instead. 

Introducing  the  new  variables  (  and  n  we  get  the  auxiliary 
equations 


Mli)' 


Since  these  are  similar  to  each  other  we  will  take  the  -H  sign 
in  one  case,  and  the  —  sign  in  the  other  when  talcing  the  square 
root.  Then  we  have 


TO 
m(x)  dx 


a»I  ,  lT(x)  dri 


from  which  we  get  the  equations  of  our  transformation 


Substituting  in  the  original  equation  we  now  get  for  the  dif¬ 
ferential  equation  of  the  string  in  these  coordinates 


d^dri  dn)’ 
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where 

^  ~  ^  {m[^($.  »?)]7T^({,  ij)]|  (31) 

Here  0({,  n)  *=  *.  and  is  gotten  from 


It  might  be  of  interest  to  state  in  passing  that  equation  (30) 
is  of  the  type  satisfied  by  each  of  the  Cartesian  coordinates  of  a 
point  on  a  surface,  expressed  in  terms  of  the  parameters  of  con¬ 
jugate  directions  on  the  surface. 

The  invariants  are  easily  seen  to  be 


h  = 
k  = 


n)  -  ^(i.  r,) 


(33) 


It  is  evident  that  neither  of  these  will  vanish  except  p)ossibly 
for  a  very  special  function  ^({,  rj),  so  an  immediate  general 
solution  is  not  apparent.  VVe  will  obtain  a  series  development 
by  the  method  of  Picard.® 
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The  figure  shows  the  region  of  integration  in  the  new  coor¬ 
dinates.  The  *  axis  has  been  rotated  through  —  45  degrees 
about  the  origin,  and  the  lines  x  xo  and  x  ^  Xi  take  the 
positions  shown,  all  three  remaining  straight.  We  divide  the 
whole  region  into  smaller  ones  as  shown  by  means  of  parallels 
to  the  (  axis  and  the  ri  axis.  Let  us  first  consider  region  (1). 
Along  the  /  =  0  line  we  know  the  initial  position  of  the  string 
as  y  =  /(/,  x)  =/({  +  >!.{-  n)- 
Let 


and 

y  =  yo  +  Xyi  +  X*y»  +  •  •  •  +  X"y,  -f  •  •  • ,  (35) 

Then 


^yo  ■  >  yy» 

d^dri  d^ri 


+  ••• 


0 


= 

/  dyo  dyo'^ 

drij 

)+  X*| 

fdy, 

g)-- 

].  (36) 

Therefore 

d(dr,  ^  ( 

^  dyn-l 

< 

dyn- 

dri 

■') 

(37) 

We  now  let  d*yo/5{dn  =  0,  whence  yo  =  /i({  +  n)  +/i(f  -  n). 
the  initial  position  of  the  string. 

It  is  evident  that  y©  reduces  to  ifii(ri)  for  {  =  {©,  to  ^j({) 
for  ri  —  rio,  and  that  ^i({o)  must  equal  The  other  yi, 

yi,  and  so  on  can  then  be  placed  equal  to  0  for  {  =  {©,  {i,  and 
for  ij  =  rio,  Ill- 

Then  from  (37)  we  have  the  formula  for  the  y’s 


y«({.  ~  ~ 

The  convergence  and  uniqueness  of  solution  (35)  have  been 
proved  by  Picard,  as  above,  and  will  not  be  repeated  here. 
Even  though  v»i(»i)  and  ^j(f)  or  their  derivatives  have  a  finite 
number  of  discontinuities,  the  y’s  are  regular,  and  y({,  tj)  as 
given  by  (35)  is  regular  except  at  a  finite  number  of  pioints. 
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The  boundary  conditions  may  be  cared  for  by  the  method  of 
Goursat  *  as  follows.  Take  the  integral 

’’  “  f X..»  ^ 

As  shown  in  the  reference  above  this  is  solvable  with  our  given 
initial  position  of  the  string,  for  the  requisite  number  of  deriva¬ 
tives  will  exist,  as  will  be  shown  in  the  next  chapter.  Hence  the 
solution  of  the  equation  exists  for  region  (1). 

In  either  of  the  regions  marked  (2)  the  problem  is  the  same. 
In  the  one  we  know  y  and  its  derivatives  along  PM,  in  the  other 
along  MQ,  from  the  solution  of  region  (1).  In  the  first  we  also 
know  y  and  all  time  derivatives,  since  they  are  zero,  along  PM, 
and  in  the  second  along  QN'.  Consider  the  upper  of  the  two 
regions.  We  have  a  mixed  problem  (see  Goursat  above,  p.  1 19  ff). 
Again  we  use  the  series  (35)  and  the  formula  of  recurrence  (38). 
VV’e  set  here  yo  =  /i(i  +  n)  +/»({  ~  v)>  the  value  of  the  in¬ 
tegral  along  PM,  where  rj  =  const. 


The  boundary  conditions  come  in  through  the  region  of 
integration,  which  is  now  mnqp.  This  gives  us 
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Using  these  y'%  the  series  (35)  for  this  region  is  convergent 
as  before,  as  will  be  the  series  for  the  partial  derivatives.  These 
series  will  satisfy  the  Cauchy  conditions,  and  insure  the  solution 
of  our  equation  in  regions  (2),  (Goursat,  ib.  p.  155  ff).  - 

As  for  region  (3)  we  have  the  values  of  the  integral  along  ■ 

MN  and  MN\  so  the  value  everywhere  is  obtained  in  the  same 
general  manner  as  for  (1)  and  (2)  by  integrating  over  the  region  * 

MNM'N'. 

Thus  the  solution  exists  everywhere  so  long  as  the  initial 
position  of  the  string  as  given  by  y  =  /((  +  iji  i  ~  n)  is  suf¬ 
ficiently  differentiable.  As  before  stated,  this  condition  will  be 
shown  to  be  met  in  the  following  chapter. 

Having  shown  the  existence  of  the  solution,  we  know  from  the 
results  of  Chapter  II  that  it  is  almost  periodic  in  the  mean,  and 
from  Chapter  I  we  see  that  it  may  lie  approximated  by  means  of 
a  polynomial  of  the  form 

+  n.  i  -  n)  =  L  /!*({  -  n)^^***-^*:  f 

I  * 

Or,  referring  back  to  the  original  axes,  the  solution  may  be 
approximated  by  means  of  the  p>olynomial 

1 

Chapter  IV.  The  Completion  of  the  Problem,  and  the 

Closure  of  the  Eigenfunktionen  or  Characteristic 
Functions 

We  have  been  working  with  the  transformed  equation,  but  1* 

the  transformation  being  a  simple  one  we  can  return  at  once  to 
the  original  form,  and  will  work  with  it  from  this  point. 

From  equation  (1)  we  get  the  corresponding  integral  equation 
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Now  any  solution  whatever  of  the  differential  equation  (1) 
is  also  a  solution  of  this,  its  associated  integral  equation.  There¬ 
fore  the  approximating  trigonometric  polynomial  solution  of 
the  differential  equation,  arising  from  the  almost  periodic  in 
the  mean  character  of  y,  is  a  solution  of  (41).  In  addition  we 
know  from  the  theory  of  integral  equations  that  the  uniform 
limit  of  a  number  of  solutions  of  (41)  is  also  a  solution  of  it. 
We  now  wish  to  show  that  each  separate  term  of  the  approxi¬ 
mating  polynomial  solution  is  also  a  solution. 

Since  /(/,  x)  is  a  solution  of  (41),  it  is  evident  that  /(/  -f-  t,  x) 
is  also  one,  where  r  is  a  displacement  vector,  and  since  a  constant 
times  a  solution  is  also  a  solution,  we  know  that  *(r)/(/  +  t,  x) 
will  satisfy  (41). 

Now  from  the  uniformity  properties  of  functions  almost 
periodic  in  the  mean,  and  from  the  existence  of  the  mean  value 
we  also  have  the  following  solutions  of  (41) 


+  T,  x)dt 
+  T,  x)dt 


(42) 


Using  these  solutions,  and  referring  to  pages  180-181  of  Chapter 
I,  we  see  that  the  functions  /,(/,  x)  and  x)  will  also  satisfy 
the  integral  equation.  Then  since  the  uniform  limit  of  solutions 
is  a  solution 

(43) 

r 

satisfies  (41). 

Considering  this  expression  we  see  that  it  is  really  but  a  single 
term,  for  the  averaging  process  causes  everything  to  vanish 
except  a  single  term  corresponding  to  the  A,  the  /‘*’(^  x)  being 
considered  as  a  trigonometric  series  as  on  page  181. 

Since  /(/,  x)  and  /'**(/,  x)  have  been  shown  to  differ  in  the  mean 
by  a  vanishingly  small  quantity,  we  may  take  a  single  term  of 
the  polynomial  approximation  of  /(/,  x)  for  our  purpose.  There¬ 
fore  Ak{x)e*^  satisfies  (41). 


A 
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We  now  wish  to  show  that  these  single  terms  of  the  poly¬ 
nomial  also  satisfy  our  differential  equation  (1). 

Putting  i4  *(*)«“**  in  (41)  we  see  that  gives  no  trouble, 
since  it  can  be  differentiated  as  often  as  we  please  when  we 
reduce  (41)  back  to  (1)  by  differentiating  twice  with  resfject  to 
each  t  and  x.  The  only  question  is  as  to  the  differentiability 
of  y{t,  x)  with  respect  to  x.  This  is  the  same  question  we  have 
met  before  concerning  the  initial  position,  for  it  is  simply  a 
special  case  for  /  =  0  of  this,  the  general  case.  The  question 
of  the  two-fold  differentiability  of  log  Tix)  with  respect  to  x 
arises  in  the  int^ral  equation,  and  we  must  assume  this  to  be 
possible.  But  we  can  prove  the  existence  of  the  required 
derivatives  of  y  =  /(/,  x)  as  follows. 

Differentiate  (41)  twice  with  respect  to  /.  This  gives  the 
equation 


y(t,  x)  =  -  y(t,  Xo)  + 
a  log  r 


-£■ 


dx 


«/Jk  %/U 


dx* 


ax* 


where  everything  but  y{t,  x)  has  been  placed  on  the  right.  It 
is  now  perfectly  evident  that  the  right  side  can  be  differentiated 
once  with  respect  to  x.  Thus  dy/dx  exists. 

Now  the  first  term  on  the  right  is  a  function  of  /  alone,  the 
second  will  cause  no  trouble,  and  the  two  double  integrals  are 
immediately  twice  differentiable  with  respect  to  x.  Hence  it 
is  only  the  single  integral  that  we  must  examine  now. 

Since  we  have  shown  the  existence  of  dyjdx,  we  can  write 


y 


(45) 


and  substituting  this  value,  the  single  integral  becomes 


ax 


^  log  7^ 

dx 


dx 


(46) 
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which  is  twice  differentiable  with  respect  to  *.  The  process 
could  be  continued,  but  we  need  only  the  two  derivatives,  so  we 
see  that  the  initial  position  and  the  general  integral  of  our 
system  must  possess  the  requisite  derivatives. 

Thus  single  terms  of  the  polynomial  Pit,  x)  are  solutions  of 
the  differential  equation. 

As  a  result  we  see  that  we  can  approximate  uniformly  in  the 
mean  to  a  solution  of  (1),  reducing  to  0(x)  for  /  =  0,  by  means 

of  51  //*(x)e***‘,  where  //*(x)e‘**‘  satisfies  (1). 

1 

Now  the  functions  //*(x)  are  the  eigenfunktionen  or  the  char¬ 
acteristic  functions  of  the  system,  and  satisfy  the  differential 
equation  of  eigenfunktionen 

Then  we  see  that  the  initial  position  of  the  string  can  be  approxi¬ 
mated  in  the  mean  as  closely  as  desired  by  a  denumerable  set  of 
eigenfunktionen,  since  we  may  take 

rW*)-L//*W?dx  (48) 

so  as  to  be  less  than  «,  «/2,  «/4,  etc.,  by  properly  choosing  N 
each  time. 

Now  take  any  closed,  denumerable  set  0t(x)  of  initial  positions. 
Each  0  can  be  approximated  by  a  denumerable  set  of  eigenfunk¬ 
tionen  as  above.  Since  any  quadratically  summable  function 
can  be  apprbximated  by  a  series  of  sines  and  cosines,  we  can 
consider  our  «>t(x)  thus  expressed.  Then  taking  the  whole 
set  we  have  a  denumerable  set  of  denumerable  sets  of  eigen¬ 
funktionen.  From  this  we  immediately  conclude  that  any 
quadratically  initial  position  of  the  string  is  expressible  by  means 
of  a  denumerable  set  of  eigenfunktionen  of  the  system.  For 
the  present  problem,  the  eigenfunktionen  are  the  standing 
waves  of  the  string. 
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AN  APPLICATION  OF  THE  INVARIANT  AREA  PROP- 
ERTIES  OF  ALGEBRAIC  POLYNOMIALS  TO 
THE  DERIVATION  OF  FORMULAS  FOR 
MECHANICAL  INTEGRATION  * 

Bv  PtESCOTT  D.  Ceoct 

1.  Introduction.  The  purpose  of  this  paper  is  to  investigate 
the  invariant  area  properties  of  algebraic  polynomials,  and  to 
apply  these  properties  to  the  derivation  of  formulas  for  approx¬ 
imate  integration.  It  will  be  shown  that  there  exists  a  family 
of  polynomials  analogous  to  and  including  the  polynomials  of 
Legendre,  such  that  the  roots  of  each  fix  the  spacing  of  the 
points  of  an  integration  formula  which  satisfies  certain  conditions, 
and  which  gives  exact  results  when  applied  to  any  polynomial 
of  degree  smaller  than  a  given  number.  The  formulas  of  Gauss 
follow  directly  as  a  special  application  of  the  general  theory. 

In  this  paper  only  algebraic  polynomials  will  be  considered, 
no  attempt  being  made  to  investigate  the  error  involved  when 
a  formula  of  mechanical  integration  is  used  to  approximate  the 
integral  of  an  arbitrary  function. 

2.  Formulas  for  the  Integral  of  a  Polynomial  Over  a  Given 
Interval.  Let  there  be  given  the  n  points  (ci,  yi),  (c*,  yi),  (c»,  yi), 
•••.  (Cn,  y»);  then  the  polynomial  of  lowest  degree  passing 
through  these  points  is 

II  i’!  - 

.  >■* 

PM-E^ - y.,  (I) 

>+• 

*  This  paper  was  prepared  under  the  simrvision  of  Professor  George 
Rutledge,  of  the  Massachusetts  Institute  of  Technology,  who  offered  many 
valuable  suggestions. 
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which  is  the  formula  of  Lagrange.*  We  shall  now  integrate 
P{x)  over  a  given  interval,  which  can  without  loss  of  generality 
be  taken  as  the  interval  {—9,  9),  since  this  follows  from  a 
particular  choice  of  the  origin  in  (1).  We  thus  have 


or 


hence 


where 


C  P{x)dx  -  r*  E  - ydx. 


II  (*  -  Cj) 

i-1 

i±L 


£ 


IT  {Ci  -  Ci) 
y-1 

>+•■ 


r*  n  (jf  -  Ci)dx 


P{x)dx=  Y.yi — - 

n  ic,  -  a) 

i-1 

>+• 


I  P(x)dx=  EK^yt 
J-i  i.l 

r  flCx  -  Ci)dx 


Ki 


n  id  - 

i+i 


(2) 

(3) 

(4) 


Here  it  is  to  be  noted  that  the  J^’s  can  be  determined  once  and 
for  all  when  9  and  the  c's  are  given;  thus  the  K's  are  independent 
of  P{x).  By  applying  (3)  to  the  polynomial  P  *  constant, 
we  find  that 

i  a:,  =  20;  (5) 

•-1 


also,  from  (4)  it  is  evident  that  when  the  points  are  symmetrically 

*  Crout:  A  Method  for  Derimni  Formulas  of  Interpolation,  this  Journal, 
vol.  8,  p.  29. 


202 


CROUT 


placed  about  the  origin,  or  —  Cy  =  c,_y+i,  then 


Kf  ^  j  —  1,  2,  3,  •  •  2  f  ^  even, 

n  -  1 

j  =  1,  2,  3,  •  •  -t  .  »  odd. 

For  convenience  we  shall  now  leave  d  arbitrary  and  fix  the  c’s 
by  their  ratios  to  0;  thus 

Ci  =  fid  i  =  I,  2,  3,  •  •  •,  n.  (7) 

Substituting  (7)  in  (4)  and  making  the  substitution 


u9  =  X, 


(4)  becomes 


of  n  (“  - 

J-\  i‘\ 


thus  (3)  may  be  written 


n  -  ri) 
>+< 


P(x)dx  =  0  Y. 


/»l  n 

f  IKu- 

J-i  >-i 


Obviously 


n  -  n) 

J-i 

>+»■ 

Ki=  Oki  t  =  1,  2,  3,  •  •  •,  n; 


thus  from  (5)  and  (10)  we  see  that 


Yki=2; 

i-l 


P{x)dx 


and  from  (6)  and  (10)  we  see  that  when  the  points  are  sym¬ 
metrically  placed  about  the  origin,  or  —  r,-  =  then 


As  an  example  let  us  sup|x>se  that  the  n  points  are  placed  so 
as  to  to  divide  the  interval  ( —  B,B)  into  w  —  1  equal  subintervals; 
then  the  ratios  are 


g  I  -  1) 

a  n  -  \  2i  -  n  -  \  .  .  ,  , 

r,  =  j - — - 1,2,3,. 

nd 

r  n  ([«  -  +  n  +  1  -  2j)du 

J-i  >-i 


2"-'  II  ii-j) 

>-» 

In  this  case  the  formulas  (8)  are  those  of  Cotes,  and  the  con¬ 
stants  (13)  are  Cotes’  coefficients.  For  example,  if  n  =  5, 
(8)  becomes 


3.  Invariant  Area.  Let  us  now  suppose  that  the  distribution 
of  the  points  is  such  that  one  of  the  K’s,  Ki  to  fix  ideas,  is  zero. 
This  is  obviously  the  same  as  saying  that  the  r’s  are  distributed 
in  such  a  way  that  ki  vanishes.  Omitting  the  tth  point,  it  is 
seen  that  an  infinite  number  of  polynomials  of  degree  n  —  1 
can  be  passed  through  the  remaining  n  —  1  points;  however, 

in  the  case  of  all  of  these  polynomials  P(x)dx  remains 


1,  2,  3,  -  •  n  even, 

1,  2,  3,  •  •  •,  — - —  ,  n  odd. 


{7y,  -I-  32y,  -|-  12y,  -|-  32y«  +  7y,}, 
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invariant,  for  yi  can  be  taken  as  the  parameter  of  the 
family,  and  the  term  Sktyt  contributes  nothing  to  the  sum  (8) 
since  ki  is  zero.  Since  P{x)  can,  in  particular,  be  taken  as  the 
polynomial  of  degree  n  —  2  that  is  determined  by  the  remaining 
n  —  1  points,  it  is  evident  that  the  k’s  are  fixed  independent 
of  r<;  thus  in  this  case 


n 


P{x)dx  =  «  L  *;>/• 


/-» 


(14) 


If,  now,  a  new  formula  of  integration  is  derived  which  is  based 
upon  these  same  n  —  1  points  and  upon  an  arbitrary  point  Cm 
of  ratio  r«,  we  have  from  (8) 


£ 


P{x)dx  =  ek^y^  +  ^  E  kiyii 


(15) 


however,  since  the  k’s  are  uniquely  determinate,  and  since  (IS) 
is  satisfied  identically  if  km  ^  0  and  the  other  k’s  of  (15)  are 
identical  with  the  corresponding  k's  of  (14),  it  follows  that  (14) 
and  (15)  must  be  identical;  and  km  ^  0  regardless  of  fm. 

This  relation  also  follows  directly  from  (9),  for  the  condition 
that  ki  vanish  is 


ki 


0, 


(16) 


or 


f  II  («  - 

J-i  i~i 
/+* 


0. 


(17) 


f 


since  the  denominator  of  (16)  is  finite.  The  condition  (17) 
does  not  involve  r<;  hence  if  ki  vanishes  for  a  particular  value  of 
fi,  it  vanishes  for  all  values  of  r^,  the  other  points  being  held 
fixed. 
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Let  us  now  consider  ife*  where  A  =  1,  2,  3,  •  •  n,  but  where 
h  +  *.  We  have  from  (9) 


i. 

dfi  dfi 


I n(«  -  n)du 
(>’*  -  n) 


;■+* 

(»’*  -  n) 


n  If/**" 

-  =  -  n  J  /  n 

_  > _  I 


(«  -  r,)dM 


^  _ 

(>’*  -  >'«)  n  ('■*  -  n) 

i-i 

>+* 

thus  finally  it  follows  that 


dn 


jg(r*-r,)l* 

>+* 


(»’<  -  n) 


(f'h  -  n) 


>+* 


A.. 


(18) 


Since  the  coefficient  of  A<  in  (18)  is  finite  but  not  zero,  it  follows 
that  the  necessary  and  sufficient  condition  for  kk  to  be  inde¬ 
pendent  of  fi  is  that  ki  vanish,  which  condition  is  (17)  and  hence 
independent  of  r^. 

Replacing  n  and  i  of  (17)  by  »  -f  1,  noting  (14),  we  see  that 
if  P{x)  is  any  polynomial  of  degree  n  passing  through  n  fixed 
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points,  P(x)dx  is  invariant  and  given  by  (8)  if  and  only  if 


f  n  («  -  =  0. 


(19) 


As  an  illustration,  let  us  consider  n  points  placed  symmetri¬ 
cally  about  the  origin;  then  if  n  is  even,  we  have 

XI  »  nl2 

II  (m  -  ri)du  *  I  II  (tt*  - 

1  ;-l  J-l  >-l 

which  may  or  may  not  vanish;  however,  if  n  is  odd,  we  have 

n  («  -  fi)du  =1  u  n  (m*  -  rf)du  =  0 
1  >-l  J-l  >-l 

(■-y/2 

“  II  (“*  “  is  function;  hence  in  this 


since 


j-l 


case. 


where  n  is  odd,  (19)  is  satisfied  and  P(x)dx  is  invariant  and 

given  by  (8)  for  any  polynomial  of  degree  n  passing  through 
these  n  points.  As  an  application  we  may  note  that  Cotes’ 
formula  for  n  points  gives  exact  results  when  applied  to  any 
polynomial  of  degree  n  if  n  is  odd. 

In  the  preceding  illustration  we  merely  verified  the  fact  that 
(19)  is  satisfied  in  the  case  of  an  odd  number  of  pioints  sym¬ 
metrically  placed  about  the  origin;  however,  it  is  obvious  that 
(19)  may  be  taken  as  a  condition  subject  to  which  the  n  pioints 
are  initially  chosen,  the  resulting  formulas  all  giving  exact 
results  wheii  applied  to  any  polynomial  of  degree  n.  For 
example,  if  n  =  2  we  have 


£ 


(tt  -  ri)(u  -  rt)du  =  0, 


rirt  =  -  ^  ; 


(20) 
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also,  from  (21) 
and  finally 


kl  =  kt  =  1, 


+  (23) 


for  any  polynomial  of  second  degree.  Since 
=  0  *  =  0.  1,  2,  3, 


(23)  gives  exact  results  when  applied  to  any  polynomial  of  third 
degree. 

4.  Invarumcy  of  Higher  Order.  We  shall  now  investigate  the 
conditions  under  which  the  integration  formula  (8)  gives  exact 
results  when  applied  to  any  polynomial  of  degree  n  +  i,  in  which 
case  we  define  i  as  the  order  of  invariancy  of  the  formula.  We 
thus  see  that  the  invariancy  considered  in  Section  3  was  that  of 
order  zero;  obviously  t  S  0  unless  there  is  no  invariancy,  in  ^ 
which  case  »  =  —  1. 

It  has  been  shown  in  Section  3,  (15)  and  (19),  that  the  in¬ 
tegration  formula  for  the  n  px)ints  ri,  rj,  •••,  r,  is  identical 
with  the  integration  formula  for  these  points  and  some  arbitrary 
point  r..fi  if  and  only  if 

r  II  ~ 

J-l  j~\ 


Similarly,  the  integration  formula  for  the  n  -f  1  points  rj,  rj, 
Tn+i  is  identical  with  that  for  these  points  and  another 
arbitrary  point  rn+t  if  and  only  if 


/•I 

I  n  (« -  =  0. 

J-l  >-i 

r  «!!(““  ~  '■-+»  r  II  “  0;  (25) 

J-l  >-l  J-l J-l 
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hence  the  formula  for  the  n  points  ri,  r*.  is  identical  with 

the  formula  for  the  n  +  2  points  ri,  rj,  •  •  • ,  r,+j  if  and  only  if 
(24)  and  (25)  are  both  satisfied,  or  if 


-  ri)du  =  0, 


—  ri)du  =  0. 


Proceeding  as  with  (25)  we  see  that  the  formula  for  the  n  points 
Ti,  ft,  •••,  f»  is  identical  with  that  for  the  «  +  *  +  1  points 
ri.  ft,  •  •  •,  fn+i+i,  the  points  r,+i,  r,+i,  •  •  •,  r,.K+i  t>e«ng  arbitral^', 
if  and  only  if  * 


—  r,)d«  =0,  a 


0,  1,  2, 


*.  (26)  • 


But  the  integration  formula  for  w  +  »  +  1  points  gives  exact 
results  when  applied  to  any  polynomial  of  degree  n  +  i;  hence 
from  (26)  it  is  evident  that  the  integration  formula  (8)  for  the 

•  n  points  ri,  r*,  •  •  • ,  r,  has  invariancy  of  order  i  if  and  only  if  * 

*  *  More  explicitly,  the  formula  for  the  n  points  ri,  ft,  *  * ',  r,  is  identical 

with  that  for  these  points  and  »  +  1  arbitrary  points  •••, 

if  and  only  if  the  t  +  1  conditions 

r  -  ’'i)du  -  0,  a  -  0,  1,  2,  ••  I  (1) 

•f-l  /-I 

are  satisfied.  But  (I)  may  be  written 


“•.0  r  n  ("  -  n)du  +  a«.i  p  «!!(«-  +  aa.a  f 

J-i  j^t  J-i 

X  n  (u—rj)du  +  -’-+a0,a  P  u**  JJ  (u  —  ri)du  ^0,  a  ^0,  1,  2,  ‘  •  i,  (II) 

J-l  Jml 

where  the  a's  involve  r.>i,  fn-t-t.  •••  also  it  is  evident  that  in  each 

condition  (II),  all  terms  but  the  last  vanish  due  to  the  preceding  conditions; 
thus  we  have  (26). 

*  The  conditions  (27)  also  follow  directly  from  (17)  and  (18),  for  the 
formula  based  upon  the  »  +  *  +  1  points  ri,  ft,  •  ■  is  independent  of 

•••,  if  and  only  if  the  »  +  1  conditions 

r*  -  0,  m  -  1,  2,  3,  ••  •,  t  +  1;  (III) 

•'-I  >-l 


ft 


lOriw  >aiiwiaili<iir«^''ii  WUiratii'W:.PMiM3/Pt4WiiprrtM«»>kjlUJ.(;rtiMC  : 
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f  QiM  n  (“  -  'i)du  =  0  (27) 

where  Qi(u)  represents  any  arbitrary  polynomial  of  degree  *. 
Furthermore  since  there  cannot  in  general  be  more  equations 
of  condition  than  there  are  undetermined  constants,  or  r’s,  we 
have  in  general 

*  ^  n  -  1.  (28) 

For  example  let  us  again  consider  the  case  where  n  =  2;  then 
from  (28)  we  have 

•  I  ^  1,  or  »  =  0,  1. 

If  i  =  0;  then  from  (20)  it  is  only  necessary  that  • 

1 

r.r,= 


however,  if  *  =  1,  then  it  is  also  necessary  that 


or 


u(u  —  ri){u  —  ri)du  =  0, 


ri  +  r,  =  0, 


0 


due  to  (27).  Thus  if  *  =  1,  then  —  fi  =  r*  =  1/V3;  and  we 
see  that  the  formula  (23)  has  in  valiancy  of  order  one,  which 
again  proves  that  (23)  gives  exact  results  when  applied  to  any 
polynomial  of  third  degree. 

5.  Invariancy  of  Order  i.  Formulas  of  Gauss.  We  have 
seen  that  the  t  +  1  conditions  (26)  for  invariancy  of  order  i 
can  l)e  represented  by  the  single  expression  (27);  however,  it  is 
evident  that  this  is  a  simplification  of  notation  alone.  VVe  shall 
now  derive  a  family  of  polynomials  of  degree  n  such  that  the 


but  (III)  may  be  written 

P  Ci.,<(«)  n  («  —  “  0.  w  “  1,  2,  3,  •••,»■+ 1,  (IV) 

where  G.,  ((m)  is  a  polynomial  in  u  of  degree  t;  thus  it  is  obvious  that  (27) 
is  a  sufficient  condition  that  (IV)  be  satisfied.  Since  the  coefficients  in  the 
polynomials  Gm.iiu)  involve  only  the  arbitrary  quantities  f.4.1,  r»4.i,  "‘i 
r..f«4.i,  it  is  evident  that  (27)  is  also  a  necessary  condition. 
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n  roots  of  any  one  of  them  can  be  taken  as  a  set  of  r’s  which 
satisfies  (27),  and  sach  that  any  n  r’s  which  satisfy  (27)  are  the 
roots  of  one  of  these  polynomials. 

Let  us  place 

n  (“  -  ''/)  “  (29) 

where  R(u)  is  a  polynomial  in  u  of  degree  n  +  *  +  1.  It  is 
evident  that  (29)  does  not  fix  R(u),  and  that  the  constants  of 
integration  can  be  determined  so  that  Il(u)  satisfies  the  con¬ 
ditions 

/?(-  1)  =  0,  /?>(-  1)  =  0,  /P(-1)  =  0,  •••, 

R‘(-  1)  =  0  (30) 

in  addition  to  (29);  thus  Ji(u)  is  completely  determined.  Sub¬ 
stituting  (29)  in  (27)  and  integrating  by  parts  successively,  we 
have 

n  («  -  n)du  =  [0.(M)i?‘(u) 

,  -h  ■■■  ±  (?.*(u)/?(«)3_,>  =  0, 

'since  0-  Hence  from  (30)  we  have 

/‘ <?^(«)  n  («  -  r,)du  =  <?<(1)/?‘(1) 

-  (?J(l)/?*-‘(l)  +  •  •  •  ±  (?<‘(1)/?(1)  =  0; 

and  since  Qi(u)  is  arbitrary,  it  is  necessary  that 

i?(l)  =  0,  -R‘(1)*0,  /?(!)  =  0,  •••,  i?Kl)  =  0;(31) 

thus  from  (30)  and  (31)  we  see  that 

Riu)  »  (u*  -  («  -  ^y)  (32) 

where  fit,  fit,  •••,  represent  the  other  roots  of  /?(«). 

From  (32)  and  (29)  it  follows  that 

n 5^  1  - 1)*"'  n  («  -m\;  (33) 
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thus  we  have  a  family  of  polynomials 

di+l  {  n-i-l  1 

n  “  j  («’  -!)■*■  n  (« -  A)  j  (34) 

of  parameters  /3i,  /3j,  •  •  • ,  such  that  the  n  roots  of  any  of 

them  may  be  taken  as  a  set  of  n  r's  which  satisfies  (27).  Con¬ 
versely,  if  a  set  of  n  r’s  is  given  which  satisfies  (27);  then 

n 

JJ  (u  —  rf)  is  a  polynomial  of  the  family  (34),  since  (33)  is  a 
i-» 

condition  which  is  both  necessary  and  sufficient.  In  other 
words  the  necessary  and  sufficient  condition  for  an  integration 
formula  (8)  to  have  invariancy  of  order  i  is  that  its  r's  are  the  roots 
of  one  of  the  polynomials  of  the  family  (34). 

As  an  example  we  may  again  consider  the  case  where  n  =  2, 
*  =  0;  then  from  (34)  we  have 

II  -£  !(«*  -  1)(«  -  fii)\  =  -  2«/3,  -  1, 

the  roots  of  which  are 

•  r,  =  |(^,  -  V^TTl),  r,  =  I  +  V/3,*  +  3). 

Also, 

fir*  =  ^ (01*  -  01*  -  3)  =  - 

which  agrees  with  (20). 

We  shall  now  consider  the  case  where  *  has  its  greatest  value, 
which  from, (28)  is  given  by  the  relation 

1  =  n  —  1 ; 

then  (34)  becomes 

II=£:(“’-i)".  (35) 

which  except  for  a  constant  factor  is  the  Legendre  polynomial 
of  degree  n.  It  is  thus  evident  that  a  formula  of  integration  for 
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ft  points  has  its  greatest  invariancy,  *  =  n  —  1,  when  ft,  ft,  •  • 
r,  are  the  roots  of  the  Legendre  polynomial  of  degree  n.  Such 
formulas  are  known  as  Gauss*  formulas;*-*  thus  Gauss’  formulas 
are  those  of  greatest  invariancy. 

Thus  far  the  fact  that  *  =  n  —  1  is  actually  the  greatest  value 
which  i  can  take,  which  was  stated  in  (28),  was  made  to  depend 
rather  loosely  upon  (27);  however,  we  are  now  in  a  position  to 
see  that  this  is  rigorously  true,  for  in  order  to  obtain  an  invariancy 
of  order  n  —  1,  it  is  necessary  to  fix  n  distinct  points  so  that 
»’i.  Tt,  ••*,  f»  are  the  roots  of  the  nth  degree  polynomial  of 
Legendre. 

As  an  example  of  Gauss’  formulas  we  may  consider  the  case 
where  n  =  3;  then  from  (35)  we  have 


II 


du* 


(tt*  -  1)*  =  24(5m»  -  3tt), 


the  roots  of  which  are 


f  also 


hi  = 


”  -Vi  ’;>  =  *•  ’■■“'vl’ 
(-Vi)(-4-4) 


9 


due  to  (12).  From  (11)  we  have 


/fc,  =  2  -  it,  -  yfe,  =  I ; 


P{x)dx  =  +  8i>(0)  +  Spfox/I  )[  (36) 


and  finally 

9  r*  V  '  \5f  '  \5 

for  any  [X)lynomial  of  fifth  degree,  since  *=3  —  1  =  2. 

*Goursat:  Cours  d'Anatyu  Mathfmatique,  vol.  1,  p.  268;  Runge  u.  Kdnig: 
Numerisches  Rechnen,  p.  275. 

*  Crout:  A  Method  for  Deriving  Formulas  for  the  Approximate  Calculation 
of  Integrals,  this  Journal,  vol.  7,  p.  126. 
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6.  Conditioned  Formulas  with  Invariancy  of  Order  i.  It  was 
shown  in  Section  5  that  the  necessary  and  sufficient  condition 
for  a  formula  to  have  invariancy  of  order  i  is  that  the  condition 
(34)  be  satisfied;  however,  since  (34)  involves  n  —  *  —  1  param¬ 
eters  di.  Pi,  '•••.  Pn-i-u  we  can  in  general  impose  n  —  t  —  1 
conditions  which  fix  these  P’s,  the  result  being  a  definite  formula 
of  integration.  The  restriction  in  the  choice  of  conditions  is 
obviously  that  the  system  of  relations  for  determining  the  P's 
be  determinate. 

As  an  illustration  we  may  suppose  that  n  —  *  —  1  r’j  are  fixed 
arbitrarily',  then  the  P’s  are  determined  so  that  these  r’s  will  be 
roots  of  (34).  As  an  example  let  us  consider  the  case  where 
«  =  5,  fi  =  —  1,  r»  =  1 ;  then  n  —  «  —  1  =  2,  or  *=2  and 

from  which  it  follows  that 

-  di  =  d*  =  1, 

and  that  ri,  rj,  "  r%  are  the  roots  of 

7m*  —  10m*  +  3m  =  0. 

But  ri  =  —  1,  fi  =  1;  thus  dividing  by  m*  —  1  we  see  that  the 
remaining  three  r’s  are  roots  of 

7m*  -  .1m  =  0; 

hence  ri  =  —  1,  ri  =  —  rj  =  0,  r4  =  V377,  r*  =  1;  and 

finally  from  (8)  we  have 

jT  P{x)dx  =  ^  j  9/>(-  0)  +  49P  (  -  0  ^  ) 

+  64/*(0)  +  49P  (  d  -y/y  )  +  9P{B)  |  •  (37) 

Since  t  =  2,  (37)  gives  exact  results  when  applied  to  any  poly¬ 
nomial  of  seventh  degree. 


FORMULAS  FOR  MECHANICAL  INTEGRATION 


215 


7.  Approximatioii  of  J  f(z)dx.  The  formulas  which  were 

derived  in  previous  sections  are  such  that  exact  results  are 
obtained  when  they  are  applied  to  polynomials  of  degree  smaller 
than  some  given  number;  hence  it  is  evident  that  if  such  a 
formula  is  applied  to  an  arbitrary  function  /(x),  the  result  will 
be  the  integral  of  a  piolynomial  approximation  of  /(x);  thus 


where 


n 


21  ri"  < 
<- 1 


c 


-  P(x)ldx. 


(38) 


By  special  methods  *  it  can  be  shown  that  in  the  case  of  any 
particular  formula  there  exists  a  relation  of  the  form 


1! 


L, 


(39) 


where  L  and  are  constants,  and  /»*  is  the  greatest  |d‘//dx*| 
in  the  interval  bounded  by  the  two  outermost  points  of  the  set 

*  -  d,  e,  Tie,  rtd,  •  •  • ,  r^e. 


A  NEW  TAUBERIAN  THEOREM  WITH  APPLICATION 
TO  THE  SUMMABILITY  OF  FOURIER 
SERIES  AND  INTEGRALS 

By  S.  B.  Littauer 

L  Recently  N.  Wiener  ‘  developed  a  general  method  for 
proving  theorems  termed  Tauberian  by  Hardy  and  Littlewood. 
The  theorems  proved  are  of  the  form :  if  a  function  has  a  mean  of 
a  certain  type  at  infinity,  and  if  its  growth  is  properly  restricted, 
then  it  has  many  other  means  of  specified  types  at  infinity  or  at 
zero.  By  means  of  theorems  of  this  type,  N.  Wiener  is  able  to 
prove  the  0*  Tauberian  theorems  for  Abel,  Lambert,  and  Borel 
summation.  The  proof  of  the  theorem  on  Lambert  summation 
practically  proves  the  classical  theorem  on  the  distribution  of 
primes,  and  is  the  first  method  of  proof  that  does  not  assume  the 
validity  of  the  theorem  first.  It  was  suggested  to  the  present 
author  by  N.  Wiener  to  develop  other  theorems  of  this  character  $ 
which  might  be  applied  to  questions  of  the  summability  of  ^ 
Fourier  series  and  integrals. 

I  am  deeply  indebted  to  Professor  W’iener  for  his  suggestion 
of  the  topic  and  for  his  guidance  in  the  completion  of  this  paper. 

An  interesting  convergence  criterion  for  Fourier  series  is 
Young’s,*  which  is  substantially:  /or  the  Fourier  series  of  the  in¬ 
tegral  function  f{u)  to  converge  to  s  for  m  -=  jc,  it  is  sufficient  that 

(LI)  -  0(0 -*0 

and  that 

(1.2)  jf'|d(«0(«))l  »  0(t) 

for  small  t,  where 

0(0  =  il/(*  +  0  -!-/(*  -  0  -  2s\ 

‘  N.  Wiener  (1). 

•  Young  (1). 
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This  criterion  was  further  developed  by  V'oung,*  Pollard,^  and 
Hardy  •  and  Littlewood.  Hardy  and  Littlewood’s  theorem  is 
the  most  recent  and  most  general.  It  is  essentially:  the  necessary 
and  sufficient  condition  that  the  Fourier  series  of  the  integrable 
function  f{u)  be  summable  (C,  —  1  +  i)  for  any  positive  6  is  that 

(1.3)  MO  =  oiO 
and 

(1.4)  J'|d(«^(«)l  =  0(0,  a^trsr 
where 

(1.5)  ^i(0  =  r  4>{u)du 

Jo 

(1.2)  and  (1.4)  suggest  a  general  theorem  of  Tauberian  type 
which  in  the  present  paper  will  be  applied  to  proving  the  Hardy- 
Littlewood  theorem  using  Riesz  summability,  instead  of  Cesaro. 
Although  the  present  proof  is  much  longer  than  Hardy-Little- 
wood’s,  it  is  believed  that  the  general-theorem  has  more  appli¬ 
cations  than  are  here  given  and  that  it  will  serve  toward  estab¬ 
lishing  the  value  of  the  generah  method  developed  by  N.  Wiener. 
11(a).  To  set  up  the  hypothesis  of  the  general  theorem,  let 

(2..1)  M)  “  7  j[  l‘«^^(“)l 

This  is  permissible  since  (2«.l)  can  be  solved  for  ^(u).  It  follows 
directly  that 

dmo)  =  tdM) 

whence 

f  irf(«*(«))i =o(/)=  r‘iw#(«)i 

«/o  «/o 

which  is  equivalent  to 

(2..2)  jf)ud^(u)l=0(l). 

*  Young  (1.2). 

«  Pollard  (1). 

*  Hardy  and  Littlewood  (I). 
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Making  the  exponential  transformation  *  t  =  u  =  e*,  we 
have, 

e-’  r  =  0(1)  ^  f  =  0(1) 

%/-~m  c/f— 1 

(2..3)  sf  |rf^(«*)|=r  |rf/(f)|=0(l) 

•/9-1  •/«-l 

independent  of  n*  In  further  application  of  (2..3)  the  limits 
used  will  be  n  and  n  —  1  orn  +  1.  where  n  represents  any  in¬ 
teger. 

(2,.3)  suggests  setting  up  a  general  Tauberian  theorem  in¬ 
volving  Stieitjes  integrals,  obeying  (2..3).  With  this  as  a  starting 
point  we  may  set  down  to  be  proved: 

Theorem  I: 

If  K I  be  a  bounded  measurable  function,  0(1/$*)  at  db  “>, 
Kt  a  continuous  function,  also  0{\l^)  at  ^  ,  and  if  the  follcuing 

conditions  hold: 

(2..4)  \dm\  ^  0{\), 

(2..5)  lim  r  KtWdfa  -  v) -- A  r  Kia)d(, 

4/  — • 

(2..6)  f‘^K^(()dfa-r,)~0(l),  [-co<V<«>J. 

(2,.7)  J*  Ki(()e''‘*d(  4=  0,  [-  <»  <  k  <  »], 
then 

(2..8)  lim  r  Kta)df((  -  f,)  ^  A  r  K,a)d(. 

*  This  transformation  is  equivalent  to  converting  the  average  of  a  function 
about  the  origin  to  the  average  of  the  transformed  function  with  a  weighting 
factor,  such  that  only  the  region  of  minus  infinity  of  the  function  contributes 
to  the  average;  and  the  average  of  a  function  at  infinity  becomes  the  average 
of  the  trandormed  function  with  a  bounded  weighting  factor  that  has  a 
specified  rate  of  vanishing  at  ±  «,  and  such  that  only  the  region  of  -f-  * 
contributes  to  the  result. 
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There  are  four  essential  steps  to  the  proof,  which  I  shall 
give  in  outline  first  before  proceeding  to  the  actual  details, 
which  though  simple  are  somewhat  lengthy.  First  any  function  * 


(2..9)  K(()  =  JT  Kt((  - 

will  be  shown  to  satisfy  (2..8).  Then  it  will  be  shown  how  to 
find  a  set  of  functions  K^(()  which  satisfy  (2,.9)  and  in  con¬ 
sequence  (2..8).  Further  it  will  be  shown  that  any  function 
K(()  which  is  approximated  to  by  a  function  of  the  class  K„(() 
in  such  a  way  that  the  sum  over  ( —  « ,  «  )  of  the  absolute  values 
of  the  maxima  (per  finite  interval)  of  the  differences  between 
K(()  and  a  K^(()  can  be  made  arbitrarily  small,  satisfies  (2..8). 
Then  an  actual  function  of  the  class  K^(^)  satisfying  (2..8)  will 
be  formed,  from  which  it  can  be  readily  shown  that  any  continu¬ 
ous  function  satisfies  (2..8). 

1 1(b) ‘From  the  hypothesis, 


(2b.i)  J*  ^  XI 

approaches  0  as  »j  — >  <» .  Consider  then 


(2b.2) 


ix: 


RiC)F(r,  -  f)df 


^  max 


+  -  f)l  jT’  |R(i-)Irff. 

But  by  (2b. 1)  max|F(i»  —  f)|  approaches  0  as  ij  ->  «  and 
since  B  is  arbitrary,  ^  |/?(f)|df  approaches  0  for  R{i)  an 
absolutely  integrable  function.  Hence, 

(2b.3)  iim  |X^2?(r)F(n  -  f)df 


In  essentially  the  same  manner  it  can  be  shown  that  (2b.3)  is 
true  for  the  limit  as  if 

*  Where  is  an  absolutely  integrable  function. 
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(2b. 3)  is,  however,  equivalent  to 


(2b.3.)  lim  r  r  K.mm  -  n  +  r) 


If,  then,  it  can  be  shown  that 


(2b.3b)  lim  r  Rindj:  T  Kt(()d/a  -  n  +  f) 

-  lim  r  dm  -  v)  r  Ki((  -  i:)R(ndi: 

t/— • 


and  that 


(2b.3.)  A  J*  i?(f )df  J  ^  /(:,({)</{ 

=  >1 

it  follows  that  K(()  which  satisfies  (2,.9)  satisfies  (2,.8). 

Let  the  left  side  of  (2b.3,)  be  written  as 

(2b.4)  lim  r/?(f)dfi:  lim  ^  Kt(r)d/((  -  i,  +  ^ 

^(fMf  E  Ki(^)  lim  |  d/C^-n+f)- 

■  «  — JV  *-f ►*cc»/b-f 

The  right  side  of  (2b.4)  (and  hence  the  left  side)  will  exist,  since 
/?(f)  is  absolutely  integrable,  and  since 


ri-r 


dm  -  n  +  f)  =  0(1), 


provided  that 


lim  Y.  |^i(()|  “  0(1) 

N-*»  -N  t-f<i<*+>-r 

But  for  this  to  be  true  it  is  sufficient  that  Ki(^)  be  bounded. 
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measurable,  and  0(1/$*)  at  d:®.  These  are  precisely  the  con¬ 

If 

ditions  put  upon  /Ci($)  in  the  hypothesis. 

Further,  by  the  facts  and  result  of  the  preceding  paragraph, 

ft  -* 

we  may  write  the  left  side  of  (2b.4)  as, 

Hm  i  r  lim  P'  +  f ) 

which  were  it  a  finite  sum,  would  permit  of  the  inversion  of  the 

order  of  intergration,  which  can  only  be  performed  in  the  present 

■■1 

case,  if 

r  .  :1 

(2b.5)  lim  "Z  lim  dfU  -  r,)  T  -  ()RiC)d( 

-jv+t 

exists.  (2b.5)  will  exist  as  double  limit  provided  that 

HP 

lim  f  max  |/C,($  -  f)|  T  |/?(f)|dr 

- '  ■.  ** 

converges  to  a  definite  limit.  This  fact  is  established  by  the 

i- 

^  same  argument  as  in  the  preceding  paragraph,  whence  it  has 

T 

l)een  shown  that  the  order  of  integration  of  the  left  side  of  (2b.4) 

may  be  inverted.  Therefore,  (2b.3b)  holds. 

By  an  analogous  argument  it  can  be  shown  that  (2b. 3e)  holds. 

whence  (2b.3,)  may  be  converted  to 

• 

(2b.6)  lim  r  dm  -  v)  r  A:.({  -  f)/?(f)df 

•  ft/— 

*  *  * 

“  ^  x.({  -  fWfw) 

- 

But  (2b.6)  is  precisely  the  formulation  of  the  fact  that 

a:({)  =  J“/c,($-f)i?(f)dr 

where  /?(f)  is  an  absolutely  integrable  function,  satisfies  (2,.8). 

L  j 

• 
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11(c)  Suppose,  now,  we  consider  a  class  of  functions, 

(2..1)  Kio  ~  -  r)m)d{- 

and  actually  attempt  to  obtain  such  K(()  by  a  general  method, 
~  f)  remaining  a  general  and  not  a  specific  function  satis¬ 
fying  the  conditions  stated  in  the  hypothesis.  By  the  Plan- 
cherel  *  theory  of  the  Fourier  transform  the  solution  of  (2,.!)  is 

{2..2)  = 
where 

*(»)  = 

and 

ki(u)  » 

In  order  that  the  solution  exist,  ki{u)  must  be  non-vanishing 
as  prescribed  in  the  hypothesis.  Then  k{u)e~^'^  must  be  in¬ 
finitely  integrable  with  respect  to  «.  It  is  sufficient  that  k(u) 
be  bounded  between  finite  limits  —  A  ^  u  A  and  zero 
outside  that  range.  That  is,  K{^)  must  be  a  function  such  that 
its  Fourier  transform  is  bounded  and  vanishes  for  |u|  >  A. 
Further  the  negative  Fourier  transform  of  k{u)  must  be  abso¬ 
lutely  integrable. 

Take  a  continuous  and  zero  outside  of  |$|  *=  B, 

finite.  Its  Fourier  transform  k*(u)  is  a  bounded  function  of  u. 
Now,  take  the  negative  Fourier  transform  of  k*{u)  between 

—  A  and  A.  This  is  equivalent  to  mutilating  k*(u)  so  as  to  be 
zero  outside  |u|  >  A.  Call  this  last  function,  K(0  the  desired 
function,  for  the  Fourier  transform  of  K{^)  is  k*{u)  between 

—  A  and  A  and  zero  elsewhere.  This  is  sufficient  to  insure  the 
existence  of 

•  M.  Plancherel  (1). 
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Further  R(C)  will  be  absolutely  integrable  since  k{u)/ki(u) 
is  bounded  and  zero  outside  certain  hnite  limits.  The  negative 
Fourier  transform  of  this  will  be  a  bounded  function,  of  order 
1/f*  at  ±00.  This  function,  equivalent  to  R{(),  with  the 
above  conditions  is  absolutely  integrable. 

In  brief  to  find  a  function  satisfying  2..8,  take  the  negative 
Fourier  transform  between  finite  limits  of  the  Fourier  transform 
of  a  continuous  function  which  vanishes  beyond  certain  finite 
values  of  its  argument.* 

11(d)  Consider  the  class  of  functions  satisfying  (2..8) 

and  such  that 

(2d.l)  lim  lim  i;  max  | /C.  ({)  -  A:(£)  1  =  0 
Then 

(2a.2)  lim  lim  f*  |d/({  -  |  | 1 

=  lim  I  lim  lim  ^  |d/({  - -^({)  1  1 

^  lim  I  lim  lim  max  — /^(f)  | 

X  jr''i<</(i-n)i)|= 0 

since 

r> 

\dm-v)\ 

is  bounded. 

Hence 

(2a.3)  lim  lim  d/((  -  r,)(K,  (()  -  J^CO)  =  0 


This  treatment  is  only  heuristic.  For  a  detailed  proof,  see  N.  Wiener  (1). 
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and 

(2d.3.)  lim  lim  f  d/((-v)JC„(()  =  lim  f  d/((  -  ti)K  (^) 
But  the  left  side  of  (2d-3s)  equals 

which  from  (2d.l)  equals 


whence 

(2d.4)  lim  r  d/a  -  v)Ka)  =  A  r  K(()d(. 

4/— • 

11(e)  Now  consider  the  following  function 

—  a 

-  a  ^  ^  0 

0 

|3  00. 

The  Fourier  transform  of  Ka)  is 


(2..1) 


Ka)  = 


0. 

I+i. 

a 

0, 


‘  <  4  r  /  <  <  \  — 4»o> 


(U') 

e-'"-  e‘"^l 

V2^  “*  L 

a  |8  J 

By  the  argument  in  11(b),  the  negative  Fourier  transform  of 
(2,.2)  between  finite  limits  will  be  a  function  satisfying  (2.8). 
We  wish  to  show  that  (2,.l)  can  be  approximated  to  in  the  fashion 
of  n(c)  by  such  functions,  as  the  finite  limits  are  taken  succes¬ 
sively  larger. 
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We  have 


o  «.  1  c'dui, 

V  /I  A  «  » 

_i  .  ii\r ^~***  ^ 

2t  Jo  M*  \  A  )  I  a  /3 

1 


/3 


-HKI+a) 
a 


,-<■1  ,-«K(l+«) 


= 1  r-z'i 

tJo  aji 


g-««<  ^  4-  e-tt 


,<■(1+0) 


+  e 


-llXt+a) 


+  ^ 


] 


-iX  1^('-7)[(;  +  i)'““« 

cos  m({  +  a)  cos  m({  —  /3) 


1 

_  1  T'*  /  1  1  \  T  rf  sin  rf  si 

rJo\u*  uA  )  I  a{  /i 


sin 


d  sin  (u((  +  a))  d  sin  m({  —  /3) 


a(f  +  a) 


-  0) 


] 


This  last  expression  does  satisfy  (2,.8)  from  the  argument 
of  i>art  11(b).  It  is  therefore  now  necessary  to  estimate  the 
difference  between  the  limiting  value  of  this  function  as  /I  is 
permitted  to  grow  large,  and  K{i)  given  in  (2*.!).  This  can  be 
readily  done  if  K{()  be  expressed  as  the  negative  Fourier  trans¬ 
form  of  its  own  Fourier  transform,  and  the  difference  taken 
before  evaluating  the  integrals.  The  expression  for  the  approxi¬ 
mating  function  is  gotten  by  going  through  the  same  process  as 
was  used  in  obtaining  the  last  expression  in  (2, .3).  Thus  we 

•The  weighting  function  1  —  (U)IA  does  not  alter  the  character  of  the 
resulting  function  or  its  Fourier  transform. 
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have  for  the  difference 


.X  1  r-  I  r/1  .  l\dsin«{ 

d  sin  u((  +  a)  d  sin  u((  —  0)  1 

a((  +  a)  fiU  -  0)  J 

_2  j_\ r/1  f \d&w 

T  Jo  \  M*  uA  )  l\a'^d  )  i 


d  sin  m({  +  o)  d  sin  «({  —  fi) 


1  \_  r (\  iWsinu^ 

d  sin  a({  +  a)  d  sin  «({  —  0) 


a((  +  a) 


-  fi) 

\  r*  I  r  /  1  1  \  d  sin 

T  Jo  «i4  [  \  a  ^  { 

d  sin  tt({  +  a)  .d  sin  «({  —  /9)  ^ 

a(f  +  a)  dii  -  J‘ 

Upon  applying  to  the  above  expression  the  transformations 
of  variable,  =  p,  u((  +  a)  =  9,  and  u((  —  0)  =  r,  and 
(since  the  definite  integral  is  not  altered  by  changing  the  symbol 
which  represents  the  variable  of  integration)  replacing  that 
variable  in  each  integral  by  z,  one  obtains,  calling  the  approxi¬ 
mating  function  KJ^^) 

(2..5) 

- I  I  - ;; —  a  sin  s  +  I  -7-  a  sin  *  I 

**  Jo  J 

■  Tr  [  ‘  +  X'"  *  S'*  • 
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Integrating  by  parts, 


\o  1^1  /Is  lo  1 

*  r  r  •  a.  ^  ^  •  i 

- I  I  — ; — a  sin  z  +  I  -7-asincl 

“»L./x(i+«,  s*  Jo  J 


I  ({  +  <»),  sin  r 

—  - - sin  z  +  -r— 

«*■  *  aei+a)  0 


_±rr 

L  J^u+o)  "  Jo  J 

—  —I  I  — rfsin2+  I  ^rfsinzj 

L  J^(|-«  S*  Jo  J 


1  f  .  •  .  sin  2 

—  - ;; - sin  2  H - - — 

pit  [  2*  ii(t— ^  0 


-—\r  ^ 

L  •' ^(i— ^ 


—  !  IF 


Whence  on  substituting  in  the  limits  and  combining  similar 
integrals,  the  result  is, 

1  ft  1  \ 

(2.6)  K(()-KM)--J^^ 

With  {  fixed  and  A  —*  ao  (/l  _>  »  means  K„(()  -*  K^(()). 
lim  lim  “  0 

n-^-N  f<l<f+I 

whence  K(^)  becomes  a  function  of  the  class  satisfying  (2.. 8). 


..V , 


Iibr 
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Since  any  continuous  function  can  be  approximated  to  as 
closely  as  desired,  by  a  series  of  functions  of  the  type  of  K((), 
then  any  continuous  function  can  be  approximated  to  in  the 
manner  desired  by  a  linear  combination  of  functions  which 
satisfy  (2,.8).  Obviously  the  proof  for  K(()  holds  for  all  func¬ 
tions  of  that  type,  and  any  linear  combination  of  such  functions 
satisfies  (2,.8).  Hence,  the  proof  of  the  main  theorem  is  com¬ 
plete. 

III.  It  will  be  now  shown  that 

Theorem  II:  The  necessary  and  sufficient  condition  that  the 
Fourier  series  of  the  integrable  function  of  /(«),  for  u  =  x,  be  sum- 
mable  io  s  by  any  Riesz  mean  {R,  —  1  +  4),  for  any  positive  6  if 

(3.1)  f  ld(«^(«)|  =  0(0. 

Jo 

is  that 

(3.2)  «,(/)=  f  4>{u)du^0(t), 

Jo 

can  be  put  into  form  so  that  it  follows  directly  from  the  main 
theorem. 

In 

replace  0(m)  by 
obtaining 


which  on  inverting  the  order  of  integration  becomes 

tX  •‘*^'’^1.  l‘‘"  =  i£ 

On  applying  the  transformation  t  =  e~^,  v  =  ef  the  above 
expression  Ijecomes 


tX 

I 
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-  i)  =  o{\) 

which  is  now  close  to  the  form  of  the  hypothesis  of  the  main 
theorem.  Again  replacing  f  by  {  —  we  have 


(3.3)  lim  -  r  = 

f— • 


as  the  final  form  of  (3.2).  This  it  will  be  observed  is  exactly 
analogous  to  (2a.5)  where  Ki(()  is  now  f  for 

—  00  <  0  and  0  for  0  <  {  ^  <*>. 

The  expression  for  the  limit  of  the  nth  partial  remainder  as 
»  — >  00  of  the  itth  *  order  Riesz  mean  of  the  Fourier  series  of 
/(«)  for  M  =  X  is 


(3.4) 

where 

and 


lim  r/-“+«C,+*(/)0(//zc)d/t 

«  »aB  %/0 

0(0  =  Wfix  +  0  +f(x  -  0  -  2i} 

c’,^*(0/-<'+*>  =  P(1  V>)X‘ 


That  the  Fourier  series  be  convergent  as  it  is  here  summedf 

(3.4)  must  equal  0. 

Again  (3.4)  must  be  transformed  so  as  to  be  analogous  to 
(2,.6).  First  since  r(l  +  /t)  contains  no  zeros  it  may  be  omitted 
from  Ci+t(0f“^ without  affecting  the  proof  that  (3.4)  =  0» 
On  making  there  the  replacement  for  and  for 

^(tjw)  using  (2,.l),  letting  t  =  tjw,  (3.4)  liecomes, 


(3.5) 


lim  r»«/0(«)  r 


(1  —  X)*  cos  \wtd\ 


Now,  since 


is  bounded,  and  since 


l+4fora  positive  4. 
t  Hobson  (1). 
j  Jacob  (1). 
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COS  \u’td\  *  is  absolutel}'  integrable  in  ut,  (3.5)  exists  as  the  limit 
of  a  sum  of  all  positive  terms,  independent  of  w,  whence  the 
order  of  integration  in  (3.5)  may  inverted,  giving 

(3.6)  lim  u  f  T  f*  (f  ~  ^)*  cos  \wtd\ 

•/O  VM  *  vO 

Applying  the  transformation  u  *=  w  “  e’  (3.6)  becomes, 

(3.7)  lim  f  *7  T  (1  ~  X)*  cos  \e^td\. 


which  is  the  form  into  which  it  is  desired  to  cast  (3.4). 

Then  the  proof  of  theorem  II  becomes  equivalent  to  proving 
that  when  (3.1)  holds:  if  (3.3)  is  true,  (3.7)  =  0,  and  if 
(3.7)  =  0,  (3.3)  is  true.  The  proof  follows  immediately  from 
the  main  theorem  upon  showing  that  the  conditions  of  that 
theorem  are  fulfilled. 

Consider  first  the  kernel  of  (3.3) 


KM) 


[—  for  —  00  ^  ^  <  0 
0  for  0  <  {  S  00 


At  {  =  ±  <»  it  is  obviously  0(1/^*).  Further  A’i({)  is  con¬ 
tinuous. 

r+i 

|</^(r*“’)  j  is  bounded,  and  since  KM)  is  bounded 
and  0(1/$*)  at  ±  independent  of  tj. 


(3.8)  J**  di(e^  ’)  [-  c*$]  =  0(1),  [-  00  <  ,  <  oo] 

t 

Further  • 

on  letting  c*  =  x  reduces  to 
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which  has  no  zeros  for  —  «  <  «  <  «.  Thus  the  Kid)  of 
Theorem  II  satisfies  all  the  conditions  put  upon  it  in  the  main 
theorem. 

Consider  now,  the  kernel  of  (3.7) 

(3.10)  A^,({)  »  «*  r*  T  rV  ~ 

t  Jo 

First 

J*'  (1  -  X)*  cos  Xe’fdX  =  0(r  »-*).* 


Hence  at  {  *=  +  « 


■^*(0  —  O  ^  e*  ^ ^  >  0 

-o(?)<o(i) 


For  {  =  —  ® ,  consider 


KtU)  -  jf  0(r»-*)d/  ^0(  I  ( I  ‘-M) 


#  which  as  f  —  00 


where  n  is  any  finite  power.  Thus  Kt{0  is  of  the  proper  order 
of  magnitude  at  :i:  oo. 

It  was  shown,  above  that 

f  f  ud^(u)  I  (1  —  X)*  cos  Xw/rfX 

t/0  ^  */o  •'0 

is  bounded  independent  of  u.  Whence 

(3.12)  J  </^(<*-vJ^  7  j[V  -  M*cosXe’<</X 

is  bounded  —  oo  <  <  oo. 

•  M.  Jacob  (1). 
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Now  to  evaluate 

kiu)  »  K'I/tX'  (1  —  X)*  cos 

By  letting  t  =  f'r 

*(«)*  £  rn:  (1  —  X)*  cos  Xt</X 
which  for  <*  =  a;  becomes, 


(3.13) 


x*‘‘dxj  —  J  (1  —  X)*  cos  XrdX 

=  f  —  r  x*'‘dx  f\l  -xy  cos  XrdX 
Jo  1"  Jo  Jo 


i(^) 


r(i  +  k)  1 

r(l  4-  ife  —  iu)  iur 
cos  — 


4  0,  [—  00  <  tt  <  oo]. 


It  remains  to  show  that  is  continuous.  This,  follows 

directly  from  the  fact  that  J*  (1  —  X)*  cos  Xe^tdX  is  a  contin¬ 
uous  function  of  t. 

Thus,  it  has  been  shown  that  Kt(i)  of  theorem  II  satisfies  all 
the  conditions  put  upon  it  by  the  main  theorem.  Theorem  11 
then  is  completely  a  special  case  of  theorem  I,  whence  theorem 
II  is  proved. 

This  proof  of  theorem  II,  while  actually  a  little  longer  than 
the  Hardy-Littlewood  proof,  seems  to  be  essentially  simpler. 
The  conversion  of  theorem  II  into  a  form  which  is  a  particular 
case  of  the  general  theorem  is  accomplished  by  direct  and 
elementary  means.  The  Hardy-Littlewood  proof  has  recourse 
to  four  lemmas,  and  some  intricate  and  none  too  obvious  analysis. 
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and  may  not  be  applied  in  method  to  other  theorems.  Of  course 
the  proof  for  Riesz  summability  is  simpler  than  that  for  the 
Cesaro  sums. 

It  is  of  further  interest  to  note  that  the  present  method  of 
proof  throws  light  on  why  the  Young  criterion  is  so  effective. 
For  the  Tauberian  theorem  shows  that  certain  averages  of  a 
function  which  is  only  restricted  by  the  fact  that  the  integral 
of  its  differential  per  finite  interval  be  bounded,  exists  and  are 
equal.  While  the  Young  criterion  says  that  if  f{x)  be  of  the 
type  given  above  then  the  Fourier  series  of  the  function  is 
convergent.  Then  the  added  Hardy-Littlewood  condition  fur¬ 
ther  asserts  that  any  Riesz  (or  Cesaro  *  as  will  be  shown  later) 
sum  of  order  greater  than  —  1  is  the  average  of  the  given  func¬ 
tion  multiplied  by  a  weighting  factor  which  is  continuous,  whence 
by  the  general  theorem  of  this  paper  the  average  exists,  and  is 
the  same  for  any  order. 

IV.  It  is  well  to  note  that  a  theorem  II  is  proved  identically 
as  above  for  the  summability  of  the  Fourier  integral.  (For  the 
integral,  of  course,  Riesz  and  Cesaro  sums  of  any  order  are 
identical.)  The  identity  of  pi'oof  follows  from  the  fact  that  the 
expression  for  the  limit  of  the  partial  remainders  of  Riesz- 
Cesaro  sum  of  the  Fourier  integral  is  identical  with  (3.7),  as 
will  be  directly  shown.  This  remainder  is, 


(4.1) 


lim  4>(-)dt  f 

m  »R0  t/O  \  ^  /  •'0 


(1  —  «)*  cos  utdu  t 


which  is  equivalent  to,  omitting  a  factor  r(l  -f  k) 


(4.2)  lim  f  0(//w)Ci+*(tt)M  “+*’(// 

«/0 

which  is  precisely  (3.4)  from  which  (3.7)  was  derived. 

It  remains  to  consider  the  proof  of  the  Hardy-Littlewood 
theorem  precisely  for  negative  order  Cesaro  summability  of  the 

•  For  integral  only, 
t  Hobson  (1),  page  739. 


234 


LITTAL’ER 


series.  For  positive  orders,  since  the  Riesz  and  Cesaro  sums  of 
series  are  equivalent,  it  is  indifferent  for  which  sum  a  proof  be 
given,  it  holds  for  the  other.  As  far  as  the  author  knows,  the 
literature  does  not  contain  a  proof  of  the  equivalence  of  Riesz 
and  Cesaro  sums  of  negative  orders.  And  as  yet  the  author  has 
been  unable  to  cast  the  Cesaro  sum  of  a  series  into  a  form  to 
which  the  present  method  of  proof  will  be  applicable  without  the 
additional  requirement  of  evaluating  a  remainder.  Hence 
further  work  on  theorem  II  will  be  along  the  lines  of  simplifying 
the  integral  representing  a  Cesaro  sum  of  a  Fourier  series,  or  of 
proving  the  equivalence  of  Cesaro  and  Riesz  sums  for  negative 
orders. 

V.  In  conclusion  may  it  be  said  that  the  method  of  proving 
Tauberian  theorems  developed  by  Norbert  Wiener  is  quite 
powerful  and  general,  and  promises  to  have  very  wide  application. 
That  this  method  is  effective  in  handling  certain  types  of  sum- 
mability.  That  Riesz  summability  although  of  later  discovery 
than  Cesaro  summability,  is  simpler  and  closer  to  the  essence  of 
the  whole  question  of  summability  than  is  its  historical  pre¬ 
decessor. 
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THE  OPERATORS  OF  QUANTUM  MECHANICS* 

By  Philip  Franklin 

1.  Introduction.  In  the  modern  formulations  of  quantum 
mechanics  as  a  characteristic  value  (Eigenwert)  problem  *  for  an 
infinite  algebraic  or  differential  system,  one  of  the  important 
questions  which  presents  itself  is  the  determination  of  the 
appropriate  operator  for  a  specific  problem  whose  classical 
formulation  is  known.  E^ch  of  the  three  theories  quoted  pro¬ 
ceeds  on  the  assumption  that  there  is  an  operator  corresponding 
to  each  given  classical  Hamiltonian  function  and  that  it  is 
uniquely  determined  by  the  assumptions  made.  For  the  simplest 
cases  the  operator  is  explicitly  constructed,  and  the  impression 
is  given  that  a  general  method  is  outlined.  It  is  the  purpose  of 
this  note  to  show  that  when  the  algorithms  used  are  applied  to 
the  general  case  none  of  them  is  completely  satisfactory.  Only 
one  of  the  methods,  that  of  Schrodinger,  is  invariant  under 
point  transformations  and  this  method  only  applies  to  Hamil¬ 
tonian  functions  quadratic  in  the  momenta.  The  other  two 
methods  are  inconsistent  with  each  other,  as  well  as  with  this 
one.  They  are  untenable,  as  they  fail  to  give  correct  results  for 
some  of  the  cases  for  which  the  theory  has  been  checked  experi¬ 
mentally.  The  argument  we  give  to  show  that  they  do  not 
transform  properly,  proves  that  it  is  impossible  to  construct  a 
satisfactory  linear  correspondence  of  operators  (A)  and  Hamil¬ 
tonian  functions  (//),  i.  e.  such  that  if 

‘  Presented  to  the  American  Mathematical  Society,  February,  1929. 
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Ki  -  III  and  K,  -  II,, 

then 

Ki  +  K,'^  III  +  lit. 

2.  The  ambigtiity  in  the  assumption  of  fonnal  equivalence. 
Before  describing  in  detail  the  various  methods  to  be  compared, 
we  shall  call  attention  to  some  properties  of  the  formal  equiva¬ 
lence  l)etween  the  operator  and  the  classical  function  which  is 
assumed  by  all  of  the  writers  at  some  stage  of  their  argument. 
To  be  precise,  they  demand  that  if  the  operator,  written  in  a 
suitable  (well-ordered)  form  as 

K{Pi,  <?,). 

is  equivalent  to  the  classical  Hamiltonian  function 
//(/>>.  9/). 

then,  when  the  operators  are  replaced  by  the  quantities, 

^iPit  9i)  **  IliPit  9»)» 

identically.  Since  for  the  operators 

(1)  P,<?i  -  Q^P,  = 

while  for  the  quantities 

P/9i  “  QiPi  ~  0* 

it  is  obvious  that  the  condition  that  K  be  well-ordered  is  vital. 
It  is  also  fairly  evident,  and  has  been  pointed  out  by  numerous 
writers,  including  Schrtidinger  himself  *  that  K  is  not  uniquely 
determined  by  II.  It  is  a  little  less  obvious  that  II  is  not 
uniquely  determined  by  K,  and  apparently  not  generally  noticed 
that  the  mere  assumption  of  formal  equivalence  in  the  absence 
of  other  restrictions,  places  no  limitations  whatever  on  the  cor- 
resf)ondence.  We  shall  accordingly  explicitly  demonstrate  that 
Any  operator  F(Pj,  Qj)  may  be  so  ordered  that  it  is  formally 
equivalent  to  any  function  f{Pi,  q,). 

*  E.  SchriKlinger,  /.  c.  *(b),  vol.  79,  p.  747, 
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Let  G(Pi,  Qi)  be  a  pjarticular  operator  corresponding  to 
fiPh  Qi),  and  write: 

F(Pi,  Qi)  «  G{Pi,  Qi)  +  FiPi,  Qi)  -  G(Pi,  Qi) 

-  G(n  Qi)  +  ^  -  QiP.XHP,,  Q,)-G(P,.  0/)] 

-  JC(P„  Qi). 

We  may  regard  this  as  the  required  ordered  form  for  F(Pi,  Qi), 
since,  from  the  definition  of  G(P„  Qi),  we  shall  have: 

Kipi,  qi)  =  Gipi,  Qi)  =  fipi,  qi). 


3.  The  correspondence  of  Bom,  Heisenberg,  Jordan.  In  the 
first  presentation  of  the  matrix  calculus,*  attention  is  confined  to 
Hamiltonian  functions  which  are  power  series  in  the  pi  and  qi. 
In  addition  to  formal  equivalence,  it  is  demanded  that  the 
operator  II  satisfy  several  conditions  when  in  the  well-ordered 
form.  The  partial  derivatives  must  satisfy: 


(3) 


and  these  derivatives  must  be  formally  equivalent  with  the 
classical  ones  so  as  to  yield  “  the  same  ”  Hamiltonian  equations. 
.Also,  the  operator  must  in  matrix  form  be  a  diagonal  matrix. 
VV'e  note  that  these  are  rather  restrictions  on  II  than  on  the 
correspondence,  since  if  F(Pi,  Qi)  and  G{Pi,  Qi)  are  diagonal 
matrices  satisfying  (3),  and  we  define  K(Pi,  Qi)  by  (2)  above, 
this  operator  satisfies  ail  the  conditions  as  to  form,  and  we  have: 


(4) 


dK 

dP, 


dG  ,  2ir«’ 

Ip.  T 


i  /  dF  dG  \ 

dK  dG  2Tt’  „  ^  ^  dF  dG\ 

dQr  dQ,'^  h  dQs)' 


*  M.  Born  and  P.  Jordan,  /.  c.  ’(a),  vol.  34,  pp.  871-874. 
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80  that  we  have  the  required  formal  equivalence: 

9K{pi,  qj)  ^  dG{pi,  q,)  _  9f{pi,  q,) 

dP.  “  dP. 

(5) 


dP, 

^f^iPh  9i) 


dP, 

^{ph  qd 


dp.  ' 

dfiPi,  qd 


dQ. 


dQ. 


dq. 


These  considerations  make  it  plausible  that  the  assumptions 
just  stated  are  not  sufficient  to  define  a  unique  correspondence. 
The  authors  under  discussion  obtain  an  operator  for 
possibly  by  using  certain  unstated  assumptions.  For  example, 
the  requirement  that  the  operator  should  be  a  homogeneous 
polynomial  of  degree  m  +  n  would  rule  out  the  device  used  in 
(2).  Their  result  is  ‘ 

(6)  E  P^Q^P^-'. 

m  -r  i  f.o 


This  certainly  satisfies  all  the  assumptions  we  have  quoted.  As 
the  linear  property  is  assumed,  the  operator  for  any  power  series 
in  one  F>air  of  variables  can  be  derived  from  this  result. 

For  later  use  we  quote  here  two  formulas  *  derived  as  con¬ 
sequences  of  (1): 


(7) 


h  •-> 

—  Q'P"  —  m  -z—.  Y. 

h  ■-> 

,_o 


4.  The  correspondence  of  Weyl.  The  definition  of  the  cor¬ 
respondence  given  by  Weyl  is  more  comprehensive.*  He  writes 

(8)  '  /(/>.  q)  =  [If  r)dadr 

as  the  well-ordered  form  for  a  given  function,  with 

P^^G{q)  = 

*  M.  Born,  W.  Heiamberg,  P.  Jordan,  /.  c.,  ’(b),  p.  562,  footnote. 

*  H.  Weyl,  /.  e.,  '(c),  vol.  46,  pp.  27,  28,  or  his  book.  205. 
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The  essential  idea  is  that  (9)  holds,  and  that  the  correspondence 
is  linear.  Consequently,  if  (8),  as  written,  diverges,  it  is  replaced 
by  some  other  linear  operation.  For  example,  it  may  be  made 
to  converge  '  by  putting  q)  in  place  of  f{p,  q)  and  taking 

the  limit  ot  the  transform  as  a  approaches  0. 

To  compare  this  method  with  (6),  we  must  apply  it  to  P"q". 
Here  (8)  diverges  if  applied  directly,  but  is  applicable  to 
We  find: 


(10) 


IT*  J— J  (a  +  (*  + 


We  obtain  the  equivalent  operator  from  this  by  using  (9). 

(11)  e-*^**p"q* Ka, 

(.2)  =(-.)■  (£)v~(, + ;^)v(, + 

On  taking  the  limit  as  a  and  b  each  approach  zero,  we  get  in 
place  of  these  the  relations: 

^  (13)  />"«•  -  K, 

1  . 

=  E  "CrP'Q'P^-'. 

^  r-0 


The  last  form  is  obtained  from  (7),  and  the  relation: 


(15) 


P 


Jl  i. 

2t«  dq 


5.  The  correspondence  of  Schrddinger.  If  we  take  the  point 
of  view  of  Schrodinger,®  we  form  the  operator  for  a  given  energy 
function  by  using  a  variation  principle.  If  in  the  space  of  the  ?/, 

ds*  =  Y.gii4qidqk,  g  =  |g,*|. 


»  H.  Weyl,  /.  c.  *(c),  vol.  46.  p.  39. 

*  E.  SchrOdinger,  /.  c.,  *(c),  vol.  79,  p.  748,  or  p.  376. 
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SO  that  the  volume  element  is 

“fgdqidqt  •  •  •  dqn, 

the  operator  corresponding  to  any  classical  Hamiltonian  function 
nPi,  q,)  +  V(q,), 

where  T  is  homogeneous  and  quadratic  in  the  Pj,  is 


(16) 


—  T  — 

2Vg  »  dqt  L 


dpk 


+  Viqi). 


This  is  obtained  by  setting 

with  the  normalizing  condition 

j'  J yp^^dqidqi  •  •  ■  dqn  =  1. 

If  we  insert  a  group  of  linear  terms  in  the  Hamiltonian  func¬ 
tion,  pkLkiqi)  it  is  not  precisely  clear  how  we  should  apply  the 
variational  method  to  them,  but  it  is  natural  to  include  them  in 
the  integral,  multiplied  by  r^,  and  this  would  give: 


(17)  PkLk  ~  c 


The  constant  c  would  have  to  be  determined  by  further  properties 
of  problem^  in  which  the  linear  terms  occurred. 

When  we  attempt  to  extend  the  method  to  terms  of  higher 
degree  in  we  find  that  the  operator  resulting  from  obvious 
natural  extensions  is  not  a  linear  operator,  and  hence  the  vari¬ 
ational  method  seems  to  be  limited  to  the  quadratic  case. 
While  non-quadratic  forms  in  the  />,•  do  not  occur  directly,  they 
appear  when  we  change  coordinates,  e.  g.  by  the  contact  trans¬ 
formation 
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Furthermore,  such  cases  are  of  interest  in  comparing  the  various 
general  definitions  of  the  correspondence  of  operators  and  func¬ 
tions. 

6.  Comparison  of  the  methods.  W'e  first  note  that  the  operator 
for  P"q"  given  by  Bom,  Heisenberg,  Jordan,  (6)  is  only  con¬ 
sistent  with  that  given  by  Weyl  (14)  in  the  simplest  cases.  In 
fact,  these  operators  are  identical  for  m  =  0,  1  and  for  all  w, 
as  well  as  for  n  =  0,  1  for  all  m,  as  we  see  by  applying  (1). 
They  differ,  in  general,  for  all  other  values.  For  example,  for 
m  =  2,  we  find  by  a  double  application  of  (7)  that  the  difference 
of  the  two  operators  is: 


(18)  i(P*^-  +  PQ-P  +  Q-J»)  -  \{P^Q'  +  IPQ’^P  -H  Q*P*) 


n{n  -  1) 
12 


A* 

4ir* 


which  is  a  non-zero  operator  for  n  >  2. 

To  determine  which  of  these  methods  is  preferable,  we  shall 
,  extend  their  scope.  We  recall  that  each  was  derived  from  the 
assumption  that  the  correspondence  to  be  found  had  a  linear 
character.  Thus,  if  fiq)  is  a  polynomial,  or  more  generally  such 
that  its  operator  may  l)e  found  from  its  power  series  expansion, 
we  find  from  (6) 

(19)  p-ffiq)  -  Z  P'f{Q)P-^. 

w  -h  1  ,«o 

In  particular: 


(20)  Pi-f{qi)  ^  HfPi  +  Pif), 

(21)  p.*-/(9y)  -  K/P,*  +  PJPi  +  P,*/). 

Since  Pi  commutes  with  Pj  and  ^j,  we  should  expect  from  (20) 
that 


(22)  />,/>, •/(?,)  -  i(/P.P,  -H  PifPt  +  P,fPi  +  PiPtf)- 
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The  last  three  equations  combine  to  give  as  the  operator  for 


(23) 

(24) 
or, 


T  =  Y.  gikq/qk  «  L  g’^PiPk, 

+  L  i(f*p.*  4-  P.g-‘P,  +  p.*f“), 


A*  1  a*£**  1 

(25)  + 


We  may  treat  (14)  similarly,  and  find: 

(26)  r  /(?)  -  ^  £  •>CrP'f{Q)P^-% 

^  r.O 

which  leads  to  (20),  and  hence  (22)  as  before,  but  gives  in  place 
of  (21) 

(27)  p.*  •/(?,)  -  i(/P»»  +  2P./P,  +  P,*/). 

This,  with  (20)  and  (22),  gives  as  the  operator  for  the  T  of  (23): 

(28)  L  i(«“PJ’»  +  P.«'*P»  -H  P»«“P.  +  P.P6g'‘) 


or, 

(29) 


dq„dqh 


The  operator  for  the  P  of  (23)  as  given  by  the  method  of 
Schrbdinger,  (16)  is: 

(30)  T-P.Vk'*/’., 

which  is  to  be  compared  with  (25)  and  (29). 

In  the  case  of  constant  g'*,  substantially  the  case  in  which  the 
9/  are  Cartesian  coordinates,  the  formulas  all  agree,  but  when 
the  g'*  are  not  constant,  but  vary  with  the  9,-,  equations  (25), 

(29)  and  (30)  will  in  general  give  three  different  results.  Even 
when  g  is  constant,  so  that  (30)  agrees  with  the  first  term  of 
(25)  and  (29),  the  remaining  terms  will  only  vanish  when  the 
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g'*  satisfy  further  conditions,  somewhat  simpler  for  (29)  but  not 
easy  to  interpret  in  either  case. 

As  (30),  for  fairly  general  f'*,  may  be  obtained  from 

(31) 

by  a  point  transformation,  and,  besides,  has  been  used  directly 
in  some  of  the  calculations  which  check  the  theory,  the  argu¬ 
ment  just  given  shows  that  the  first  two  methods  are  untenable. 

7.  The  impossibility  of  a  linear  correspondence.  We  have 
seen  that  two  different  methods  of  correspondence,  each  of  which 


i*'  *'  if 


'  •ux 


1.  That  to  each  ordinary  function  T(Pi,  qi)  there  is  a  uniquely 
determined  operator,  K(Pi,  Qj); 

2.  That  to  a  linear  combination  of  two  functions,  C\Ti{Pi,  qi) 
+  CtTi{Pi,  qi)  there  corresfxinds  the  same  combination  of  the 
operators:  CiTiiPf,  Qi)  -h  ctTtiPj,  Qi); 

lead  to  incorrect  results.  We  shall  now  show  that: 

No  correspondence  satisfying  (1)  and  (2)  can  be  consistent  with 
(30),  and  hence  these  assumptions  lead  to  incorrect  results. 

For,  consider  the  particular  Ainction : 

(32)  Ap,'  +  Be-^Pt'  +  />,*  =  T{Pi,  qd, 

where  A  and  B  are  constants,  and  /  is  a  function  of  qi  only.  By 
(30),  the  corresponding  operator  should  be: 

(33)  ^  (  P,*  -I-  ^  F, )  -I-  Ber'^P^'  P,*. 

But,  if  the  assumptions  (1)  and  (2)  held,  for  varying  A,  this 
would  necessitate 

(34)  />,*~Pi*+^Pi. 

dg\ 

so  that  the  operator  for  Pi*  could  not  be  uniquely  determined. 

Professor  Weyl  was  lead  to  his  method,  (8),  (9)  by  the  fact 
that  this  correspondence  is  invariant  for  an  infinitesimal  contact 


I 

!r: 

a  * 

ji 

n  ! 

w  • 

m, 

I-  SS-  ■  1 

I 


3 
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transformation  starling  out  from  Ike  Cartesian  case,  (31).  If  the 
correspondence  remained  invariant  under  successive  applications 
of  the  infinitesimal  transformation,  and  hence  under  finite 
transformations,  the  definition  would  hold  for  all  coordinates 
obtained  from  Cartesian  ones  by  contact  transformations  of  a 
special  type,  namely  those  continuously  deformable  to  the 
identity  without  meeting  any  singularity.  The  example  we  have 
just  given  does  not  preclude  this,  as  it  is  not  reducible  to  the 
Kuclidean  element  for  a  general  choice  of  /.  For  a  special  choice, 
it  leads  to  the  expression  for  the  arc  element  in  polar  coordinates 
(for  which  the  expression  (29)  breaks  down),  but  here  there  is  a 
singularity  at  the  pole,  so  that  this  is  a  case  ruled  out.  l^t  us, 
however,  consider  the  example  obtained  by  transforming  the 
Kuclidean  line  element: 

(35)  +  y'  «  T, 
by  putting 

*=  9i,  y  =  9*  +  09i9t, 
so  that  the  line  element  becomes 

(36)  7’  =  (1  +  a*9,*)g/’  +  209,(1  +  091)9/9*'  +  (1  +  09i)*9*'‘. 


T  =  />.*  - 


1  +  091 


PiPt  + 


(1  +  09,)*' 


The  difference  between  (29)  and  (30)  in  this  case  is: 

A*  I"  o  2o*9,  4o*  1 

4ir*  1_  1  +  091  dqi  (1  +  091)*  dqt  (1  +  091)*  J  ’ 

a  non-zero  operator,  in  general,  except  when  o  =  0,  so  that 
the  restriction  just  mentioned  does  not  help  matters. 

It  is  perhapis  worth  noting  that  the  objections  to  assumption 
(2)  no  longer  apply  if  we  restrict  Ti  and  T,  to  have  no  common 
variables.  In  this  case  the  result  of  applying  (30)  to  each  part 
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sepiarately  and  adding  is  the  same  as  that  obtained  by  direct 
application  to  the  whole  form.  This  is  what  Podolsky  •  has 
done,  although  he  states  assumption  (2)  without  any  restriction. 

8.  Conclusions.  The  preceding  critical  comparison  of  the 
theories  of  the  correspondence  of  operators  and  Hamiltonian 
functions  leads  us  to  the  conclusion  that  the  methods  put  forth 
have  not  the  generality  implied  and  claimed  for  them. 

The  fundamental  correspondence  (31),  and  (30)  applied  to 
obtain  point  transformations  of  it  are  all  that  are  used  in  any 
applications  known  to  the  writer,  and  so  long  as  attention  is 
confined  to  these  cases,  the  situation  is  clear. 

In  classical  mechanics,  we  are  so  familiar  with  Lagrangian 
systems,  invariant  under  point  transformations,  and  Hamiltonian 
systems,  invariant  under  contact  transformations,  that  it  is 
natural  to  attempt  a  similar  generality  of  formulation  at  the 
outset  for  quantum  mechanics.  As  we  have  indicated,  two  of 
the  attempts  to  do  this  are  not  invariant  under  point  transforma¬ 
tions.  Even  the  Schrbdinger  method  gives  no  indication  of  the 
meaning  of  contact  transformations  in  quantum  mechanics. 
The  variational  approach  to  the  problem  is  probably  little  more 
than  the  use  of  variational  methods  to  effect  transformations  of 
point  coordinates  on  the  statement  for  the  Cartesian  case.  • 

»  B.  Podolsky,  Pkys.  Review,  vol.  32,  p.  812  (1928). 


GEOMETRY  OF  A  COMPLEX  OF  CURVES  IN  A 
RIEMANNIAN  SPACE  OF  n  DIMENSIONS 


By  C.  L.  E.  Moore 

1.  Introduction.  In  a  series  of  notes  in  1887,  1888,  1889  Abbe 
Issaly  ‘  discussed  what  he  called  pseudo  surfaces  in  a  flat  space  of 
three  dimensions.  They  are  defined  as  follows: 

dx  =  Pdu  +  Qdu', 
dy  =  P'du  +  Q'du', 
dy  - 

where  dx,  dy,  dz  are  not  exact  differentials.  The  P's  and  Q’s 
are  functions  of  u  and  u'  only.  The  element  of  arc  is  then 

d5*  =  Adu*  +  B'du^  +  2Bdudu\ 

At  a  point  P  the  directions  defined  lie  in  a  plane.  There  is  then 
a  congruence  of  curves  normal*  to  these  planar  elements  and  the 
geometry  then  is  that  of  the  complex  of  curves  normal  to  this 
special  congruence.  In  case  dx,  dy,  dz  are  exact  differentials 
this  reduces  to  the  geometry  of  a  surface  in  ordinary  3-space. 
Lines  of  curvature,  geodesic  lines  and  asymptotic  lines  are 
defined  for  the  pseudo  surface.  The  same  author  has  written 
other  papers  on  the  same  subject.* 

In  1901  Dall’Aqua  *  discussed  the  general  problem  of  the 
geometry  of  the  complex  of  curves  orthogonal  to  a  general 
congruence  in  a  Riemannian  space  of  three  dimensions.  Here 
also  lines  of  curvature,  geodesic  lines  and  asymptotic  lines  are 
defined.  Issaly  used  the  methods  of  Darboux  while  Dall’Aqua 
used  the  Absolute  Calculus  of  Ricci.  Curiously  enough  the 

‘  Bulletin  des  Sciences  mathematique. 

*  Nouvelles  Annales  de  Mathematique,  1890,  1901. 

*  Sulla  theoria  delle  congruenze  di  curve  in  una  varieta  qualunque  a  tre 
dimensioni.  Annali  di  Matematica,  vol.  IV,  series  III. 
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latter  derived  the  condition  that  two  vectors  be  parallel,  which 
agrees  with  the  Levi-Civita  definition.  He  bases  his  argument 
on  a  remark  of  Poincar^  for  which  no  reference  is  given.  It 
seems  to  me,  however,  that  his  condition  is  only  a  necessary  one, 
while  he  uses  it  as  if  it  were  both  necessary  and  sufficient.  If  he 
had  used  his  condition  as  the  definition  of  parallelism,  he  cer¬ 
tainly  would  have  antedated  Levi-Civita’s  work.  Many  other 
parts  of  the  paper  can  be  justified  only  on  the  basis  of  the  paral¬ 
lelism  of  Levi-Civita. 

In  the  present  note  I  discuss  the  geometry  of  the  complex  of 
curves  orthogonal  to  a  general  congruence  in  a  Riemannian  space 
of  n  dimensions.  I  define  the  covariant  derivative  with  respect 
to  the  complex,  parallelism  in  the  complex,  etc.  Tensors  similar 
to  the  Riemann-Christoffel  tensor  are  found,  and  curvature  of 
the  complex  thereby  defined.  I  also  introduce  a  second  funda¬ 
mental  form  which  is  quite  analogous  to  the  second  fundamental 
form  of  a  hypersurface.  The  generalization  of  the  Gauss- 
Codazzi  relations  is  also  given.  The  latter,  however,  contain 
the  second  as  well  as  the  first  derivatives. 

2.  The  first  fundamental  form.  Let  the  element  of  arc  in  the  ' 
Riemannian  space  F.  be  • 

(1)  dr*  *  Or/lx^dx* 

and  let  the  congruence  be  X«|.  Then  the  complex  which  we 
shall  call  the  complex  X.|  is  defined  by  the  Pfaffian  equation 

(2)  X,|,dx-  =  0. 

Taking  a  set  of  n  —  1  congruences  which  form,  with  X.i,  an 
orthogonal  n-tuple,  we  have  the  following  well  known  relations 

n 

Xi|rX<|« 

1 

a 

Si  X,-lrX<|* 

1 

^i|rX/r 


(3) 
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Ricci’s  coefficients  of  relation  are  then  defined  by 

(4)  7<y*  =  X<|r.Xyi'Xi,|* 
or 

X<|r»  *  7<j*X/|rX/k|». 

1 

If  now  we  subtract  the  square  of  (2)  from  (1)  we  get  the  linear 
element  of  the  complex 

(5)  ds’*  =  a^r4x'dx» 
where 

■—I 

(6)  flr«  “  “  Xn|rXn|»  **  Xi|rXy|(. 

1 

We  do  not  assume  that  (2)  is  integrable  and  therefore  we  cannot, 
in  general,  eliminate  one  of  the  variables  from  the  linear  element 
(5).  The  tensor  (6)  is,  however,  singular  as  in  the  case  of  the 
first  fundamental  form  for  a  hypersurface  in  V^.  If  X,|  is  con* 
tracted  with  at.  the  result  is  zero.  That  is,  if  any  vector  is 
contracted  with  at,  the  resulting  vector  has  no  component 
in  the  direction  X.|.  We  will  tfien  say,  as  usual,  that  contracting 
a  vector  v'  with  at,  projects  that  vector  on  the  complex  and 
expresses  the  result  in  covariant  form.  It  is  at  once  evident 
that  this  result  is  accomplished  in  contravariant  form  by  con¬ 
tracting  with 

(7)  A,*  *  X<|rX/. 

1 

The  projection  of  any  tensor  can  then  be  accomplished  by  con¬ 
tracting  with  the  proper  number  of  these  tensors.  We  will 
adopt  the  notation 

(8)  a;::.  =  ArA«*A«'. 

Using  the  prime  to  denote  the  projected  tensor  we  have 

X'.-,  . 

Since  any  vector  or  tensor  can  be  expressed  in  terms  of  the  X’* 
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it  is  evident  that  contracting  a  vector  or  tensor  which  lies  wholly 
in  the  complex,  i.e.  has  no  component  containing  X^i,  with  A 
does  not  change  it. 

3.  The  tensor  X^|r«.  From  equation  (4)  we  have 

n 

X«|rf  “ 

1 

Since 

ytik  =  —  7/<*, 

•—1  a— 1 

X*|r»  *  /  Y««y^t|rXy|»  "F  X,i|«  y«ti|X{|r 

1  1 

•—1 

“  Si,  /  ~  Xii|»Cr, 

1 

where  r,  =  —  is  the  geodesic  curvature  *  of  the 

curve  of  the  congruence  X«|  which  passes  through  the  point 
considered.  Hence  we  can  write 

•—1 

(9)  (2r*  ~  X,,|r«  “  Si,  ;y»i>^ilr^;l» 

t 

The  conditions  that  the  congruence  X„|  be  normal  are 

"Ynhk  “  y nkk  h,  k  —  1,  2  •  •  •  W  ~  1, 

from  which  we  see  at  once  that  the  tensor  Qr,  is  symmetric  when 
and  only  when  X.i  is  a  normal  congruence.*  We  will  see  that 
this  tensor  is  the  one  which  gives  us  the  second  fundamental 
form  for  the  complex  X,|.  We  write  the  symmetric  and  anti¬ 
symmetric  parts  of  X.|r,  as  follows 

+  Q.r)  *=  iwr,  , 

-  n.,)  “ 

4.  The  covariant  derivative  with  respect  to  the  complex.  It  is 
well  known  that  the  covariant  derivative  of  a  tensor  lying  in  a 
hypersurface  with  respect  to  the  hypersurface  is  the  projection 

*  Ricci  and  Levi-Civita,  Methodes  de  Calcul  differentiel  absolu,  Math. 
Ann.,  vol.  54,  1901,  p.  154. 

'  Struilc,  Im.  cit.,  p.  55. 
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on  the  hypersurface  of  the  covariant  derivative  with  respect  to 
the  K,.*  We  will  then  define  the  covariant  derivative  of  a  vector 
or  tensor  lying  in  the  complex,  as  the  projection  of  the  derivative 
with  respect  to  the  Vn.  We  will  find  it  more  convenient  to 
adopt  the  notation 

vy  = 

V/r*  =  v'/ 

for  the  derivative  of  a  vector  v  (lying  in  the  complex)  with 
respect  to  F„  and  the  complex  respectively.  The  same  notation 
will  be  used  for  the  derivatives  of  any  tensor  lying  in  the  complex. 
If  P  is  any  scalar  function  of  the  X,'  we  have 


(10) 

V.>  =  A.‘V,/>. 

and  if  X„* 

'  is  any  mixed  tensor  lying  in  the  complex 

(11) 

vjxi,  =  ATfyt^iX::^ 

Then 

(12) 

V/a'r.  =  -  KuKif) 

=  -  A^Vy(XnJ^,,f)  =  0. 

In  a  similar  manner 


(120  =  -  A:;iTv,x:iX?i  =  o. 

The  operator  V'  obeys  the  same  laws  as  V  when  operating  on 
products.  Then, 

(12")  V/A/  =  =  0. 

Another  formula  we  shall  have  use  for  is 
(13)  V,A/  =  V,(c/  -  X,|.X,|0 

“  ~  X„|,|X«|'  X„|aXa||. 

For  the  second  derivative  of  a  scalar  function  p  we  have 
V.'V/p  =  A?TV,(A^“V,/)) 

=  A^x^-v,v./»  -  A?T(x.i^x:i  -I-  x,,,x:,4)vj> 

“  -  ^T'rK\yfK\^aP■ 

•Struik,  Mehr  dimensionalen  Differenzial  geometrie,  Berlin,  Springer, 
1922,  p.  91. 
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Likewise 

Vr'Vjp  -  -  ^T'r\n\^K^VJ>. 

Hence 

V/V/p  -  V/V/p  -  V/  X  v/p 
(14)  *  —  XK|i,,^)X7|VgP 

-  w:,x:iv^. 

The  right  member  of  this  equation  vanishes  when  and  only 
when  X.|  is  a  normal  congruence  and  in  this  case  the  problem 
reduces  to  that  of  the  geometry  of  a  hypersurface  in  Vn. 

5.  Making  use  of  this  last  equation  we  can  now  get  the  second 
covariant  derivative  of  any  vector  lying  in  the  complex, 

V/  X  V/p*  -  i:,  V/  X  V/[X,u»^:,] 

1 

“  (V/  X  v/x;i)x,ui'-  4- i:*<(v/  X  v/x<up-)x;i 

1  1 

-  (V/  X  v/xj|)x<u»-  +  Zi  u>:.x!:,(v,x.up-)x;i 

1  1 

» lli  (V/  X  v/x;i)x<u.»-  +  LV.rXfi(v^,iJxJu**“ 

1  I 

+  «.rXj,(V^)X<uX'l 

Transposing  we  obtain  the  following  identity 

V/  X  v/p*  -  S«.rXi:i(V/r)x<uX5i 
1 

-  S  [(V/  X  v/x;i)x,u  +  wlrXUKV^qjXJiDp-. 

•  I 

The  quantity  Z  We  can  obviously  write  the 

second  term  in  the  brackets  on  the  right 

«.rXi;i(v^„.)A.'x;i 

since  contracting  this  with  p*  gives  the  same  result.  This  has 
the  advantage  that  the  term  in  the  brackets  now  has  no  normal 
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component.  We  then  write  this  equation  in  the  form 

(15)  V/  X  V,V  - 

-  Zi  [(V/  X  v/x:i)x,u  +  a,:,x;iV(Vsx*u)x*i>- 

I 

Likewise  we  obtain  the  similar  formula 

(16)  V/  X  V/t,  -  «:,x!!|A,-v/>. 

-  Zi  (V/  X  V/Xq,)X?|  +  «:rXf,A,*X<l,V^:i>.. 

These  formulas  are  the  generalizations,  for  the  complex,  of 
Ricci’s  identities  for  F„, 

V.  X  V4»*  “  RrJjtT,  V.  X  V,F.  =  R7.,p.. 

The  expression  on  the  left  obviously  does  not  depend  on  the 
choice  of  the  congruences  which  form  with  Xa|  an  orthogonal 
n-tuple  and  consequently  the  bracket  on  the  right  does  not 
depend  on  this  choice. 

6.  Generalization  of  Riemann’s  tensor.  The  identities  of 
Ricci  given  above  can  be  expressed  as  follows:^ 

V.  X  V4>‘  -  Zi  (V.  X  VAjuXlftT) 

I 

-  Zi  (V,  X 

I 

V,  X  -  Li  (V.  X  VAi|.)XT|P. 

I 

and  hence  we  have  for  the  Riemann  symbols  of  the  second  kind 
.  Li  (V.  X  V,Xl|)Xq.. 

I 

Rr«lM  ”  Li  (^*  X  VrX<||)Xi|. 


^  Struik,  loc.  eit.,  p.  58. 
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By  analogy  with  (15)  and  (16)  we  will  define  the  symbols 

(17)  Ri.,u  *  L*  [(V/  X  r/x<|,)x:i  -  «:.xe|X.|.A.-VtfX-,] 

1 

(18)  -  ai./?:?, 

=  "Zi  C(V/  X  Vr%\,)\i\u  -  w:.Xf,X<|,A,“V<iX,u] 

1 

In  (18)  the  second  term  on  the  right  can  be  written 

■—1 

Wr«Xj|Xt||AM*Xi|^  =  Wrt  /  yt;»X<||Xy|«, 

1 

* 

where 

«— 1 
I 

From  the  property  of  the  symbols  7<y,  we  see  at  once  that  the 
tensor  rtu  is  antisymmetric.  An  easy  calculation,  however, 
shows  that  this  tensor  is  dependent  upon  the  choice  of  the  con¬ 
gruences  Xi|  which  with  X.i  form  an  orthogonal  n-tuple.  We 
can  now  write  (18)  in  the  form 

(18')  =  L*  (V/  X  V/X<|,)X.|«  -f 

1 

8.  Generalization  of  the  Gauss-Codazzi  relations.  In  the 
case  of  the  hypersurface  the  Gauss  formula  expresses  the  relation 
between  the  Riemann  symbols  for  the  hypersurface  and  the 
projection  on  the  hypersurface  of  the  Riemann  symbols  for  the 
Vn*  To  obtain  this  relation  for  the  complex  we  will  first  obtain 
the  expansion  for  the  second  derivatives 

'Zi  (V/V/X<,,)X.,.  =  S  A:f7.'V.(Aj,'V,X,|,)X„, 

I  1 

=  Zi  A::?;(v.v.Xii,)x.,.  -i-  L*  A:fr(v.A;')(v,x<i,)x,i. 

1  I 

'Struik,  loc.  cit.,  p.  123. 
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+  Zi  +  A2:7v^/>.,.v,x,u. 

Expanding  the  terms  of  the  last  bracket  separately  we  have 

(19)  =  -  A:fr(v,x.,,)x:, 

=  -  A^'n^x:,. 

(20)  A:rrv„A/  »  -  A:r;(v,x,,,x:,)  =  -  a^(v>,,,)x;, 

=  -  «r^A/x:i. 

Multiplying  (19)  by  the  term  outside  the  brackets 
-  A,'n,,x:i’L<Xo.v,x.,, 

n— 1  ■ 

“  ~  i  T</*Xy|rX*|,X||»X«| 

“  ~  ilriiA,  XJl  ^i|»V,Xi|^  =  Qrifltr 

1 

Substituting  these  values  we  can  then  write  the  product 

Ei  (V  X  v/x.|.)x.|.":l< 


and  consequently  we  can  write 

(21)  R'^r.  =  a^^:r^„  + 


which  is  the  generalization  of  the  Gauss  relation.  Using  the 
identities  which  the  symbols  R  satisfy  we  see  from  (21)  that  the 
symbols  R'  satisfy  the  two  identities 


(22) 


—  J?' 

•^rMFR 


—  J?' 


Since  fl  is  not  a  symmetric  tensor  it  seems  obvious  that  the 
other  identities  satisfied  by  R  are  not  satisfied  by  R'. 
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We  can  proceed  in  a  similar  manner  to  obtain  the  general¬ 
ization  of  Codazzi’s  relations.  If  we  project  the  Ricci  identity 

X 

on  the  complex  we  have 

X  V,K\r. 

In  order  to  obtain  the  expression  for  the  right  member  in  terms 
of  Q  and  X,|  consider  the  following  expression 

v/u^  -  Vn.T  =  -  VM 

-  A;:i(v,A”v,x.i,  -  v^TjVpX.i,) 

»  X  v.x,i,  +  (v,a:;  -  v^:’)v,x,|,} 

-  A;:;ilR;.,x.|,  -f  [(ViA.»>)a,«  +  (v,a,«)a.'  -  (v^.')a,* 

«  A;:iR;.,x,u  +  «;,x,'A,»VpX,i, 

Hence  the  relation  sought  is 

(23)  -  «;,x;,A,*v,x„,  - 

which  is  the  generalization  of  Codazzi’s  relations.  For  hyper¬ 
surfaces  this  relation  involves  only  the  X^i  and  Q  but  here  we 
see  that  the  derivatives  of  X.|  are  also  involved. 

8.  Curvature  of  the  Complex.  We  will  define  the  curvature 
of  the  complex  in  any  orientation  as 

^  Kii  -»  X  X  Hi*) 

where  m<  and  Hi  are  two  mutually  orthogonal  unit  vectors  of  the 
complex  which  define  the  orientation  at  the  point  considered. 
If  we  choose  the  congruences  X,  so  that  is  tangent  to  X{  and 
Hi  is  tangent  to  X/,  then  we  can  write 

(24)  Kii  “  /?:.«.(x:i  X  x;,)(x5|  X  x;,) 

The  quantity  X^|  X  X)|  is  the  unit  area  in  the  plane  of  the 
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orientation.  Now  using  identities  (21)  which  R'  satisfies 

Kii  -  /ec.,.(x:ix;i\jix;,  -  xi,x;ix;,x:, 

—  Xy|X;iXj|X*|  +  xj|X2|X)|X?i)  =  4/^r«<aX'|X)|X!|X)|. 

We  saw  that  R'  did  not  depend  on  the  choice  of  the  congruence 
X<|  consequently  Ka  is  really  an  invariant  of  the  complex.  This 
might  be  considered  as  the  generalization  of  the  Riemannian 
curvature. 

Another  invariant  is 

K  -  a^^*a'>»RUin 

“  Si,  / 

=  \  Li.  y  (x:i  X  x;i)(x;i  x  x;, 

“  Li,  y^iy* 

Hence  K  is  the  sum  of  all  the  curvatures  of  the  orientations 
•  formed  by  the  »  —  1  curves  forming  the  orthogonal  n-tuple. 
t  This  is  the  mean  curvature  for  the  point  P.  A  third  invariant  is 

^i  “  Ly  “  42Iy  XJ|Xy|Xj|X5i 
-  R:.,.x:,x!ia'-  «  r:,x:,xji. 

This  invariant  depends  on  the  congruence  Xq  and  not  on  the 
other  n  —  2  congruences  of  the  n-tuple.  It  is  the  sum  of  all 
the  curvatures  of  all  the  orientations  formed  by  X<|  and* the 
other  n  —  2  directions  tangent  to  the  n-tuple.  This  is  the 
mean  curvature  of  the  complex  with  respect  to  a  given  direction 
through  the  point  considered. 

The  tensor  /?,/  defined  by  (27)  can  now  be  used  to  determine 
n  —  1  mutually  perpendicular  directions  through  each  point  of 
the  complex  which  are  analogous  to  the  principal  directions  of 
Ricci. 
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9.  Parallelism.  In  V.  the  covariant  differential  is 

bVt  »  Vr^X* 

and  if  p  is  a  vector  of  the  complex  we  will  define 

i'vr  =  V,*v4x* 

=  ^'fAf/Djx* 

-  A-riP. 

which  shows  that  the  covariant  differential  with  respect  to  the 
complex  is  the  projection  on  the  complex  of  the  differential  with 
respect  to  F,.  Then  when  a  vector  of  the  complex  is  moved  by 
parallelism  in  direction  dx  of  the  complex  the  increment  added 
to  Vr  is  5'Pr  and  similarly  the  increment  added  to  p'  is  4'p'. 
Hence  if  a  vector  of  the  complex  is  moved  by  parallelism  with 
respect  to  F„  the  projection  is  parallel  with  respect  to  the  complex. 
Also  two  vectors  are  parallel  with  respect  to  a  curve  C  of  the 
complex  if  they  are  parallel  with  respect  to  any  surface  tangent 
to  the  complex  along  C  (perpendicular  to  the  curves  X,|  which 
intersect  C). 

If  a  vector  d\x!*  is  moved  by  parallelism  along  d^  and  then 
dj***  is  moved  by  parallelism  along  di*"  we  have 

(28)  i/dix**  -  aj'diJd*  =  A/(4,d,x'‘  -  biiix*)  =  0 

Hence  we  have  a  closed  figure  the  opposite  sides  of  which  are 
parallel.  To  show  that  the  opposite  sides  are  equal,  consider 
two  vectors  of  the  complex  «„  p'  and  compare  the  product  P4»' 
before  the  displacement  with  the  product  after  the  displacement. 
From  (28)  if  p  is  a  scalar  function 

b’p  =  A'rVrpdx‘  =  VrPdx'  =  d'P 

where  dx"  lies  in  the  complex.  Also  we  can  write 

S'Ur  =  A^',V„UtdX‘  =  Ar*V„UidX“ 


(29) 


s 
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(30)  S'v'  *=  A,*  ^  rfr'  +  j  j  v^dx^  ^ 

If  the  vector  fields  u,  v  are  parallel  then 


S'Ur  =  S'v'  =  0 


and  hence  the  increments  are 


d'ur  =  A,‘  Ufdx",  d'v'  =  —  Ai”  I  | 

Then  after  displacement 

(ur  +  d'ur)iv^  +  d'v')  =  +  v'd'u,  +  u4'v' 

=  UrV'  +  A,‘  I  ^  I  u^'dx“  -  A/  I  I  u^dxf 


=  «rP'  + 

=  u^'. 


u^^dx"  — 


u,i^d:i“ 


If  u,  V  are  the  same  vector  the  product  u'u,  is  the  length  and  if 
u,  V  are  unit  vectors  then  UrV'  is  the  cosine  of  the  angle  between 
them.  Hence  if  a  vector  is  displaced  by  parallelism  the  length 
is  unchanged  and  if  two  vectors  at  a  point  are  displaced  by 
parallelism  the  angle  between  them  is  left  unchanged.  Then 
the  infinitesimal  parallelogram  above  has  its  opposite  sides  equal. 

Now  move  the  vector  v'  around  the  infinitesimal  parallelogram 
determined  by  the  points 

X,  X  +  dix,  X  +  d\X  +  diX,  X  +  djx. 

We  accomplish  this  by  first  moving  v'  from  x  by  parallelism  along 
the  first  two  sides  and  along  the  other  two  sides  from  x  in  the 
opposite  direction  along  the  other  two  sides  and  then  taking  the 
difference  between  the  second  and  fourth  positions. 

(a)  V'  +  ix'v' 

(b)  V'  +  +  bx'v'  + 


1. 
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(c)  r'  —  hiV' 

(d)  V  +  a/r’’  +  6tV  +  . 

Hence  the  total  change  in  v'  due  to  this  displacement  is 

«  a,'a,'r'  -  a/ai'p"  =  (a, 'a/  -  a/a,>'- 

=  V,'V/v'diX’d,x*  -  V/VMiX’diX* 

=  Vi'V/(diX*dtx‘  —  dtx’dix*) 

=  V,y,'dix>  X  dtx‘. 


Since  dix‘  X  d*x‘  is  antisymmetric  we  can  write  this 
Av'  =  (V/  X  V/v')diX*  X  djJC* 


From  (24)  we  see  that  the  change  in  a  vector  by  this  displace¬ 
ment  is  not  connected  with  the  curvature  as  in  the  case  of  the  Vn 
itself. 

10.  Geodesics.  The  geodesic  curvature  of  a  curve  of  the  com¬ 
plex  is  defined  by  the  relation 


(31) 


(V.'X,)X« 


or  c' 


a^x- 

ds 


V/X'X* 


where  X  is  a  unit  vector.  A  geodesic  is  then  a  curve  of  zero 
geodesic  curvature.  If  we  take  the  congruence  Xi  to  coincide 
with  X  we  have 

c,  =  A?f(V.X<,4)XI|  =  Af  (V.X<^)X7| 

•“I 

•—1 

“  21/  7//A/lf 

t  1 

Hence  if  the  congruence  X<|  is  a  geodesic  congruence  then 


(33)  yui  =  -  ym  =0,  j  =  1,  2,  •  •  •,  n  -  1. 

It  is  not  difficult  to  show  that  curves  satisfying  (32)  are  curves 
of  shortest  length.*  It  is  well  known  that  if  the  congruence  Xii 
*  Dall’Aqua,  loc.  cit. 
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is  a  geodesic  in  Vn 

yui  ~  0,  j  »  1,  2,  •  •  •,  n. 

Hence  we  have  the  following  theorem 
If  a  geodesic  of  Vn  lies  in  the  complex  it  is  also  a  geodesic  of  the 
complex.  If  vectors  of  the  complex  are  parallel  in  Vn  vuith  respect 
to  a  curve  C  of  the  complex  they  are  also  parallel  in  the  complex 
with  respect  to  C. 

11.  Normal  curvatiure.  The  curvature  in  the  Vn  of  a  curve 
X<|  of  the  complex  is 

(34)  Cr  =  X.|r.x:|. 

The  projection  of  this  on  the  normal,  that  is  along  X,|,  is 

X<|r»Xj|Xj|  *  “yini  “  y »ii  “  X«|r»Xj|X4|. 

Since  it  does  not  depend  on  any  thing  but  X,|,„  XJ|,  XJ|  we  have 
the  theorem:  The  normal  component  of  the  curvature  of  all  curves 
of  the  complex  having  the  same  tangent  line  is  the  same.  We  call 
this  the  normal  curvature  of  the  complex  in  this  direction. 
Writing  (34)  in  the  form 

n 

Cr  “  X<|r»X<|  =  *  7iytXy|rXt|,Xy| 

■  ■— 1 

“  “  Sy  T|iAy|r  “  “  Yyt<^<|r  “  X«|fY„yy 
1  1 

Hence:  The  curvature  of  a  curves  of  the  complex  with  respect  to  the 
Vn  is  equal  to  the  sum  of  the  geodesic  and  the  normal  curvatures. 
From  this  it  is  seen  that  the  curvature  of  a  geodesic  of  the 
complex  with  respect  to  the  Vn  is  normal  to  the  complex  and 
hence  geodesics  of  the  complex  have  the  properties  of  geodesics 
on  a  hypersurface  of  Vn- 

The  mean  normal  curvature  of  the  complex  at  a  given  point  can 
be  defined  by 

II  ^  Y.i  y*ii  “  Y.i  Xii|r.XIlXJ| 

I  1 

=  X„l„  XJ|XJ|  =  a''*X,|,, 

1 


(35) 
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Hence  II  is  independent  of  the  choice  of  the  «  —  1  mutually 
orthogonal  directions  through  the  given  point. 

12.  The  second  fundamental  tensor  of  the  complex.  The 
derivative  of  X,|  with  respect  to  K,  can  now  be  written 

n 

■—1  »— 1 

('^6)  =  *  7i.yA,lrX*|,  +  X,|, 

n  1 

=  Qr*  +  Xn|«Cr. 

where 

.  ■— 1 

(■3)  fir*  =  51/,  *  7iiJ*^/|rX*|, 

1 

and  is  a  tensor  lying  in  the  complex.'®  We  will  call  this  the 
second  fundamental  tensor  of  the  complex.  From  (36)  it  is 
evident  that  12,.  is  not  symmetric.  It  can  also  be  written 

Qr,  =  A^X.i^ 

and  as  the  projection  of  a  tensor  does  not  depend  upon  the  con¬ 
gruences  in  terms  of  which  the  complex  is  expressed  we  conclude 
that  U,,  does  not  depend  upon  the  n  —  1  mutually  orthogonal 
congruences  X..  This  can  however  be  demonstrated  by  com¬ 
puting  the  same  form  for  a  new  choice  of  congruence  X<|'.  It  is 
found  that  the  new  form  is  identically  equal  to  (37).  The  total 
.set  of  Ricci’s  coefficients  of  rotation  ym  which  have  at  least  one 
subscript  equal  to  n  can  be  divided  into  three  groups 

7||*/|  y»int  7i7"- 

The  first  set  determines  the  second  fundamental  tensor,  the 
second  determines  the  curvature  of  the  curves  Xn|  and  the  third 
determined  the  tensor  t*/  and  from  the  expression  for  ir<,-  in 
terms  of  a  new  set  of  congruence  Xq'  it  is  found  to  depend  upon 
the  choice  of  congruences  X.i.  It  is  seen  however  that 
cannot  be  made  to  vanish. 


*•  Struik,  toe.  cit.,  p.  56. 
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The  normal  curvature  can  now  be  written  in  the  form 


and  hence 


Pi  *  —  nr.Xi|''Xi|* 


Cf  Ct  Xii'^Xii'Qfc 


We  can  now  decomp)ose  Q  into  its  symmetric  and  its  anti¬ 
symmetric  parts, 

Or.  =  Kflr.  +  n.r)  +  KOr.  -  fl.r) 

=  iWr*  + 

We  then  have  a  symmetric  tensor 

(dr*  *  Or*  "b  Ojr 

and  in  terms  of  this  can  define  principal  directions  in  the  usual 
way.  That  is,  these  congruences  are  determined  as  the  solutions 
of  the  equations 

((I»r*  +  par*')X'  =  0. 

Since  (dr*  and  a**'  have  no  component  containing  X„  one  solution 

•  will  be  X'  -=  X«r  and  there  will  be  n  —  1  solutions  which  have 

*  no  comix)nent  along  X|„.  To  show  this,  consider  a  point  P 
and  let  coordinates  be  chosen  so  that  X„|  is  in  the  direction  of 
the  p>arameter  curve  A",  and  the  other  p>arameter  curves  jjer- 
pendicular  to  X,|.  Then  in  the  above  equation  r  will  take 
values  1,  2,  •••,»”!•  This  is  then  the  system  of  equations 
which  determine  the  principal  directions  as  usually  given.  The 
invariants  p*  determined  by 

|«r*  +  Pifirt'l  =  0 

are  the  principal  curvatures,  for  as  usual  we  can  write 

((dr*  —  P*Ur*')X*l'Xkl*  **  0 


and  since 


we  have 


Or*'X*l’’X»|*  *  1 


—  (dr*X*rX*|*  =  p*. 


i 


viijik. 
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This  is  the  same  as  equation 

P*  **  Qr»X<|^X<l* 

because  in  the  product  QrA^I'X^i*  the  anti-symmetric  part 
vanishes.  It  is  evident  that  the  values  of  pa  are  the  maximum 
and  minimum  values  of  the  normal  curvature." 

The  congruences  XaI,  XaI  are  orthogonal,  and  if  we  use  these 
to  form  the  orthogonal  n-tuple 

«r.X*rX*i*  =  0 

which  requires  that 

+  y»kk  *  0,  h,  k  I,  2,  •  ‘  ,  n  — 

and  consequently  this  is  Ricci’s  system  cannonical  with  the 
congruence  X„|.  They  envelope  a  set  of  mutually  perpendicular 
curves  of  the  complex.  We  define  these  as  the  lines  of  curvature 
of  the  complex.  These  lines  do  not  have  the  property  that 
normals  to  the  complex  at  near  by  points  of  these  curves  intersect, 
so  Dall’Aqua  defines  his  lines  of  curvature  to  have  this  proF»erty> 
Consequently  they  are  not  mutually  perpendicular.  These 
latter  directions  can  be  defined  according  to  my  recent  note  " 
as  the  directions  dx'  of  the  complex  such  that  when  X.  is  moved 
by  parallelism,  in  the  Vn,  along  dx'  the  new  pxeition  will  lie  in 
the  planar  element  defined  by  X,|  and  dx'.  There  are  n  —  1  of 
these  directions  and  they  are  mutually  p)erp)endicular  when  and 
only  when  the  congruence  X,|  is  normal  and  then  they  coincide 
with  the  canonical  directions. 

13.  Asymptotic  lines  and  conjugate  directions.  Asymptotic 
lines  are  defined  as  lines  whose  princip>ai  normal  is  tangent  to 
the  complex  or  curves  whose  normal  curvature  is  zero.  Hence 
the  equation  is 

(37)  Or.Xii'X<|*  =  0. 

From  (37)  it  is  seen  that  the  necessary  condition  that  a  con- 

Eiaenhart,  Riemannian  Geometry,  p.  108. 

'*  C.  L.  E.  Moore,  “  Note  on  Congruences  in  Riemannian  Space,"  Journai. 
OF  Mathematics  and  Physics,  voI.  VII,  p.  189. 
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gruence  Xa  be  asymptotic  is  given  by 

*  0. 

This  shows  that :  If  a  geodesic  of  K.  lies  in  the  complex  it  is  an 
asymptotic  line  of  the  complex  and  conversely.  If  a  line  of  the 
complex  is  a  geodesic  of  Vn  it  fnust  be  an  asymptotic  line  which  is 
also  a  geodesic. 

The  direction  ^  is  said  to  be  conjugate  to  Xii  if 
(38)  OraXilV  =  0 

but  since  Qr«  is  not  symmetric  X.  will  not,  in  general,  be  con¬ 
jugate  to  Now  the  tangent  plane  of  the  complex  at  a  point 
is  characterized  by 

X,irX<r  =  0. 

The  hyperplane  passing  through  P,  parallel  to  the  hyperplane 
at  P  +  dP  (where  dP  is  in  the  direction  /i)  is  characterized  by 
the  equation 

X«|,.X<1>*  “  0 

and  since  X^i  and  n  are  contained  in  the  complex  we  can  replace 
X.ir*  by  n,.  and  this  equation  coincides  with  (38).  Hence: 
The  directions  conjugate  to  a  direction,  u  lie  in  the  intersection  of 
the  tangent  hyperplane  and  the  parallel  to  the  nearby  tangent 
hyperplane  in  the  direction  /i. 

The  relation  between  Xi  and  u  is  symmetric  when  and  only 
when  X.i  is  a  normal  congruence.  Asymptotic  directions  are 
then  self-conjugate  directions. 


\ 


SETTLEMENT  OF  BUILDINGS  DUE  TO 
PROGRESSIVE  CONSOLIDATION  OF 
INDIVIDUAL  STRATA 


By  Charles  Terzaghi 


The  problem  which  we  attempt  to  solve  is  graphically  repre¬ 
sented  in  Fig.  la.  A  feebly  permeable,  very  compressible  stratum 


PlostiQ,  mutt 


•  toto/  n'^ 
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bbcc  with  a  thickness  2d  is  located  at  a  depth  D  below  the  surface 
aa  of  the  ground.  On  the  ground  surface  we  construct  buildings 
A,  B,  etc.  Construction  is  started  simultaneously  at  a  time 
zero.  As  time  goes  on,  the  load  acting  on  the  areas  11,  22,  etc.  is 
supposed  to  increase  at  a  uniform  rate,  until  at  a  time  /i  after 
construction  was  started,  the  load  assumed  the  values  qi,  qt,  etc. 
per  unit  of  area.  After  the  time  t\  the  load  is  supposed  to  remain 
constant.  The  diagram  Fig.  16  which  represents  the  time  rate 
of  load  application  (abscissae  =  time,  ordinates  »  load  acting 
on  the  surface  of  the  ground)  shall  be  called  the  "load  progress 
diagram.” 

The  investigation  will  be  based  on  the  following  assumptions: 

(а)  The  layers  of  sand  located  above  and  below  the  compressible 
layer  bbcc  are  very  ‘permeable  and  perfectly  incompressible. 

(б)  The  compressible  layer  is  homogeneous  throughout  and  its 
thickness  is  everywhere  the  same,  (c)  The  voids  of  the  com¬ 
pressible  layer  are  completely  filled  with  water,  (d)  Before 
construction  of  the  buildings  A,  B,  etc.  is  started,  the  ground 
water  is  perfectly  stationary,  which  in  turn  involves  assuming 
that  the  water  content  of  the  .compressible  material  everywhere 
corresponds  to  the  pressure  under  which  it  stands,  (e)  If  the 
pressure  which  acted  on  the  compressible  layer  previous  to  con¬ 
struction  (pressure  due  to  the  weight  of  the  overburden)  is 
increased  by  a  certain  amount,  the  corresponding  compression 
gradually  approaches  a  value  which  is  equal  to  the  increase  in 
pressure  times  a  constant.  (/)  The  coefficient  of  piermeability 
of  the  compressible  layer  is,  within  the  range  of  the  variation  of 
the  pressure,  independent  of  the  pressure,  (g)  The  flow  of  water 
through  the  compressible  layer  strictly  follows  Darcy’s  law. 

If  assumption  (a)  does  not  strictly  hold  true,  the  subsidence  of 
the  structures  will  be  equal  to  the  subsidence  caused  by  the 
compression  of  the  layer  bbcc  plus  the  subsidence  due  to  com¬ 
pression  of  the  layers  of  sand.  Since  we  are  merely  interested 
in  the  first  item,  the  assumption  (a)  is  justified.  The  importance 
of  the  error  due  to  assumption  (6)  depiends  on  the  degree  of  uni- 
18 
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formity  of  the  natural  soil  deposit.  Assumption  (c)  is  almost 
invariable  correct.  Assumption  (d)  is  almost  correct,  unless  the 
layer  bbcc  is  of  very  recent  origin.  Assumptions  (e)  and  (/)  are 
sufficiently  accurate,  provided  the  additional  pressure  exerted 
by  the  weight  of  the  structures  does  not  exceed  the  pressure 
exerted  by  the  weight  of  the  overburden  aadb.  As  a  matter  of 
fact,  the  errors  due  to  assumptions  (d)  and  (e)  partially  com¬ 
pensate  each  other.*  Assumption  (g)  is  almost  correct. 

The 'following  symbols  will  be  used: 

Po  “  the  vertical  pressure  which  acts  at  the  point  before 
construction  was  started  (pressure  due  to  the  weight  of 
the  overburden). 

9i,  9*.  etc.  load  exerted  by  the  buildings  A,  B,  etc.  per  unit  of 
area  of  the  ground  surface. 

/i  the  time  between  start  and  finish  of  construction. 
qi  the  vertical  pressure  produced  by  the  weight  of  the 
buildings  A,  B,  etc.  at  the  point  Pm  of  the  compressible 
layer  at  a  time  /  <  /i  after  construction  was  started. 
q,  the  vertical  pressure  produced  by  the  weight  of  the  , 
buildings  A,  B,  etc.  at  the  point  Pm  of  the  compressible  ^ 
layer  after  construction  was  finished  (/  >  /|). 

D  average  distance  between  the  ground  surface  and  the 
compressible  layer. 

2dt  thickness  of  the  compressible  stratum. 
ki  coefficient  of  permeability  of  the  compressible  stratum 
(rate  of  percolation  at  a  hydraulic  gradient  equal  to  unity). 
a  coefficient  of  compressibility  of  the  compressible  stratum, 
that  Cleans  loss  of  water  per  unit  of  volume  of  dry  material 
caused  by  an  increase  of  the  pressure  q  by  unity. 
s  subsidence  of  the  surface  of  the  ground  at  a  point  P. 
This  subsidence  is  assumed  to  be  identical  with  the  com¬ 
pression  of  the  compressible  layer  beneath  the  point  P. 

St  compi^ion  of  the  compressible  layer  at  the  point  Pm 
(located  beneath  point  P)  at  a  time  /  after  construction 
was  started. 
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s,  compression  of  the  compressible  layer  at  the  point  Pm 
at  a  time  /  =  ». 

Since  the  subsidence  s  =  PP'  of  the  ground  surface  at  a  point 
P  is  supposed  to  be  equal  to  the  compression  of  the  compressible 
layer  at  the  point  Pm  located  beneath  the  point  P,  we  have  re¬ 
duced  our  problem  to  the  following  question:  What  will  be  the 
compression  of  the  layer  bbcc  beneath  the  point  P,  at  an  arbitrary 
time  /  after  the  application  of  the  surface  load  was  started? 

To  answer  this  question  requires  two  independent  operations. 
We  must  first  of  all  find  out  the  intensity  of  the  vertical  pressure 
g  which  acts  on  the  compressible  layer  beneath  the  point  P  and 
then  we  have  to  find  out  the  relation  which  exists  between  the 
pressure  q,  the  compression  5  and  the  time  t. 


I 


Fig.  2. 


The  first  part  of  the  investigation  can  easily  be  performed  by 
means  of  the  equations  of  Boussinesq.  The  area  abed,  Fig.  2, 
represents  one  of  the  sites  occupied  by  the  buildings  in  Fig.  lo. 
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We  divide  this  area  into  elements  dx  dy  and  select  the  point  P 
as  origin  of  our  coordinate  system.  The  pressures  which  are 
produced  by  the  load  91  dx  dy  at  the  points  Pk  and  P,  (Fig.  la) 
are  not  identical,  inasmuch  as  the  pressure  q  will  slightly  increase 
from  the  top  surface  of  the  compressible  layer  towards  the 
bottom  surface.  However,  since  the  difference  between  these 
two  pressures  is  not  appreciable  we  can  disregard  it  and  assume 
that  they  are  identical  with  the  pressure  acting  at  the  point  Pm 
halfway  between  Pk  and  P*.  The  state  of  stress  produced  by  the 
load  9i  dx  dy  is  determined  by  the  equations  of  Boussinesq.* 
By  means  of  these  equations  one  can  compute  for  the  point  P 
the  three  principal  stresses.  FoppI  *  has  shown  that  two  of 
these  principal  stresses  are  so  small  that  they  can  be  neglected, 
while  the  third  one,  with  the  intensity 

3  qdxdy  cos  ^ 

2  T 

passes  through  the  point  of  load  application.  The  experimental 
investigations  of  Kdgler  *  seem  to  have  demonstrated  that  the 
pressure  distribution  in  sands  is  fairly  accurately  determined  by 
the  preceding  formula  for  a  depth  greater  than  about  6  feet. 
Hence,  if  we  assume  /  to  be  considerably  greater  than  6  feet,  our 
computation  can  safely  be  based  on  this  formula. 

The  princip>al  stress  determined  by  the  formula  produces  at  the 
point  Pm  on  a  horizontal  element  a  vertical  normal  stress  with 
the  intensity 

3  9i  dx  dy  cos*  ^ 

2  X  7~’ 

By  integrating  between  the  limits  yi  and  yj  (Fig.  2),  we  learn 
that  the  strip  with  a  width  dx  produces  at  the  point  Pm  a  vertical 
normal  stress  with  the  intensity 

gi  z*  r  yi(3x»  -H  2y,*  +  z*)  y»(3jc*  -|-  2y«»  +  «*)  1  , 

‘*^“2»(x»  +  z»)*L-  (*‘  +  y !*  +  **)«  (**  +  y«*  +  »*)*  J 

The  second  integration  should  preferably  be  performed  by  means 
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of  a  graphical  procedure  whereby  the  width  Ax  of  the  finite 
elements  should  be  smaller  than  one-third  of  the  depth  s. 

Thus  the  first  part  of  our  investigation  has  led  to  the  knowledge 
of  the  average  vertical  pressure  q  which  acts  beneath  the  point 
P  on  our  compressible  layer.  To  make  the  step  from  the  pressure 
to  the  compression,  we  must  start  with  analysing  the  effect  of 
the  application  of  a  vertical  pressure  q  on  the  state  of  stress 
which  exists  in -the  compressible  layer.  From  previous  experi¬ 
mental  investigations  we  know  the  following  fact:  If  we  raise 
the  pressure  Po  which  acts  on  a  laterally  confined  mass  of  water- 
soaked  soil  by  an  amount  qi  the  compression  produced  by  q  is 
approximately  equal  to  the  thickness  2d  of  the  layer  times  the 
pressure  q  times  a  constant,  provided  q  is  smaller  than  Pt* 
However,  we  also  know  that  the  compression  by  no  means  occurs 
at  once.  It  proceeds  at  a  decreasing  rate  and  the  ultimate  value 
is  not  reached,  except  after  a  considerable  period  of  time.  An 
investigation  *  of  this  phenomenon  has  led  to  the  conclusion 
that  the  lag  is  essentially  due  to  the  resistance  against  the  escape 
of  the  excess  water  contained  in  the  voids  of  the  compressible 
material.  If  the  compressible  layer  is  very  permeable,  com¬ 
pression  takes  place  almost  at  once  and  the  settlement  of  point 
P  would  occur  according  to  the  broken  line  Ci,  Fig.  Ic.  Since 
the  surface  load  is  applied  at  a  uniform  rate  (Fig.  16)  the  settle¬ 
ment  would  also  increase  at  a  uniform  rate  from  time  0  until 
time  /i  and  from  time  fi  to  /  =  <»  they  would  remain  constant. 
On  the  other  hand,  if  the  compressible  layer  is  very  feebly  per¬ 
meable,  the  settlement  will  be  retarded,  and  instead  of  the 
settlement  curve  Ci  we  would  obtain  the  curve  C*  (Fig.  Ic). 
The  lower  the  permeability,  the  flatter  this  curve  should  be. 

In  order  to  determine  the  influence  of  permeability  on  the 
speed  of  compression  and  on  the  corresF>onding  rate  of  settlement, 
we  have  to  start  from  the  following  fundamental  fact:  Since 
the  voids  of  our  compressible  stratum  are  supposed  to  be  filled 
with  water,  the  process  of  compression  is  obviously  associated 
with  the  flow  of  water  from  the  interior  of  the  compressible 
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Stratum  into  the  adjoining  permeable  and  incompressible 
medium.  Water  cannot  flow  through  the  voids  of  a  soil  unless 
there  exists  within  the  water  a  hydraulic  gradient,  that  means 
a  drop  in  hydrostatic  pressure  in  the  direction  of  the  flow. 
Since  the  speed  with  which  the  water  drains  out  of  the  stratum 
merely  depends  on  the  thickness  of  the  stratum,  on  its  perme¬ 
ability  and  on  the  hydraulic  gradient,  we  are  in  a  position  to 
utilize  the  aforementioned  hydraulic  fact  for  computing  the  rate 
of  compression  of  the  compressible  layer. 

Before  construction  was  started,  the  compressible  layer  was 
merely  under  the  influence  of  the  weight  of  the  superimposed 
strata.  This  weight  was  called  Pa  per  unit  of  area  of  the  hori¬ 
zontal  plane  which  passes  through  the  point  Pm  (Fig.  1,  2).  Since 
Po  is  supposed  to  have  acted  on  the  layer  for  a  very  long  time, 
the  water  content  of  the  soil  exactly  corresponds  to  the  pressure 
Po  (our  assumption  d).  Since  no  flow  of  water  takes  place,  within 
the  ground  water,  the  hydrostatic  excess  pressure  is  everywhere 
equal  to  zero.  Hence,  the  total  weight  Po  of  the  overburden  must 
be  carried  by  the  solid  constituents  of  the  compressible  layer. 

At  a  time  /  after  the  construction  of  the  buildings  A  and  B 
(Fig.  la)  was  started,  the  pressure  which  acts  at  the  point  Pm 
on  the  compressible  layer  is  equal  to  Po  +  qt  (Fig.  lb).  If  the 
compressible  layer  was  very  permeable,  the  pressure  Po  +  qt 
would  entirely  be  carried  by  the  solid  constituents  of  this  layer 
and  the  settlement  caused  by  the  application  of  qt  would  be  equal 
to  St  (Fig.  Ic).  However,  due  to  the  low  jaermeability  of  the 
layer,  the  water  content  cannot  drop  down  to  the  value  which 
corresponds  to  the  pressure  Po  +  qt  as  rapidly  as  qt  was  applied. 
Therefore  the  water  in  the  central  part  of  the  layer  comes  under 
a  pressure  w.  According  to  the  laws  of  mechanics,  the  pressure 
Po  +  qt  must  in  every  part  of  the  layer  be  equal  to  the  sum  of  the 
pressure  which  acts  on  the  solid  constituents  of  the  layer  plus 
the  pressure  w  which  acts  in  the  water,  or,  according  to  Fig.  3a 

Po  -k~  qt  —  po  -{•  q  w, 
or 

qt  =  q  +  w. 
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It  is  obvious  that  the  values  of  w  will  be  greatest  near  the 
center  of  the  layer,  because  near  the  center  the  distance  through 
which  the  excess  water  has  to  travel  is  a  maximum.  On  the 
other  hand,  at  the  boundaries,  w  is  equal  to  zero,  because  there 
the  water  can  escape  almost  at  once.  From  previous  investiga¬ 
tions  we  know  that  consolidation  proceeds  from  the  boundaries 
towards  the  center  as  shown  in  Fig.  3a.  Starting  at  the  boundary 


the  hydrostatic  pressure  increases  at  an  almost  uniform  rate 
until,  at  a  certain  depth  Zi  beneath  the  surface,  it  becomes  almost 
equal  to  qt.  From  there  on  to  the  center  its  value  remains 
practically  constant  and  equal  to  qi.  As  time  goes  on,  both  the 
values  qt  and  Zi  increase.  The  value  of  qt  can  be  expressed, 
according  to  Fig.  Ic,  by  the  formula 

3<  =  5.  •  (1) 

It  remains  to  find  out  the  law  according  to  which  Zi  increases. 
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For  that  purpose,  we  simplify  the  situation  presented  in  Fig.  3a 
by  replacing  the  curve  C  by  a  broken  line  ABC  as  shown  in  Fig. 
3b. 

As  time  goes  on  and  consolidation  proceeds,  the  point  B, 
Fig.  ib,  moves  downward  and  the  pressure  q  increases  per  unit  of 
time  by  dqjdt. 

According  to  our  assumptions,  an  increase  BqlBt  of  the  pressure 
q  acting  within  the  compressible  layer  causes  the  water  content 
of  the  compressible  material  to  decrease  by  a  •  dqidt  per  unit  of 
volume  occupied  by  the  solid  substance.  Hence  the  quantity 
Q  of  water  which  drains  at  a  time  /  pwr  unit  of  time  and  per  unit 
of  area  of  a  horizontal  plane  at  a  depth  z  below  the  boundary 
plane  is  equal  to 

Q-<‘ £%■•>..  (2) 

According  to  Fig.  36  we  have 


Since  both  qt  and  Zi  are  variable,  we  obtain 

Bq  dfl,/  *  \  i  dzi 
Bt^  Bt\  «i  /  *1* '  dt 


According  to  (1)  we  have 


t 

*  9c- 


tC 


9t^9c 
t  h  ’ 


hence 


d/  “  /i  \  ri  /  ■  /i  ‘  «i*  ■  d/  ' 

This  introduced  into  (2)  gives 

^  .7 


In  connection  with  this  operation,  z  is  the  only  one  variable. 
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while  t  and  Si  are  supposed  to  remain  constant.  Hence 

-  Sr  [<'■  - ^  -  '■)  +  s?  •  f  ('■’  -  ‘■)] 


aq, 

h 


(3) 


According  to  Darcy’s  law,  the  quantity  of  water  which  flows 
per  unit  of  time  through  the  unit  of  cross-section  of  a  horizontal 
plane  must  be  equal  to  the  product  of  the  coefficient  of  per¬ 
meability  k  times  the  hydraulic  gradient  dwjdz.  Hence 


dw 

dz 


or  Qdz  =  kdw, 


f  Qdz  =  k,  f  dw  •=  kg,  =  kqj-  • 

Jo  jfi  fi 

If  we  substitute  for  Q  the  term  (3)  we  obtain 

•Kj-AS)rH 

^  ti  \_  2  V  Zi  dt  )  2  6  \*,  Zi*  dt  )\ 


dzi  *1* 
2t 


3^. 

a 


•The  solution  of  this  equation  is 


=ir 


6*/* 


t  L  2a 


+  C 


]• 
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For  /  =  0  we  have  Z|  =  0,  hence  C  =  0  and 


(4) 


which  means  that  the  depth  to  which  consolidation  proceeds 
increases  in  direct  proportion  with  the  square  root  of  time. 

The  settlement  which  occurred  during  the  period  0  and  t  is 
obviously  measured  by  the  quantity  of  water  which  has  left  the 
layer  during  this  period.  The  amount  of  water  which  flows 
through  one  boundary  per  unit  of  time  is  according  to  formula 
(2)  equal  to 


<?.= 


a 


q^( 
2/i  V 


Zi  t 


dZi 

dt 


)■ 


According  to  formula  (4)  we  have 


Hence 


®  _L 

'  2<t' 


OQt  3  j3kt  _  Sage  fikt 
2ti  2  \  a  4/i  V  o 


The  settlement  s  is  equal  to  the  thickness  of  the  layer  of  water 
which  has  left  the  compressible  stratum  during  the  period  0  to 
t,  through  two  boundaries.  Hence 


s 


3aq,  1^  2  3 
117  '  ^''a  *  3  k 


*1 


(5) 


While  consolidation  proceeds,  the  point  B,  Fig.  3b,  moves, 
vertically  downward  towards  the  point  0.  The  time  T  at 
which  point  B  arrives  at  0  is  determined  by  the  relation  (4); 


Zi  =  d  = 


3kT 

a 


or 


(4a) 


'1 
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The  further  investigations  depend  on  whether  T  is  greater  or 
smaller  than  the  time  ti  at  which  the  load  acting  on  the  surface 
of  the  ground  becomes  constant. 

(1)  Case:  T  >  t\. 

As  soon  as  the  load  becomes  constant,  further  consolidation 
would  proceed  in  the  same  manner  as  if  the  load  had  been 
constant  since  a  certain  time  tt.  Hence  we  start  with  computing 
the  time  t  at  which  full  load  should  have  been  applied  in  order  to 
produce  at  the  time  /i  the  settlement  determined  by  formula  5, 
viz., 

i,  =  T  V3]fe^  •  /,*/*  =  ^  V3^.  (5a) 

M  M 


In  order  to  determine  the  relation  between  time  and  settlement 
on  the  assumption  that  full  load  had  been  applied  at  a  time  /j, 
we  start  with  equation  (2) : 


where  in  this  time 


Q  = 


and 


dq  z  dzi 


Q  =  a 


Qcdzi  r**  age  dzi 

21*  dt  X  2  '  di’ 


It  is  easy  to  prove,  that 


and 


(6) 


Hence 


j' 

V: 

i 

L 

5. 


I 

i_ 

[■ 

!■ 
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and 

i  =  2  Qdt  “  ^  •  2V/  —  /t  *  q,^6ka{t  —  tt).  (6b) 

At  /  =  /,  the  settlements  should  be  equal  to  ii.  Hence 

•  /,*/*  =  qMaih  -  /,), 

or 

^  •  (6f ) 

That  means,  a//er  /Ae  construction  of  the  building  is  finished, 
the  settlements  would  proceed  according  to  the  same  law,  as  if  the 
full  load  had  been  applied  at  once,  at  the  time  when  construction  was 
half  finished. 

Further  consolidation  under  constant  load  proceeds  according 
to  the  formula 

s  =  qe-  yjbka^t-^ ,  (6d) 

which  can  be  easily  derived  from  equation  (6),  while  the  value  Zi 
increases  according  to  the  formula  (6).  If  we  introduce  into  » 
this  formula  the  values  Zi  *=  d  and  /*  ti/2,  we  obtain  for  the 

time  T  at  which  Zi  =  d  the  expression 


7'  = 


2  ■’‘6*  ‘ 


From  now  on,  Zi  remains  constant  and  consolidation  approxi¬ 
mately  proceeds  as  shown  in  Fig.  4a.  In  order  to  compute  the 
further  progress  of  consolidation  we  retain  the  symbols  used  in 
the  preceding  calculations.  We  further  introduce 


and 


r'  =  r 


ti  _  d^a 
2  “ 


dt'  =  dt. 


From  previous  investigations  *  we  know  that  for  consolidation 
under  constant  load 


According  to  formula  (2),  the  quantity  of  water  Q  which  flows 
per  unit  of  time  through  the  unit  of  area  of  one  boundary  is 


SETTLEMENT  OF  BUILDINGS 


2/V 


280 


TERZAGHI 


dq  z  dqo 


^  a  dot  r*  .  O’  dco  d*  ad  dqo 

’^“dUr  i^T-di- 

From  formula  (7)  we  obtain 

dt^(uP 

hence 

oiP  2 

_  3*2,  (-,.!) 

Id 

The  quantity  of  water  which  flowed  through  two  boundaries 
during  the  period  T'  to  /'  >  T'  is  equal  to 

Substitute  in  I : 


- ~ 

a<P 


,  od*  r  ,  od* 

-i*j  -ik‘' 


If  we  introduce  into  this  formula  our  value 


Hence 
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we  obtain 

j'  =  2j^Qdt  =  adq,^  \  - 

At  the  time  T'  the  settlement  was  equal  to  Jo  *  q^ad.  Hence, 
at  the  time  /'  >  T'  the  settlement  will  be  equal  to 

s  ^  s' ^  —  e  f)  *1  |  (8) 

For  /  s»  «  the  second  term  in  parenthesis  becomes  equal  to 
zero,  and  the  settlement  becomes  therefore  equal  to 

St  —  2qcad.  (8a) 

The  settlement  curve  consists  of  three  branches,  extending 
over  the  time  periods  0  to  ti,  ti  to  T  and  T  to  « ,  determined  by 
the  equations  (5),  (6d)  and  (8) 

(2)  Case:  T  <  /i. 

The  preceding  considerations  were  merely  valid  on  the  con¬ 
dition  that  z  becomes  equal  to  d  after  construction  was  finished, 
that  means,  after  full  dead  and  live  load  were  applied.  If  this 
event  occurs  before  construction  was  finished,  that  means  for 
T  <  ti,  further  consolidation  will  proceed  according  to  Fig.  4b, 
but  this  time  we  have  to  deal  with  two  variable  pressures,  viz., 
qt  and  qo.  Hence 

q  —  qt  —  iqt  —  qo)  •  2' 


According  to  formula  (1): 


dq  dqi  f  dq,  dqo\z 
dt^  dt  \  dt  dt  )d' 


Hence 


According  to  formula  (2)  we  have 

According  to  Darcy’s  law: 

Qds  -  kdw  or  j^Qdz^k,  dw  ^  k(q,  -  go)  *  *(9*^  “  9«)» 

®  L  <1  ‘  2  V  /,  dt  )  '  3] 

[q4*  ,  <P  dgol 

«r+T' *  J' 

Hence 


We  substitute 


3kq,  j  3*  j  9.  n 

“jT"  “  -A .  — “  B,  and  ~  Z?. 

ad*/i  'ad*  ’  2t\ 
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+  Sgo  +  D  =  0. 
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Substitute 


This  is  a  linear  equation  whose  integral  is 


At  a  time  T  after  construction  was  started,  Si  became  equal  to 
d  and  q%  started  with  0.  From  formula  (4)  we  obtain 


If  we  introduce  this  value  of  T  in  (9)  we  obtain 


With  this  value  of  C,  (9)  passes  into 

.  kt  1\  ,  9 

kti  Vod*  2)^'( 

q,fl(P  r  kt  ^  I  ^  ■ 

kti  lad*~2’^6^ 
qj  9«ad*  f  1  - 


From  this  term  we  obtain 


The  quantity  of  water  Q  which  flows  per  unit  of  time  through 
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the  unit  of  area  of  one  surface  of  the  compressible  layer  can  be 
obtained  by  introducing  t  «  d  into  (8a).  Hence 

The  value  of  dqoldt  was  obtained  before.  With  this  value  we 
get 

=  e^[,_ir(S-)]. 

The  quantity  of  water  which  escapes  during  the  period  T  to  t 
through  both  top  and  bottom  surface  is 

r« 

To  integrate  T*,  substitute 

/3k  \  3*  , 

"(i?' 

Hence 

,  ikp  r‘  mp 
-It-' 

From  formula  (4)  we  obtained 


ad* 


For  this  reason 


and 


'  3k 

,  -(S-0 

-3*1' 
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Therefore  the  settlement  from  t  —  T  to  t  (assuming  ti  >  t  >  T) 
will  be  « 

At  the  time  h  the  settlement  will  be  equal  to 


a*</*  r 


1  +^(<1  -T)+e 


From  now  on,  consolidation  will  proceed  according  to  the  laws 
which  determine  the  process  of  consolidation  under  constant 
load.  Since,  in  addition,  the  state  Zi  —  d  was  already  reached 
prior  to  h,  the  process  will  follow  the  same  law  from  which  formula 
(8)  was  obtained.  In  order  to  connect  the  process  described  by 
formula  (11)  with  the  process  of  consolidation  under  constant 
load,  we  have  again  to  determine  /s  at  which  full  load  should  be 
applied  in  order  to  produce  at  the  time  the  settlement  Ji, 
formula  (11a).  This  condition  requires  according  to  formula  (8) 

j,  =  g.ad  j  2  -  I 


and 

Since  the  settlement  is  equal  to  the  thickness  of  the  layer  of 
the  water  which  escaped  through  the  surface  of  the  compressible 
layer,  the  last  formula  also  represents  the  settlement  which  took 
place  since  the  time  T.  Until  the  time  T  the  settlement  was 
equal  to 

r_,  a*<P 

Si  -  9  •  3/,^  • 
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from  which  we  obtain 

The  remainder  of  the  process  of  consolidation  proceeds  accord¬ 
ing  to 

j  -  9^  j2  -  j,  (13) 

and  for  t  «  we  obtain 

f  St  *  Iqtod.  (14) 


The  settlement  curve  consists  of  three  branches  extending 
over  the  time  periods  0  to  T,  T  to  /i  and  /i  to  « ,  determined  by 
the  equations  (5),  (11)  and  (13). 

For  reasons  which  are  explained  elsewhere,*  the  values  k  and 
d  are  so  called  “reduced  values,"  which  can  be  obtained  from 
the  true  values  (ilri  *  true  coefficient  of  permeability  of  the 
stratum,  and  2di  »  true  thickness  of  the  stratum)  by  the 
following  transformation: 


k 


ki 

1  +n 


and 


2d 


2d, 

1  -f  n’ 


wherein  n  is  the  average  voids  ratio  of  the  stratum  (average 
between  the  voids  ratio  at  the  outset  and  at  the  end  of  the 
consolidation  process). 

The  results  of  the  preceding  computations  can  be  condensed' 
into  the  following  rules  for  determining  the  settlements  during 
and  after  construction.  Let 


n 


ki 

2d, 


be  the  time  when  construction  was  completed, 
the  average  voids  ratio, 
the  true  average  coefficient  of  permeability, 
the  true  thickness  of  the  compressible  deposit, 

the  reduced  coefficient  of  permeability, 
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2d 

T 


2d, 

1  +  » 
ad* 

Ik 


9. 


s 

s, 

e 


the  reduced  thickness  of  the  deposit, 

the  time  at  which  the  point  A,  Fig.  Ic,  reaches  the 
point  0,  Fig.  Ic, 

the  vertical  normal  pressure  which  acts  on  the 
compressible  layer  after  construction  is  finished, 
the  compression  of  the  layer  after  a  time  /, 
the  compression  of  the  layer  after  a  time  /  =  oe , 
and 

the  basis  of  the  natural  logarithms. 


First  case:  T  > 

(a)  t  =  Otot  •  ti, 

s  *= 
For 

/  »  /i. 


ib)  /  = 


For 


(c) 


For 


/,  to  /  «  T, 


/  =  00 ,  *  2q^. 


Second  Case:  T  <  t,. 

(a)  /  “  0  to  I  =  r, 

i  =  9,  •  7  ‘^iikaFi*. 
h 


(5) 


(6d) 


(8) 


(5) 
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For 


l-T, 


(b)  /  *  r  to  /  =  tu 

a*( 

bilk  |_  *  '  <m/* 


a*d*r  \2k  el 

^  =  9'  ZTT I  *  +  Tj;  ~ 


For 


a*rf>r.  12*,  el 

+1?*'"  ^+3’, J 


(c)  /  =  /i  to  /  =  * , 


wherein 


For 


/  =»  oc ,  5,  =  25ca<i. 


(11) 


(13) 


The  following  numerical  computations  should  serve  as  an 
example.  We  assumed : 


/  =  115  feet  =  35  m,, 

2d  —  35  feet  =  10.6  m., 

/i  »=  15  months, 

Qe  =  1  kg.  per  cm.* 

We  further  assumed  for  the  soil  constants  three  different  sets 
of  values,  assembled  in  table  I.  These  sets  were  taken  from 
actual  test  results.  For  the  stiff  material  (a),  the  value  of  T 
was  found  to  be  greater  than  it  and  for  the  two  other  ones 
smaller.  Hence  for  the  material  (a)  the  computation  of  the 
settlements  was  performed  by  means  of  the  formulae  (5),  (6d) 
and  (8)  (first  case)  and  for  the  materials  (b)  and  (c)  by  means 
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of  the  formulae  (5),  (11)  and  (13)  (second  case).  The  results 
of  the  computations  are  shown  in  Fig.  5.  The  abscissae  represent 
the  time  in  months  and  the  ordinates  the  compression  (settle- 

Table  I 


Data  for  coi^uting  the  process  of  consolidation  for  a  compressible  layer, 
35  feet  thick.  Time  /»  -  IS  months. 


(a)  Fairly 
Stiff  Clay 

(b)  Soft 
Clay 

(c)  Very 
^ft  Clay 

Original  voids  ratio  n . 

1.83 

2.02 

2.40 

CoefT.  of  compressibility  a  (g  cm. 

system) . 

0.137.10-* 

0.183.10-* 

0.292. 10-* 

True  coefficient  of  permeability  ki  in 

cm.  per  min . 

46.10-» 

114.10-* 

350. 10-’ 

Reduc^  coeff.  of  permeability  k  in 

cm.  per  min . 

16.7. 10-’ 

38.9. 10-* 

108.10-’ 

Reduc^  roeflf.  of  permeability  in  cm. 

per  month . 

0.072 

0.168 

0.466 

d  in  cm . 

188 

177 

157 

Ultimate  compression  j.  ~  2  q,ad 

in  cm . 

51.4 

64.8 

91.7 

Ultimate  compression  s,  in  feet . 

1.69 

2.12 

3.00 

Time  T  »  atPlik  in  months . 

22.5 

11.4 

5.2 

ments)  in  centimeters.  At  .the  points  A,  B  and  C,  which  cor¬ 
respond  to  the  time  /i  =  15  months,  each  curve  shows  a  slight 
break.  If  full  load  had  been  applied  at  the  time  fi,  the  settle¬ 
ments  would  have  proceeded  according  to  the  dotted  lines. 
Furthermore,  if  the  compressible  layer  had  been  very  permeable, 
such  as  to  offer  practically  no  resistance  to  the  escape  of  the 
excess  water,  the  settlements  would  have  been  as  shown  by  the 
dash-dotted •  lines  OA*A'\  OB'B"  and  OCC.  The  difference 
between  the  ordinates  of  these  lines  and  the  plain  curves  obvi¬ 
ously  represents  the  effect  of  the  low  permeability  on  the  develop¬ 
ment  of  the  settlements.  The  importance  of  this  effect  is 
greatest  for  the  least  permeable  material  (a)  and  smallest  for 
the  most  permeable  one  (c).  The  Roman  numbers  I,  II  and 
III  (Fig.  5)  indicate  those  branches  of  the  settlement  curves, 
which  corres|X)nd  to  the  three  equations  which  determine  the 
shape  of  the  curves  (see  page  20). 
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In  practice  the  time-settlement  curves  are  almost  never  smooth 
as  are  the  theoretical  curves,  but  they  have  steps  and  other 
irregularities  which  do  not  reflect  any  change  in  the  loading. 


Thus,  in  the  case  Fig.  6  (settlement  of  large  spread  footings  due 
to  the  gradual  consolidation  of  a  layer  of  soft  clay),  a  very 
marked  step  of  this  kind  extends  over  almost  the  whole  month 
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of  December.  These  step>s  seem  to  be  connected  with  the 
stratification  of  the  natural  soil  deposits.  Theory  is  based 
among  others  on  the  assumption  that  the  compressible  layer  is 
perfectly  homogeneous.  In  non-homogeneous  materials,  part  of 
the  circulation  of  the  water  takes  place  through  veins  of  more 
permeable  material  and  the  steps  are  suspected  to  be  caused  by 
the  temp>orary  obstruction  of  the  openings  or  seams  through 
which  the  excess  water  escapes.  Yet,  the  general  shape  of  the 
curves  is  similar  to  those  in  Fig.  5. 

Cambridge,  Mass., 

April  1929. 

REFERENCES 

*  BouMineaq,  “Application  des  Potentiels,”  Paris,  1885. 

*  Foppl,  "  V'orlesungen  Uber  Techniiche  Mechanik.” 

*  Kiigler,  "  Dnickverteilung  im  Baugrund.  II.’*  Die  Bautechnik,  1928, 
pp.  205-209,  22^232. 

*  Terzaghi,  “Soil  Classification  for  Foundation  Purposes.”  Proceedings  of 
the  First  International  Soil  Congress,  Washin^on,  D.  C.,  1928. 

*  Terzaghi,  “  Erdbaumechanik,”  Wien,  1925. 


TESTS  ON  HIGH-PRESSURE  PIPE  BENDS 


By  William  Hovgaard 
A.  Introduction 

This  paper  contains  a  report  and  analysis  of  a  series  of  tests 
on  high-pressure  pipe  bends,  supplementing  tests  previously 
made  on  pipes  designed  for  moderate  steam  pressures.  It  is  the 
fourth  paper  by  the  author  on  this  subject  published  in  the 
Journal  of  Mathematics  and  Physics  of  the  Massachusetts  Insti¬ 
tute  of  Technology,  being  preceded  by  the  following: 

First  piaper:  "The  Elastic  Deformation  of  Pipe  Bends,” 
Vol.  VI,  No.  2,  Nov.  1926. 

Second  paper:  "Deformation  of  Plane  Pipes,”  Vol.  VII,  No.  3, 
Oct.  1928. 

Third  paper:  "Further  Research  on  Pipe  Bends,”  Vol.  VII, 
No.  4,  Dec.  1928. 

In  those  papers  were  given  formulas  for  calculating  the  deflec¬ 
tion  of  a  pipe  bend  subject  to  certain  external  forces,  or,  con¬ 
versely,  for  calculating  the  forces  created  in  a  pipe  bend  subject 
to  heat  expansion  in  a  pipe  line  of  which  the  bend  forms  p>art. 
The  question  of  the  stresses  arising  in  pipe  bends  under  these 
conditions  and  hence  the  strength  of  the  bends  under  the  action 
of  given  forces  and  couples  was  also  fairly  cleared  up  as  far  as 
pipes  designed  for  moderate  pressures  are  concerned.  In  the 
third  F>aper  it  was  proposed  to  use  the  longitudinal  stress  in  the 
middle  surface  as  the  criterion  of  strength,  and  it  was  found 
that  so  long  as  that  stress  did  not  exceed  about  20,000  Ibs./sq.  in. 
in  pipes  made  of  soft  steel,  lap-welded  or  seamless,  there  would 
be  no  appreciable  permanent  set  in  the  bend  as  a  whole,  although 
local  overstrains  might  exist  over  limited  areas  of  the  surface 
of  the  pipe  wall  in  the  neighborhood  of  the  most  strained  section. 
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It  was  not  considered  safe,  however,  to  rely  on  this  strength 
criterion  for  pipes  of  relatively  greater  wall  thickness  until  it 
had  been  verified  experimentally.  The  tests  described  in  the 
present  paper  were  made  chiefly  for  the  purpose  of  clearing  up 
this  point. 

In  previous  tests  the  longitudinal  strains  were  obtained  by 
means  of  Berry  strain  gages,  which  were  applied  by  hand  suc¬ 
cessively  to  holes  drilled  two  inches  apart  longitudinally  at  equal 
intervals  around  the  circumference  of  the  most  strained  section. 
It  was  found  that  the  strains  so  obtained  were  not  always  accu¬ 
rate,  in  some  cases  even  erratic,  probably  on  account  of  the 
difficulty  of  placing  the  gages  exactly  in  the  same  position  in 
the  holes  each  time.  In  order  to  obviate  this  difficulty  nine 
Huggenberger  tensometers*  were  acquired  and  were  used  in  the 
tests  of  two  of  the  bends.  These  instruments  seemed  to  give 
more  consistent  results  and,  being  fixed  in  their  positions  during 
the  test,  did  not  require  resetting  for  each  reading.  At  any  time 
the  strain  could  be  easily  ascertained  and  if  a  local  overstrain 
or  flow  of  the  material  took  place,  it  often  became  visible, 
after  the  load  had  become  stationary,  by  a  continued  movement 
of  the  pointer  of  the  respective  instrument.  This  movement 
continued  until  an  adjustment  between  the  plastic  and  elastic 
strains  had  taken  place  whereby  equilibrium  between  the  external 
bending  moment  and  the  stress  couple  was  again  established. 

In  order  to  enable  the  reader  to  view  the  tests  here  r«x>rded 
in  the  right  perspiective,  a  list  is  given  in  Table  1  of  all  the  tests 
made  on  this  subject  at  the  Massachusetts  Institute  of  Tech¬ 
nology,  together  with  some  of  the  principal  characteristics  of 
the  respective  pipes.  The  symbols  used  in  this  Table  and  in 
the  following  have  the  same  meaning  as  in  previous  papers,  but 
for  convenience  they  will  be  here  defined  again. 

P  =  Force  acting  at  each  end  of  the  pipe  bend 

M  =  Bending  moment 

•  Hereafter  often  referred  to  as  the  “tensometers’’  while  the  Berry  strain 
gages  are  referred  to  as  the  “Berry  gages.” 
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Bends  Nos.  2  and  5  were  actually  identical,  but  are  given 
separately  because  test  No.  5  was  carried  out  after  the  pipe  had 
been  slightly  overstrained  in  test  No.  2,  so  that  it  might  be  re¬ 
garded  virtually  as  a  new  pipe  with  somewhat  different  char¬ 
acteristics. 

Bends  Nos.  1,  3  and  4  were  of  the  thin-walled  type,  the  thick¬ 
ness  t)eing  not  much  more  than  one-fortieth  of  the  diameter  of 
the  middle  surface.  Bends  Nos.  2,  5  and  8  were  of  moderate 
wall  thickness,  suitable  for  medium  steam  pressures,  but  bends 
Nos.  6,  7  and  9  were  made  from  high-pressure  pipes,  having 
thicknesses  of  more  than  one-twentieth  of  the  diameter. 

The  radius  of  curvature  R  to  which  the  pipes  were  bent  at 
the  top  of  the  curve  was  less  than  five  times  the  diameter,  except 
in  case  of  the  14-in.  pipe.  No.  4,  where  this  ratio  was  about  six. 

Where  convenient  we  shall  refer  to  the  pipe  bends  and  to  the 
tests  by  their  number  as  given  in  Table  1. 

B.  Description  of  the  Pipe  Bends  Recently  Tested 

The  bends  to  be  descrilied  here  are  numbered  6,  7,  8  and  9  in 
Table  1. 

The  pipes  Nos.  6,  7  and  8,  which  were  of  respectively  8  in., 
10  in.,  and  12  in.  nominal  diameter,  were  presented  to  the  Insti¬ 
tute  in  the  straight  condition  by  the  National  Tube  Company 
of  Pittsburgh  for  the  purpose  of  experimentation.  All  three 
pipes  were  lap-welded  steel  tubes.  They  were  bent  hot  and 
provided  with  flanges  in  the  Boston  Navy  Yard.  The  data  for 
tensile  tests  and  chemical  analysis  furnished  by  the  manufac¬ 
turers  are  giyen  in  Table  2,  which  shows  that  the  material  was 
a  soft  steel  of  good  quality. 

The  modulus  of  elasticity  for  the  three  pipes  was  taken  £  =*  30 
X  10*  Ibs./sq.  in. 

Figs.  1,  2  and  3  give  the  general  form  and  dimensions  of  these 
bends. 

The  pipe  bend  No.  9  of  6  inch  nominal  diameter  was  pre¬ 
sented  to  the  Institute  by  the  Stone  &  Webster  Engineering 
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Table  2 


'  Diameter  of  Pipe 

8  in. 

10  in. 

12  in. 

Yield  point 
lbs./sq.  in. 

27,130 

29,830 

29,730 

Tensile 

Properties 

Tensile  strength 

Ibs./sq.  in. 

47,000 

54,230 

49,340 

Elongation  in 

8  inches,  per  cent 

36.0 

35.0 

35.0 

Sulphur,  per  cent 

.035 

.047 

.043 

Phosphorus,  per  cent 

.023 

.032 

.013 

Analysis 

Manganese,  per  cent 

.43 

.61 

.45 

Carbon,  per  cent 

.10 

.11 

.10 

Corporation  and  the  Walworth  Manufacturing  Company.  The 
latter  fabricated  the  bend  from  seamless  steel  tubing  manufac¬ 
tured  by  the  Pittsburgh  Steel  Products  Company.  The  bend 
was  delivered  with  two  square  flange  plates,  machined  at  the 
outer  edges,  ready  to  be  set  up  in  the  testing  machine.  The 
characteristics  of  the  material  were  determined  at  the  Insti¬ 
tute  by  compressing  a  straight  30  inch  length  of  the  same  pipe 
from  which  the  bend  was  made.  After  the  ends  had  been  ma¬ 
chined  square,  the  pipe  was  inserted  in  a  testing  machine 
and  subjected  to  simple  compression.  It  was  found  that  the 
elastic  limit  was  42,700  Ibs./sq.  in.  and  the  modulus  of  elasticity, 
E  ■*  29,150,000  Ibs./sq.  in.,  but  judging  from  the  behavior 
of  the  bend  under  the  tests,  it  appears  that  the  yield  point  was 
much  lower  in  the  bent  pipe,  probably  due  to  the  heat  treatment 
to  which  it  was  subjected  in  the  process  of  bending. 

Fig*  4  gives  the  general  form  and  dimensions  of  this  bend. 
It  will  be  noticed  that  while  pipes  Nos.  6,  7  and  8  were  bent 
approximately  to  a  quadrant,  pipe  No.  9  was  bent  to  a  complete 
semi-circle. 

The  method  of  setting  up  the  bends  in  the  testing  machine 
and  the  use  of  knife  edges  at  the  edge  of  the  flanges  in  order  to 
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avoid  terminal  couples  was  the  same  as  in  previous  tests  and  is 
explained  in  the  first  and  third  papers.  See  in  particular  Fig.  3 
of  the  last  named  paper. 

C.  Description  of  the  Tests 

Measurements  with  strain  meters  and  micrometer  calipers  were 
taken  around  the  section  F  at  the  top  of  the  bend  as  in  previous 
tests. 

In  pipes  Nos.  6,  7  and  8,  section  F  was  divided  into  32  equal 
parts  as  indicated  in  Figs.  1,  2  and  3,  and  at  each  division  two 
holes  were  drilled,  spaced  2  inches  apart  in  a  longitudinal  line, 
the  holes  being  just  deep  enough  to  accommodate  the  conical 
points  of  the  Berry  strain  gages.  At  every  alternate  division 
the  surface  was  polished  for  caliper  measurements. 

While  the  strain  readings  on  pipies  Nos.  6  and  7  were  obtained 
entirely  by  means  of  Berry  gages,  those  on  No.  8  and  No.  9 
were  obtained  partly  by  the  Huggenberger  instruments. 

The  8-in.  Pipe  Bend. — An  initial  load  of  1500  lbs.  was  applied 
in  order  to  eliminate  the  effects  of  small  irregular  adjustments 
at  the  face  plates  and  the  knife  edges,  and  the  readings  obtained 
at  this  load  were  used  as  a  basis  of  reference  for  all  subsequent 
readings,  so  that  the  strains  corresponded  not  to  the  actual  or 
gross  load  on  the  bend,  but  to  the  net  load  or  difference  between 
the  actual  and  the  initial  load.  Ultimately  the  stresses  obtained 
on  this  basis  were  augmented  proportionately  so  as  to  corre¬ 
spond  to  the  gross  load. 

After  a  complete  set  of  readings  had  been  taken  in  the  initial 
condition,  the  load  was  increased  to  12,000  lbs.  and  readings 
were  taken  again.  According  to  a  preliminary  calculation  the 
stresses  should  still  be  within  the  elastic  limit. 

The  load  was  now  increased  by  increments  of  1000  lbs.  Soon 
a  slight  cracking  of  scale  began  to  be  heard  and  increased  grad¬ 
ually,  but  the  rate  of  approach  of  the  ends  of  the  pipe  to  each 
other,  that  is,  the  decrements  in  the  distance  ^42^  in  Fig.  1, 
remained  proportional  to  the  increments  in  the  load. 
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At  a  load  of  24,000  lbs.  the  cracking  of  scale  became  more 
pronounced  and  a  few  well-defined  strain  lines  appeared  at  the 
top  of  the  bend,  extending  at  first  from  section  F  and  half  way 
to  G.  Transversely  these  lines  extended  across  the  upper  part 
of  the  pip>e  between  points  6  and  30.  After  the  test  the  lines 
extended  through  F  in  both  directions  beyond  D  and  H  and  ap¬ 
peared  also  on  the  lower  side  of  the  pipe.  See  Figs.  23  and  24. 

The  rate  of  shortening  of  AK — the  distance  between  the  end 
marks — remained  proportional  to  the  increase  in  load  up  to 
23,000  lbs.,  but  when  the  load  was  raised  to  24,000  lbs.  the 
decrement  increased.  It  was  clear  that  flow  of  the  material  had 
occurred  locally  and  that  failure  was  imminent.  After  a  com¬ 
plete  set  of  readings  had  been  taken,  the  load  was  reduced  to 
1500  lbs.  and  it  was  then  found  that  there  was  a  permanent 
deflection  of  A  inch. 

The  load  was  again  raised  to  24,000  lbs.,  which  the  pipe  seemed 
capable  of  holding  indefinitely,  but  a  further  increment  of  1000 
lbs.  showed  clearly  that  the  limit  of  proportionality  had  been 
passed,  and  when  it  was  attempted  to  increase  the  load  further, 
the  beam  of  the  testing  machine  dropped  at  25,700  lbs.  and  the 
load  began  to  fall  off  while  the  deflection  increased  steadily. 
At  this  point,  which  is  referred  to  as  that  of  “complete  break¬ 
down,”  the  elastic  strength  of  the  pipe  seemed  to  be  completely 
exhausted  at  the  most  strained  section  and  the  load  was  taken 
off.  During  the  period  of  breakdown  cracking  of  scale  pro¬ 
ceeded  and  the  strain  lines  became  more  pronounced  and  extended. 

It  is  of  interest  to  note  the  suddenness  with  which  breakdown 
took  place,  l^p  to  about  23,000  lbs.  the  pipe  as  a  whole  seemed 
to  preserve  its  elasticity,  but  within  a  range  of  less  than  3000 
lbs.  complete  failure  occurred.  Actually  the  breakdown  took 
place  gradually  by  a  local  flow  of  the  metal  in  certain  regions  of 
the  most  strained  section,  and  the  plastic  areas  so  formed  were 
progressively  extended,  augmenting  the  strains  in  the  surround¬ 
ing  elastic  material. 

The  10-in.  Pipe  Bend. — This  bend  was  tested  in  the  same 
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manner  as  the  8-in.  bend.  Initial  readings  were  taken  at  a  load 
of  2000  lbs.  and  the  next  complete  set  of  readings  at  18,000  lbs. 
After  that  the  load  was  increased  stepwise  to  39,000  lbs.,  when 
again  a  complete  set  of  readings  was  taken. 

Up  to  a  load  of  36,000  lbs.  there  seemed  to  be  perfect  propor¬ 
tionality  between  the  decrements  oi  AK  and  the  increments  in 
the  load,  but  from  36,000  lbs.  to  39,000  lbs.  a  progressive  increase 
in  the  deflection  took  place. 

Next  the  load  was  increased  stepwise  to  41,000  lbs.  but  at 
this  load  a  creeping  in  the  deflection  took  place,  attaining  a 
rate  of  about  1  inch  per  minute.  About  ten  minutes  after  the 
load  had  reached  41,000  lbs.  the  load  began  to  fall  off  and  in 
two  minutes  dropped  to  36,000  lbs.,  showing  that  complete  break¬ 
down  had  occurred  and  the  load  was  taken  off.  The  final  deflec¬ 
tion,  that  is,  the  shortening  of  AK,  was  then  found  to  be  5V« 
inches. 

Strain  lines  were  first  observed  at  39,000  lbs.,  and  extended 
finally  across  the  top  of  the  pipe  from  sections  C-D  to  H-I  from 
points  5-6  to  29,  all  inclined  at  45  degrees  to  the  axis.  They 
were  also  found  on  the  lower  side  as  in  the  8-in.  pipe. 

The  12-in.  Pipe  Bend. — In  this  test  Huggenberger  tensometers 
were  used,  being  applied  at  the  nine  odd  numbered  points  1  to 
17  on  the  marked  side  of  the  pipe.  At  all  other  points  Berry 
gages  were  used.  The  method  of  attaching  the  tensometers 
did  not  prove  quite  satisfactory  and  a  better  method  was  devised 
for  the  6-in.  pipe  as  described  below. 

The  initial  or  reference  load  was  5000  lbs.  and  the  next  load 
at  which  a  complete  set  of  measurements  was  taken  was  18,000 
lbs.  where  the  stresses  were  still  well  within  the  elastic  limit. 
After  that  the  load  was  increased  stepwise  to  30,000  lbs.,  at 
which  point  scale  began  to  fly  off  and  readings  were  taken. 
Proportionality  of  the  deflections  existed  up  to  this  point  and 
the  pipe  was  able  to  hold  the  load,  which  was  probably  the 
highest  safe  load.  As  the  load  was  increased  beyond  30,000  lbs., 
proportionality  of  the  deflections  ceased  and  complete  break- 
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down  took  place  at  34,500  lbs.  Diagonal  strain  lines  were  found 
on  the  upper  part  of  the  bend  on  both  sides  of  the  longitudinal 
middle  line,  beginning  at  about  points  2  and  31.  In  the  region 
between  the  diagonal  lines  and  extending  from  F  towards  the 
ends  beyond  E  and  G,  were  formed  a  bunch  of  longitudinal  lines, 
as  seen  on  the  picture,  Fig.  25.  On  the  lower  side  of  the  pipe 
the  lines  were  less  pronounced  and  regular  than  on  the  upper  side. 

Again,  as  in  the  two  previous  tests,  the  pipe  as  a  whole  passed 
from  a  condition  of  apparent  elasticity  to  complete  breakdown 
within  a  range  of  loading  of  a  few  thousand  pounds.  After  the 
load  had  been  taken  off,  the  total  shortening  \n  A  K  was  found 
to  be  2.4  inches. 

The  6-in.  Pipe  Bend. — In  this  case  the  section  at  F,  as  seen 
in  Fig.  4,  was  divided  into  only  16  intervals  on  account  of  the 
small  diameter  of  the  pipe.  Huggenberger  tensometers  were 
applied  at  the  eight  odd-numbered  points,  while  Berry  gages 
were  used  at  the  intermediate  even-numbered  points.  The  fixing 
devices  and  the  general  set-up  of  the  tensometers  can  be  seen 
in  Fig.  5.  Each  instrument  was  clamped  down  by  an  elastic 
wire  bridge,  which  was  pressed  in  towards  the  pipe  by  a  screw 
entering  a  tapped  hole  in  the  pipe  wall.  The  holes  were  of 
about  one-eighth  of  an  inch  diameter  and  were  at  a  distance 
of  about  five  inches  from  the  section  F  where  the  strains  were 
measured.  This  method  of  holding  the  gages  proved  satis¬ 
factory  and  did  not  interfere  with  the  use  of  Berry  gages  or 
calipers  at  intermediate  points. 

Before  the  tensometers  were  attached,  a  complete  set  of  longi¬ 
tudinal  strain  measurements  were  made  with  Berry  gages  at  all 
sixteen  points,  first  at  zero  load  and  then  at  the  initial  load  which 
in  this  case  was  500  lbs.  Then  the  tensometers  were  fitted  in 
place  and  readings  on  them  were  taken. 

Henceforth  all  complete  sets  of  readings  were  obtained  on  the 
tensometers  at  odd-numbered  points  and  on  the  Berry  gages  at 
even-numbered  points.  Such  readings  were  taken  at  loads  of 
2500,  5000,  6500,  6700,  8500,  10,500  and  16,500  lbs.  Moreover, 
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after  each  of  the  loads  2500,  5000,  6500  and  6700  lbs.  had  been 
applied,  the  load  was  reduced  to  500  lbs.  and  readings  on  the 
tensometers  were  taken. 


Fic.  5.  Six-Inch  Pipe  Bend.  Attachment  of  Huggcnberger  Tensometen. 

The  shortening  oi  AK  was  proportional  to  the  increase  in  load 
up  to  8500  lbs.,  the  decrement  being  from  .030  to  .035  of  an 
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inch  for  500  lbs.  increase  in  load.  At  6500  lbs.  it  was  observed 
that  some  of  the  tensometers  continued  to  move  for  a  short 
time  immediately  after  the  load  had  become  stationary,  yet, 
while  this  load  was  kept  on  for  30  minutes,  no  creeping  in  the 
length  AK  was  noticeable. 

From  8500  to  12,000  lbs.  load,  the  decrement  \n  A K  was  .040 
inch  for  each  500  lbs.,  but  after  that  it  increased  more  rapidly. 
When  16,500  lbs.  was  held,  a  slight  creeping  reduction  in  AK 
was  observed,  amounting  to  .04  inches  in  four  minutes,  but  then 
the  creeping  ceased  and  equilibrium  was  established. 

From  16,500  lbs.  the  load  was  again  augmented  in  steps  of 
500  lbs.,  but  when  19,200  lbs.  was  reached,  the  load  began  to 
fall  off  under  steadily  increasing  deflection  of  the  pipe  and  the 
load  was  then  taken  off.  At  zero  load  and  after  the  strain 
meters  had  been  removed  a  complete  set  of  readings  were  again 
taken  with  Berry  gages. 

No  strain  lines  were  visible  on  the  6-in.  pipe,  being  probably 
concealed  by  the  protective  ptaint  with  which  it  was  coated. 

The  breakdown  did  not  actually  take  place  at  the  F  section 
but  more  nearly  at  E  where  the  pipe  showed  a  pronounced  flat¬ 
tening  after  the  test. 


D.  Analysis  of  the  Tests 

Calculation  and  Plotting  of  the  Stresses  and  Strains. — The 
measurements  obtained  from  the  Berry  and  Huggenberger  instru¬ 
ments  gave  directly  the  longitudinal  strains,  coi,  while  the  caliper 
measurements  around  the  transverse  section  furnished  the  means 
of  computing  the  transverse  strains,  cn.  As  explained  in  the 
third  paper  the  radius  of  curvature  at  any  point  of  the  transverse 
section  was  calculated  from  the  formula: 


r 


cos*  6 
a* 


+ 


sin*  9 1*/* 


(3) 


where  a  and  h  are  the  semi-axes  of  the  transverse  section,  which 
is  assumed  to  be  of  elliptic  form;  p  is  the  radius  vector  at  any 
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angle  $  referred  to  the  radius  normal  to  the  plane  of  the  pipe 
bend  as  initial  line,  OA  in  Fig.  6. 


Fig.  6. 


Let  r  and  r'  be  the  radii  of  curvature  before  and  after  deforma¬ 
tion,  then  the  transverse  strain  at  any  point  in  the  pipe  wail, 
distant  z  from  the  middle  surface  is  approximately: 


The  longitudinal  and  transverse  “observed"  stresses,  Poi  and 
Pot  respectively,  were  computed  from  the  formulas: 


where  m  is  Poisson’s  number,  here  taken  equal  to  10/3. 

These  stresses  were  compared  with  the  “calculated”  stresses 
Pi  and  Pt  obtained  by  a  purely  theoretical  calculation  from  the 
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following  formulas,  the  derivation  of  which  is  explained  in  the 
third  paper: 

KMr\  .  ^  6r*  ain*  ff  ,  18Ar*/?cos2®  1  .  . 

pi^  j  1^  sin  «  -  24^,^  -I-  5r<  m(24A*/P  +  5r")  J 

KMr  r sin  d  6r*  sin*  d  IShr^R cos  20 1 

“  I  ~  milAK^R}  +  Sr*)  24A*/P  +  Sr^  J 

where  r  is  now  the  radius  of  the  section  of  the  middle  surface, 
assumed  to  be  a  circle.  The  value  of  r  is  obtained  as  one-half 
the  difference  between  the  average  outside  diameter  at  F  minus 
the  wall  thickness.  I  is  the  moment  of  inertia  about  the  neutral 
axis  of  the  area  of  the  transverse  section  of  the  pipe  wall.  The 
additional  term,  Pt,  in  (7)is  the  longitudinal  compressive  stress  due 
to  the  end  load,  which  at  the  top  section  is  found  simply  from  the 
formula: 


where  A  is  the  sectional  area  of  the  pipe  wall. 

At  the  middle  surface  the  transverse  stress  is  assumed  to  be 
zero  and  the  longitudinal  stress  is  found  from: 

KMrV  .  6r*  sin*fl  "I 

pmi-  ^1^  Sin  0  -  J  +  pc,  (10) 

the  maximum  value  of  which,  for  ordinary  values  of  K,  is 


2  KM  l24h*JO  -f  5r*  .  . 
Pml.  -  ±  3  ^  jg  +  pc, 


(11) 


which  may  also  be  written 

'4 


Pml 


"^3 


2  KMr  /6X»  +  5 


18 


+ 


KMr  IK  .  . 

31  ^K  -  1  ^ 


If  X  ^  1.333  or  X  ^  1.472,  the  maximum  stress  is  found  by 
making  sin  0  -•  1  in  (10)  as  explained  below. 

Often  in  practice  />«  is  so  small  that  it  can  be  neglected,  in 
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which  case  the  stress  at  the  middle  surface  is  of  the  same  mag> 
nitude  in  tension  as  in  compression. 


S  In.  Pipc  Bend 

LONSfTUOfNAL  3r/i£3SE^ 

End  Load  12.000  La 


Fig.  7. 

By  means  of  the  above  formulas  the  stresses  were  calculated 
for  each  of  the  four  pipes  for  various  loads  and  plotted  in  dia¬ 
grams  in  the  same  manner  as  in  the  first  and  third  paper. 

The  diagram  for  the  8-in.  pipe,  Fig.  7,  gives  curves  for  the 
calculated  longitudinal  stresses  for  the  outer  and  the  middle 


TESTS  ON  HIGH-PRESSURE  PIPE  BENDS 


surface,  Pi  and  Pmu  and  for  the  observed  longitudinal  stresses 
for  the  outer  surface,  Poi.  all  for  an  actual  or  total  load,  P  =  12,- 
000  lbs.  Fig.  8  shows  the  calculated  and  observed  transverse 
stresses  for  the  8-in.  pipe  at  the  same  load. 


r/TAO/CM/ 


So  also  Figs.  9  and  10  give  similar  curves  of  stress  for  the 
10-in.  pipe  at  a  load  of  18,000  lbs.,  and  Figs.  11  and  12  for  the 
12-in.  pipe  at  a  load  of  18,000  lbs. 
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The  curve*  give  the  stresses  only  for  one  side  of  the  pipe  sec¬ 
tion.  The  calculated  stresses  are  of  course  the  same  on  both 
sides,  but  in  case  of  the  “observed”  stresses,  which  are  usually 


10  In  f)Pi.  dCND 

LoNorruDiNAL  Otrlsxs 

End  Load  IQ 000  Lb. 


ICtOOO  LA  PEA  JQ  /N. 

Fig.  9. 


different  on  the  two  sides,  the  mean  values  were  plotted.  The 
observed  stresses,  being  first  obtained  from  strains  corresponding 
to  the  “net”  load,  were  augmented  before  plotting  so  as  to  corre¬ 
spond  to  the  actual  total  or  gross  load.  Thus,  for  instance,  the 
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values  of  Po\  and  Pn  for  the  8-in.  pipe  for  a  gross  load  of  12,000 
lbs.  were  calculated  first  on  the  basis  of  the  strains  c«i  and  c«t 
corresponding  to  a  load  of  12,000  —  1500  *  10,500  lbs.,  and  then 
augmented  in  the  ratio  12,000/10,500. 

/O  In.  Pipc  dcND 

JkANJvatsc  synecsxj 

End  Load  JQOOO  La 
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/y>J  : 

VI.  ; 

/-  7 

. j 

\ _ _ ^  . 

/  tA 

J 

- - — .  IS 

COMKESSiON  i  TENStON 

IQOOO  LA  pat  JQ.  IN. 

Fig.  10. 

Figs.  13  to  18  give  the  stress  diagrams  for  the  6-in.  pipe  for 
loads  of  2500,  5000  and  6500  pounds.  Tlie  observed  strains 
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were  here  obtained  as  the  difference  between  the  readings  at 
those  loads  and  the  readings  at  a  load  of  500  lbs.  applied  imme¬ 
diately  after,  while  in  previous  tests  the  readings  at  the  original 

H  In.  Pipe  Bend 
LoNGtTODINAL  BtRE55E5 
End  Load  /GiOOO  la. 


or  initial  load  were  used.  In  this  way  it  was  expected  that  the 
permanent  strains,  if  any,  would  be  eliminated,  but,  as  explained 
below,  this  was  not  quite  the  case. 

Fig.  19  shows  curves  for  the  permanent  longitudinal  strains 
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in  the  6-in.  pipe  immediately  after  the  application  of  the  various 
loads.  The  strains  were  obtained  as  the  difference  between  the 
tensometer  readings  at  500  lbs.  taken  immediately  after  those 


IZ  In  f)pc  Bcnd 

TrANSVE/ZSE  3rKCJ3£3 

End  Load  ISiOOO  Lb. 


loads  had  been  applied  and  those  taken  at  the  original  load  of 
500  lbs. 

Fig.  20  gives  curves  for  the  total  permanent  longitudinal 
strains  obtained  by  subtracting  the  Berry  gage  readings  at  zero 
load  before  the  tests  from  those  taken  at  zero  load  after  the  tests. 
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Discussion  of  the  Stress  Curves. — On  the  whole  there  is  a  good 
correspondence  in  the  character  of  the  curves  for  observed  and 
calculated  longitudinal  stresses,  but  generally  the  obser\'ed 
stresses  are  somewhat  greater  than  the  calculated.  This  peculi- 


6  In.  Pipe  Bcno 
LoNGITUO/NAL  3mC3JE5 
End  Load  2SOO  Ld. 
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arity  was  observed  also  in  previous  tests,  in  some  cases  even 
in  a  higher  degree  because  the  diagrams  chosen  for  illustration 
referred  to  loads  nearer  the  limit  of  elasticity  of  the  pipes. 
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The  curves  for  the  observed  and  calculated  transverse  stresses 
show  a  very  close  agreement,  more  so  than  in  any  previous  tests, 
perhaps  again  because  they  correspond  to  relatively  more  mod¬ 
erate  loads. 


6*  hpE  Bcnd 

Tl^ANSV£/fJ£  ^TK£J3£J 

Load  ZSOO  Lb 


i 

Z 

K  \  . 

/ 

\  \  . 

/ 

!  \  Po7 

.  i  1  ^ 

•  -  o 

/  / 

//  / 

//  / 

//  /  { 

V _ J 

sr  - T • 

i/  / 

- — —  •  6 

\ 

i— - - 9 
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tQOOO  LB  PBH  JQ.  IN. 

Fig.  14. 

In  the  third  p>ap>er  the  discrepancy  between  the  observed  and 
calculated  stresses  was  explained  as  being  due  to  a  flow  of  the 
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of  proportionality,  and  for  this  purpose  the  magnitude  of  the 
“equivalent”  stress  was  determined  by  the  formula:* 

P,  “  ■'/pi*  —  P\Pt  +  pi*  (12) 

6  In  PtPE  Bcnp 
Tranjvekx  Jt^ejxj 
£nd  Load  5.000 La 


‘  » 
K)POO  LA  P£K  JQ.  M. 

Fig.  16. 


Theoretically,  the  metal  should  not  begin  to  flow  until  the 

value  of  Pt  reaches  the  yield  point,  but,  applying  the  formula  to 

•  H.  Hencky,  ZAMM  (Zeitschrift  fQr  Ansewandte  Mathematik  und 
Mechanik),  Aug.  1924,  p.  331.  * 
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the  most  strained  parts  in  the  four  pipes  here  under  considera¬ 
tion,  it  is  found  that  the  equivalent  stress  does  not  much  exceed 
20,000  Ibs./sq.  in.  except  in  the  6-in.  pipe  under  a  load  of  6500 


6  In.  hPt  50iD 
Longitudinal 
End  Load  6,500  Ld. 


lbs.,  where  it  is  24,400  lbs.  at  the  lowest  point  of  the  section, 
and  even  this  is  probably  below  the  yield  point.  Hence  there 
should  be  no  flow  of  the  material  in  any  of  those  cases,  but  since 
it  did  actually  occur,  the  most  plausible  explanation  seems  to 
be  that  the  material  was  under  an  initial  strain,  probably  pro¬ 
duced  in  the  process  of  bending. 
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Accepting  as  a  fact  that  the  plastic  state  was  actually  reached 
locally  in  certain  regions,  we  can  explain  the  discrepancy  be¬ 
tween  the  calculated  and  observed  longitudinal  stresses  in  case 
of  the  8-in.,  10-in.  and  12-in.  pipes,  but  this  explanation  fails  in 


6  In  Pi  PL  Bcnd 
TuANsyensE.  ymcMcz 
End  LcpiD  6500  Lb. 


IQOOO  LB  PEP  JQ.  IN. 

Fig.  18. 


case  of  the  6-in.  pipe.  Here  the  permanent  strains  were  sup¬ 
posed  to  be  eliminated  by  taking  the  strains  relative  to  the 
reference  load  applied  immediately  after  the  load  in  question, 
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and  yet  the  observed  longitudinal  stress  at  the  top  of  the  section 
was  up  to  100  per  cent  in  excess  of  the  calculated  stress.  A 
reasonable  explanation  of  this  discrepancy  seems  to  be  the  inter- 


6  In  Pik  5£nd 

PEgMANENT  LoNOfTVOtNAL  JmAJNJ  ^OUUINQ  AttzR 

Tne  Tejts^Zeko  70  Zemo  Pead/noj 


action  between  the  plastic  parts  and  the  surrounding  elastic 
regions,  which  latter  exert  a  restraining  influence  on  the  former. 
It  must  be  borne  in  mind  that  in  the  present  case  incipient 
plasticity  probably  does  not  extend  much  below  the  surface  of 
the  pipe,  because  the  transverse  stresses  decrease  rapidly  towards 
the  middle  surface. 
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Consider  now  a  shallow  plastic  region,  as  indicated  ^by  the 
hatched  area  in  Fig.  21,  existing,  for  instance, 'at  the  outer 
surface  of  the  pifie  wall  at  the  top  of  the  section,  where  it 

Interaction  BenyciN  Hajtic  and  Elastic  Bmcts 
ArrzK  Removal  or  a  Tealsile  Jtipess 


would  be  produced  by  longitudinal  tension  and  transverse  com¬ 
pression.  In  the  plastic  part  the  stress  is  everywhere  at  the 
yield  p>oint  and  in  the  neighboring  elastic  material  the  stress  is 
at  the  yield  f)oint  at  the  boundary  of  the  plastic  material  and 
elsewhere  more  highly  stressed  than  it  would  be  if  plasticity  did 
not  exist.  When  the  load  is  removed,  the  plastic  material  con¬ 
tracts  first  until  the  tension  is  zero,  but  due  to  the  pull  of  the 
surrounding  elastic  material  it  will  be  somewhat  compressed  and 
suffers  additional  contraction.  Hence  the  measured  strain  in 
the  plastic  region  will  be  greater  than  the  elastic,  and  in  fact 
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greater  than  that  corresponding  to  the  yield  point,  although  the 
plastic  flow  that  occurs  during  the  application  of  the  load 
is  eliminated.  After  this  process  the  material  in  and  surrounding 
the  region  of  plastic  flow  is  left  in  a  strained  condition.  If  the 
same  load  is  applied  again,  the  strength  of  the  material  will 
suffer.  The  state  of  stress  after  the  load  is  removed  is  indi¬ 
cated  diagrammatically  in  Fig.  21. 

The  action  here  described  is  explained  in  a  very  elegant  and 
lucid  manner  by  Dr.  Hencky  in  the  paper  in  ZAMM,  referred 
to  above,  where  it  is  illustrated  by  considering  the  loading  of 
a  statically  indeterminate  simple  truss  consisting  of  three  bars 
of  different  sectional  area.  See  Fig.  21a. 

The  equilibrium  which  is  established  in  the  pipe  bend  between 
the  bending  moment  and  the  stress  couple  after  local  plastic 
flow  has  occurred  under  a  given  load  is  a  result  of  an  adjust¬ 
ment  between  the  elastic  and  the  plastic  strains.  The  plastic 
parts  give  way  under  a  constant  stress  equal  to  that  at  the  yield 
point,  and  the  adjacent  elastic  parts  are  called  upon  to  take  a 
greater  share  of  the  load.  So  also  in  Dr.  Hencky ’s  truss,  bar  (2) 
is  first  stressed  beyond  the  .elastic  limit  and  takes  a  permanent 
elongation,  while  the  bars  (1)  are  yet  elastic  and  carry  a  rela¬ 
tively  greater  part  of  the  load  than  when  (2)  was  elastic.  If  now 
the  load  is  removed  we  have  a  state  of  stress  analogous  to  that 
in  the  pipe  illustrated  in  Fig.  21,  where  the  elastic  material  ad¬ 
jacent  to  the  plastic  region  exerts  a  pull  in  directions  oblique  to 
the  plastic  elongation. 

Table  3  gives  a  summary  of  the  maximum  longitudinal  stresses 
and  Table  4  of  the  corresponding  transverse  stresses  in  the  four 
pipes. 

An  inspection  of  Table  3  shows  that  in  all  cases  when  the 
limit  of  proportionality  in  the  deflection  of  the  bend  was  reached, 
the  calculated  maximum  longitudinal  stress  at  the  middle  sur¬ 
face  ran  from  21,000  to  26,000  Ibs./sq.  in.,  the  absolute  maximum 
occurring  as  a  compressive  stress  in  the  lower  part  of  the 
section.  This  confirms  the  practical  rule,  given  in  the  third 


Maximum  Transveru  Stresus 


328  HOVGAARD 

paper  and  referred  to  above,  that  so  long  as  that  stress 
does  not  exceed  20,000  Ibs./sq.  in.  in  the  most  strained  parts, 
there  will  be  no  appreciable  permanent  set  in  the  pipe  bend. 
It  is  assumed  that  the  pipe  is  made  from  a  good  quality  of  iron 
or  steel,  having  a  yield  point  of  not  less  than  about  25,000 
Ibs./sq.  in. 

CuKVE  FOR  Jtrfm  CotFrfciFhir  (5 
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The  maxitnum  longitudinal  stress  at  the  middle  surface  can 
be  readily  calculated  from  formula  (11)  or  (ll')-  Apart  from 
Pt,  which  can  be  dealt  with  separately,  the  expression  for  p^x,  ma*. 
can  be  conveniently  represented  by  means  of  a  curve,  such  as 
given  in  Fig.  22.  This  was  suggested  by  Mr.  Arthur  Edwards* 
who  proposed  to  write: 


where 


PmX,  max> 


Afr 

(13) 

/6X*  +  5 

V  18  ’ 

(14) 

and  Mr/ 1  is  the  maximum  stress  according  to  the  ordinary  linear 
law  of  bending.  When  /9  is  plotted  on  X  as  abcissae,  it  is  easy 
to  determine,  and  by  applying  it  as  a  factor  to  the  maximum 
stress  calculated  by  the  linear  law  we  obtain  Pmi.  mm*.-  Usually  X 
is  smaller  than  or  not  much  greater  than  unity,  but  when  it  is 
equal  to  1.472  the  expression  under  the  root  sign  in  (14)  becomes 
equal  to  one.  Since  the  maximum  stress  occurs  when 

.  -  /6X*  -f-  5 


and  since  sin  $  cannot  be  greater  than  one,  it  is  seen  that  for  all 
values  of  X  ^  1.472  the  maximum  value  of  Pmi.  ««<.  must  be 


found  at  the  top  and  bottom  of  the  section  where  d  = 


r 


and  then 


12X*  -  2 
^  “  12X*  +  1 


(14') 


It  is  seen  also  from  Fig.  22,  that  in  such  case  and,  in  fact,  when¬ 
ever  X  is  greater  than  about  .75,  P  is  smaller  than  unity,  so  that 
the'  maximum  stress  in  the  middle  surface  will  fall  below  what  it 
would  be  according  to  the  linear  law. 

Table  4  shows  that  when  the  pipe  bends  are  at  the  limit  of 
*  Of  the  Stone  &  Webster  Engineering  Corporation. 
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proportionality,  the  calculated  maximum  transverse  stresses  are 
of  the  order  of  35,000  to  45,000  Ibs./sq.  in.  and  hence  ordinarily 
beyond  the  yield  point  of  the  material.  These  stresses  have 
therefore  no  physical  significance  and  cannot  be  used  as  a  cri¬ 
terion  of  strength,  but  they  indicate  that  a  flow  of  the  material 
has  taken  place  at  the  outer  or  inner  surface  of  the  pipe  wall. 

Permanent  Strains. — Fig.  19  gives  the  curves  for  the  perma¬ 
nent  strains  that  remained  in  the  6-in.  pipe  bend  after  the  load, 
stated  on  the  various  curves,  had  been  applied  and  again  reduced 
to  500  lbs.  The  strains  were  obtained  as  the  difference  between 
the  reading  at  the  latter  load  of  500  lbs.  and  that  taken  at  the 
initial  load  of  500  lbs. 

A  permanent  strain  was  found  already  after  application  of  a 
load  of  2500  lbs.,  and  although  of  small  magnitude,  it  seemed 
to  follow  a  well  defined  sinuous  curve  with  a  positive  maximum 
between  points  14  and  15,  a  negative  maximum  at  point  8  and 
a  saddle-like  depression  at  point  1.  These  features  are  found 
more  or  less  consistently  in  the  curves  for  5000  lbs.  and  6500  lbs. 
The  dotted  curve  for  6700  lbs.  shows  that  in  raising  the  load  from 
6500  lbs.  to  6700  lbs.  a  pronounced  flow  of  the  metal  took  place 
between  points  7  and  11.  It  was  at  point  7  that  the  pointer  of 
the  tensometer  was  observed  to  move  after  the  load  of  6500  lbs. 
had  been  reached. 

Fig.  20  gives  the  curves  for  total  permanent  strains  remaining 
after  the  tests,  obtained  as  the  difference  between  the  Berry  gage 
readings  at  zero  load  after  the  tests  and  the  initial  Berry  gage 
readings  at  zero  load  before  the  tests.  These  strains  are  plotted 
as  in  the  stress  diagrams,  being  marked  off  as  abscissae  on  the 
distance  from  the  neutral  axis  5-13  as  ordinates.  They  show 
the  close  approach  of  the  plastic  strains  to  the  linear  law.  The 
neutral  axis,  as  indicated  by  zero  strains,  is  seen  to  lie  somewhat 
above  the  center  of  the  section. 

The  Strain  Lines. — The  strain  lines  on  the  8-in.  and  10-in. 
pipes  were  very  pronounced  and  essentially  of  the  same  pattern 
as  shown  in  the  photograph.  Fig.  23,  and  in  the  diagram- 
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matic  sketch,  Fig.  24,  both  for  the  8-in.  pipe.  The  lines  run 
diagonally  at  about  45  degrees  to  the  axis  and  are  continued  in 
full  strength  across  the  top  of  the  pipe.  In  the  12-in.  pipe  the 
lines  were  likewise  very  pronounced,  but,  as  seen  in  Fig.  25,  they 
do  not  cross  the  top  of  the  pipe,  being  here  discontinued  over  an 
arc  of  about  20  degrees,  and  in  the  intervening  belt  they  are 
replaced  by  one  or  two  bunches  of  wavy  longitudinal  lines, 
apparently  strain  lines. 

This  difference  in  the  pattern  of  the  lines  may  perhaps  be 
explained  as  due  to  the  relatively  small  wall  thickness  of  the 
12-in.  pipe,  which  caused  greater  flattening  of  the  section  and 
greater  transverse  stresses  at  the  top  than  in  the  heavier  8-in. 
and  10-in.  pipes.  Transverse  compression  at  the  top,  where  the 
longitudinal  stresses  are  small  or  even  compressive — see  Figs.  11 
and  12 — produce  shear  stresses  in  planes  passing  through  the 
longitudinal  tangent  to  the  middle  surface  and  inclined  at  45  de¬ 
grees  to  the  tangent  plane.  These  planes  intersect  the  surface 
of  the  pipe  in  longitudinal  lines  and  if  the  shear  stresses  are  so 
great  as  to  produce  flow  of  the  metal,  they  may  perhaps  cause 
longitudinal  strain  lines  of  the  type  observed  on  the  12-in.  pipe. 

Horizontal  Deflection  of  the  Ends. — The  approach  of  the  two 
ends  of  the  pipe  bend  to  each  other,  as  determined  by  direct 
measurement  with  steel  tape  between  the  end  punch  marks  A 
and  K,  was  compared  with  the  theoretical  value  calculated  from 
the  formula: 

Ax  =  ^  J'  Kfds.  (15) 

As  explained  in  the  second  paper,  y  is  here  the  ordinate  of  any 
point  on  the  axis  of  the  pipe,  taking  the  line  of  action  of  the  end 
forces  P  as  axis  of  abscissae.  The  integration  extends  along  the 
axis  from  A  to  K  and  is  performed  graphically  by  plotting  the 
values  of  /Cy*  as  ordinates  on  the  developed  girth  of  the  axis 
of  the  pipe  as  abscissae.  Table  5  gives  the  calculated  and 
measured  values  of  Ax  for  the  four  pipes  corresponding  to  var- 
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ious  net  loads;  that  is  the  actual  load  minus  the  initial  load. 
The  corresponding  gross  loads  are  the  same  as  those  for  which 
the  stress  diagrams  are  worked  out,  and  as  given  in  Tables 
3  and  4. 

Table  5 

Horitontal  Deflection  of  Ike  Ends  of  the  Pipe,  Ax 


10-in.  Pipe 
No.  7 

12-in.  Pipe 
No.  8 

16000 

34000 

13000 

25000 

.26 

.56 

.32 

.62 

.25 

.56 

.32 

.63 

6000 

8000 

.41 

.55 

Ax,  Measured, 
Inches 


There  is  seen  to  be  a  very  close  correspondence  between  the 
calculated  and  the  measured  deflections,  testifying  to  the  cor¬ 
rectness  of  the  formula.  This  is  important,  because  in  practice 
the  deflection  is  generally  what  it  is  desired  to  know. 

Deformation  of  the  Transverse  Section. — The  flattening  of  the 
transverse  section  was  determined  by  caliper  measurement,  and 
one-half  the  change  in  vertical  diameter  gave  the  measured  de¬ 
flection.  This  was  compared  with  the  calculated  deflection  at 
the  top  point  B  determined  from  formula  (17')  in  the  first  paper: 

KMR  UOr* 

~  KT  AanUtDi  101-4* 


KMR  UOr* 

El  480A*/?* -f-  lOlr^' 

The  results  are  given  in  Table  6. 


Table  6 

Vertical  Deflection  of  the  Top  Point  B  of  the  Section  at  F,  Ay* 


6-in.  Pipe 
No.  9 


10-in.  Pipe 
No.  7 

12-in.  Pipe 
No.  8 

16000 

34000 

13000 

.017 

.037 

.033 

.016 

.039 

.034 

HOVGAARD 


The  correspondence  between  the  calculated  and  observed  val¬ 
ues  is  again  very  close,  and  it  appears  that  so  long  as  the  hori¬ 
zontal  deflection  of  the  pipe  as  a  whole  is  within  the  limit  of  pro¬ 
portionality,  formula  (16)  is  very  accurate.  Although  this  may 
not  be  of  direct  practical  importance,  it  is  of  interest  because  it 
serves  to  confirm  the  theory. 

E.  The  Stresses  Due  to  Steam  Pressure 

In  practice  the  stresses  due  to  steam  pressure  are  added  to 
those  due  to  bending. 

The  transverse  or  hoop  stress  in  a  pipe,  straight  or  curved, 
is  given  by  the  formula: 

Pu-J,  (17) 

where  p  is  the  steam  pressure  per  unit  area. 

In  a  pipe  bend  there  will  be  at  the  same  time  a  longitudinal 
or  axial  stress,  which  is  ordinarily  and  approximately  equal  to 
one-half  of  the  hoop  stress.  This  is  not  so  obvious  and  is  true 
only  under  certain  conditions  and  assumptions. 
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Consider  a  circular  pipe  bend  AB  inserted  between  two  straight 
tangent  pipes,  forming  an  angle  with  each  other,  equal  to 
the  arc  covered  by  the  bend.  Let  S  be  the  resultant  of  all  the 
steam  pressures  acting  on  the  bend.  See  Fig.  26.  By  sym¬ 
metry  5  must  pass  through  the  center  of  the  bend  and  bisect 
the  angle  2^i;  its  magnitude  is: 

5*2  1  I  +  y)d^’P  sin  ficoa^  =  2rr*p  sin  ^i,  (18) 

Jo  Jo 

bearing  in  mind  that : 
y  *  r  sin  0,  sin 

Now  it  is  assumed  that  the  straight  pipes  are  so  long  and 
flexible  that  they  do  not  offer  any  appreciable  resistance  to 
transverse  deflection  or  to  bending.  In  that  case  there  will  be 
no  shear  forces  and  no  couples  acting  at  A  and  B  due  to  the 
steam  pressures,  and  5  is  balanced  entirely  by  two  forces  T 
acting  along  the  axes  of  the  straight  pipes.  Thus: 


0dB  —  0  and  sin*  0d0  =  t. 


5  *  27'  sin  ^i, 


r 


2rf^P  sin 

— — - —  =  xr*/). 
2  sin 


(19) 


When  the  bend  forms  a  semi-circle  *  r/2  and  T  =  5/2, 
which  is  otherwise  obvious.  For  a  right-angled  bend,  =  45® 
and  r  =  5/V2,  but  (19)  gives  in  all  cases  the  same  value  for  T. 
In  the  limit,  when  ^1  is  very  small,  5  approaches  zero,  but  the¬ 
oretically  T  should  retain  the  same  value.  Actually  in  that  case 
5  is  taken  up  partly  by  the  small  shear  forces  caused  by  the 
resistance  to  bending  of  the  straight  pipes,  and  the  accurate 
value  of  r,  which  is  then  very  small,  can  not  be  found  except  by 
taking  into  account  the  deflection  of  the  pipies  at  A  and  B. 

Under  the  assumption  that  the  straight  pipes  are  absolutely 
flexible  the  case  is  similar  to  that  of  a  flexible  string  on  a  smooth 
curve.  The  tensile  force  acting  normal  to  any  cross  section  is 
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everywhere  equal  to  T  and  there  are  no  shear  forces  or  bending 
moments  in  the  bend.  Hence  the  longitudinal  stress  due  to  the 
steam  pressure,  when  the  angle  of  the  bend  is  considerable,  is 
everywhere  approximately: 


iri^P  rp 

“  lint  “  It  ’ 


(20) 


or  one-half  of  the  hoop  stress.  This  longitudinal  stress,  being 
tensile,  will  augment  the  stress  in  the  upper  part  of  the  section 
at  F  and  reduce  it  in  the  lower  part.  As  determined  by  (20)  it 
must  be  considered  generally  an  outside  limit  to  the  true  value, 
since  in  practice  the  straight  pipes  will  never  be  completely 
flexible.  In  fact,  if  the  straight  pipes  are  short,  the  formula  is 
inapplicable,  but  in  such  case  the  longitudinal  stress  due  to 
steam  pressure  will  generally  be  negligible. 


F.  Alternative  Theory 

The  analysis  in  the  third  as  well  as  in  the  present  pap>er 
was  carried  out  on  the  basis  of  the  formulas  for  the  stresses  (5), 
(6),  (7)  and  (8)  given  above,  and  the  underlying  assumption  was 
that  the  strains  denoted  by  «oi,  (oi.  <i  and  <2  were  all  “combined” 
strains,  that  is,  each  of  them  resulted  from  the  combined  or 
superposed  effect  of  longitudinal  and  transverse  stresses.  This 
assumption  is  certainly  correct  for  coi,  the  observed  longitudinal 
strain,  which  was  measured  directly  on  the  surface  of  the  pipe 
by  strainmeter,  but  is  not  as  obviously  correct  for  the  other 
strains.  Since  opinions  may  differ  on  this  point,  we  shall  exam¬ 
ine  whether' the  general  conclusions,  at  which  we  have  so  far 
arrived,  will  be  valid  if  we  make  the  assumption,  which  to  some 
may  appear  more  plausible,  that  <01,  ci  and  ci  are  actually  “sim¬ 
ple”  strains,  such  as  would  be  produced  under  the  action  of 
of  single  stresses  respectively  Pn,  pi,  and  Pt,  each  one  acting 
alone.  We  denote  these  simple  strains  by  cos,  ii  and  cs  and 
have  then 


pot  EtOi, 


Pi  *“  Eii, 


pi  =*  Eti- 


(21) 
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As  explained  in  the  first  paper,  the  calculated  longitudinal 
strain  was  found  on  the  assumption  that  there  were  no  strains  in 
the  neutral  plane  of  the  pipe  section  and  that  plane  transverse  sec¬ 
tions  remained  plane  in  bending  even  when  flattening  of  the 
section  occurred.  At  every  point  the  strain  was  assumed  to  be 
the  same  throughout  the  wall  thickness.  We  now  propose  to 
consider  the  strain  so  determined  as  a  simple  strain  ii  which 
does  not  comprise  the  strain— ij/m  due  to  transverse  stress, 
and  we  assume  that  the  latter  strain,  where  it  exists,  superposes 
itself  on  the  longitudinal  strain.  In  accordance  with  formula  (8) 
in  the  third  paper  we  write: 


r  /  .  ^  6r*  sin*  0  \ 

“  “^\Sin^  “  24A»/P  -1-  5r*)~d^' 


(22) 


The  transverse  strains  tn  and  ci  were  both  calculated  under 
the  assumption  that  the  middle  surface  of  the  pipe  wall  is  inex- 
tensible;  coi  by  determining  the  curvature  on  the  basis  of  direct 
measurement  of  the  various  diameters;  a  by  a  purely  theoretical 
calculation  of  the  curvature.  It  is  now  proposed  to  regard  both 
of  these  strains  as  fundamental  or  simple,  and  in  accordance 
with  formula  (4)  we  write  for  the  outer  surface: 

and  from  (16)  of  the  third  paper: 

18Ar*  cos  26  Ad^ 

**  ^  24A*/P  -1-  Sr*  "W 


(23) 

(24) 


In  order  to  find  we  substitute  the  value  of  Pi  =  Eii 

in  the  expression  for  the  bending  moment 


M 


-rr 


rPiydzdd, 


(25) 


as  explained  in  the  third  paper,  and  get 

2rhr*E  +  r*  Ad^ 

“  R  A$h*R*  4-  lOr*  d^ 
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and,  with  Irhr*  —  I,  we  find 

KMR 
El  ' 

Hence  from  (22): 


(26) 


Eix 


KMr  (  .  fir^sin*^  \ 

®  -  lAh'F?  +  Sr*  /  ’ 


(27) 


which  is  the  same  as  formula  (10)  given  above  for  the  stress  at 
the  middle  surface,  Pmi,  but  which  according  to  this  theory 
exists  throughout  the  wall  thickness. 

From  (24): 


^  KMr\%hr»Rcm2e 

Eif  j  24AI/P  +  5^  * 


(28) 


This  stress  is  represented  by  a  curve  which  is  symmetrical 
with  respect  to  the  neutral  axis,  and  which  intersects  that  axis 
at  the  same  point  as  the  curve  for  Pt  determined  by  (8).  The 
maximum  values  of  the  stresses  as  given  by  these  curves  are 
very  nearly  the  same. 

In  order  to  determine  Pti,  the  observed  longitudinal  strain 
at  the  surface,  we  must  go  back  to  the  fundamental  formulas  of 
elasticity. 

The  combined  strains  are  expressed  in  terms  of  the  simple 
strains  by  the  formulas 

«oi  “  ~  3  •  (29) 

fn 


•oj  “  «M  “  ~  »  (30) 

Tfl 

$ 

where  i«j  is  neglected  since  Pn,  the  stress  normal  to  the  pipe 
wall,  is  assumed  to  be  zero.  In  these  equations  we  know  coi, 
obtained  by  direct  measurement,  and  in  which  is  calculated  on 
the  basis  of  the  measured  diameters.  Hence  the  two  unknown 
strains  are, 

€01  “  *01  ~l"  “ »  (51) 
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m*  —  1  _  coi 

•m  **  ■■  '  , —  «o*  ~  ' 

m*  m 

Substituting  these  values  in  equations  (5)  and  (6) : 


The  last  equation  could  of  course  be  written  down  directly 
from  (21). 

Comparing  now  the  observed  longitudinal  stress  as  found  by 
(33)  with  that  found  in  the  foregoing  from  (5),  which  latter  in 
the  present  symbols  becomes: 


they  are  seen  to  differ  orily  by  the  factor  mV(m*  —  1).  With 
m  »*  10/3  the  value  of  this  factor  is  1.099  so  that  the  new  formula 
gives  a  stress  which  at  all  points  is  9  per  cent  smaller  than  accord¬ 
ing  to  previous  analysis. 

The  observed  transverse  stress  determined  by  (34)  is  not  so 
simply  related  to  the  stress  found  in  previous  analysis  from  (6) 
which  in  the  present  symbols  becomes: 


The  effect  of  using  (34)  instead  of  (6),  as  also  of  using  (28) 
instead  of  (8),  is  a  small  lowering  of  the  entire  stress  curve  rela¬ 
tive  to  the  neutral  axis  in  our  previous  diagrams  but  the  maxi¬ 
mum  values  do  not  seem  to  change  much. 

In  order  to  illustrate  this  point,  the  curves  for  observed  and 
calculated  transverse  stresses  for  the  6-in.  pipe  bend  are  given 
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in  Fig.  27  for  a  load  of  6500  lbs.  The  curves  marked  p\  and  p\t 
are  calculated  from  (28)  and  (34),  and  those  marked  pt  and  Pn 
are  calculated  by  (8)  and  (6)  respectively  and  are  reproduced 

6  In.  Ptpt  Bend 
Transversc.  Jtrcsses 
End  Lom>  6500  Lb. 

CoMFAR/X>N  or  fORMULAS  FOR  JrREJBCS 
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from  Fig.  18.  This  diagram  is  typical  for  the  differences  in  the 
stress  curves  obtained  by  the  two  methods,  at  least  as  far  as 
can  be  judged  from  the  present  investigation. 

No  special  diagram  is  given  for  the  longitudinal  stresses.  The 
calculated  stress  P\  is  already  represented  by  the  curves  for  p^i 
in  the  foregoing  analysis  and  the  new  curves  for  Poi  can  be  ob¬ 
tained  from  those  already  given  by  reducing  the  stresses  by 
9  percent. 

Summing  up,  it  is  seen  that  the  formulas  here  obtained  are 
much  simpler  than  those  used  in  the  third  and  in  the  present 
paper.  The  resulting  stresses  do  not  differ  much  from  those 
found  in  previous  analysis  and  the  general  conclusions  at  which 
we  have  arrived  in  the  foregoing  hold  good.  Notably  the  prac¬ 
tical  rule  proposed  above,  that  the  calculated  longitudinal  stress 
at  the  middle  surface,  which  is  the  same  as  P\  given  by  (27), 
can  be  used  as  the  strength  criterion  remains  valid  a  fortiori 
since  the  longitudinal  stress  according  to  the  new  theory  remains 
unaltered  throughout  the  wall  thickness. 

The  difference  between  the  two  theories  is  somewhat  analogous 
to  that  which  is  found  in.  the  treatment  of  plane  plates,  where 
one  treatment  is  based  on  a  state  of  plane  stress,  another  on  a 
state  of  plane  strain.  In  the  previous  theory  it  was  assumed 
that  there  was  no  transverse  strain  but  only  a  transverse  stress 
at  the  middle  surface.  According  to  the  present  theory  this 
condition  is  reversed. 

G.  Summary  and  Conclusions 

The  tests  here  analyzed  seem  to  show  that  the  formulas  estab¬ 
lished  in  previous  papers  for  pipes  of  moderate  wail  thickness 
hold  good  also  for  more  thick-wailed  high-pressure  pipes.  The 
theory  that  the  longitudinal  stresses  in  the  middle  surface  can 
be  used  as  a  strength  criterion  seems  to  apply  to  high-pressure 
pipes  as  well  as  to  moderate-pressure  pipes.  Again,  it  was  found 
that  so  long  as  the  maximum  longitudinal  stress,  tensile  or  com¬ 
pressive,  at  the  middle  surface  does  not  exceed  20,000  Ibs./sq.  in. 
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there  will  be  no  appreciable  permanent  set  in  a  pipe  bend.  This 
rule  is  expected  to  hold  for  all  pipes  designed  for  moderate  or 
high  pressure,  whether  lap^welded  or  seamless,  of  a  radius  of 
curvature  not  less  than  some  four  or  five  diameters,  provided 
also  that  the  material  from  which  the  pipes  are  made  is  a  ductile 
low-carbon  steel  or  iron  of  good  quality,  with  a  yield  point  of 
not  less  than  25,000  Ibs./sq.  in. 

Although  apparently,  when  the  aforesaid  stress  is  reached  at 
the  middle  surface,  the  pipe  as  a  whole  is  within  the  limit  of 
elasticity,  yet  it  is  likely  that  overstrains  will  exist  locally  in 
certain  parts  of  the  pipe  and  that  repeated  applications  of  the 
same  load  will  in  time  produce  a  piermanent  set.  It  is  recom¬ 
mended,  therefore,  to  design  for  a  substantially  lower  working 
stress,  say  16,000  Ibs./sq.  in.  This,  then,  is  the  stress  existing 
at  the  middle  surface,  but  allowance  should  be  made  for  the  com¬ 
pressive  stress  due  to  end  forces,  formula  (9),  and  eventually  for 
the  tensile  stress  due  to  internal  steam  pressures,  as  given  by 
formula  (20). 

The  alternative  theory  for  calculating  the  stresses  proposed 
in  Chapter  F  seems  preferable  on  account  of  its  simplicity,  and 
it  will  be  noticed  that  the  formulas  (11)  and  (13)  for  the  longi-  * 
tudinal  stress  at  the  middle  surface,  to  be  used  as  the  strength 
criterion,  apply  in  either  case. 

The  question  whether  the  formulas  and  the  strength  criterion 
here  prop>osed  apply  to  pifie  bends  of  very  short  radius  of  curva¬ 
ture  is  the  object  of  further  research  now  in  progress  at  the 
Institute. 
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